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Question 1. Let f:{0,1}" — {0,1}. Let R C X X Y be a relation such that

1. X contains only O-inputs, Y contains only 1-inputs, and both are non-empty.

2. For each z € X, there are at least m inputs y € Y such that (z,y) € R.

3. For each y € Y, there are at least m’ inputs € X such that (z,y) € R.

4. For each € X and i € [n], there are at most ¢; inputs y € Y such that (z,y) € R and y; # z;.
5. For each y € Y and ¢ € [n], there are at most £,; inputs z € X such that (z,y) € R and x; # y;.

Let L = maxg,y; {zily;. Prove that the adversary bound for f is at least \/mm’'/L.

Question 2. Use the adversary method to prove the following query bounds, given the input via an oracle.

(a) The parity function f : {0,1}" — n is defined as f(z) = @], z;. Prove a lower bound of Q(n) for
computing f.

(b) Let G = (V, E) be an undirected graph on n vertices, which is described by an oracle for its adjacency
matrix. Prove that the query complexity of determining whether the input graph is connected is Q(n3/ ).

Question 3. Let G be a finite abelian group, and let G denote the set of its irreps. Define a binary
operation ‘o’ on G as (o o7)(x) = o(x) 7(x) for all z € G.

(a) Verify that G endowed with this operation is an abelian group of the same order as G.
(b) For any z € G, define x, : G — C as x,(0) = o(z). Verify that x, is an irrep of G.
(c) Prove that x +— x, is an isomorphism between G and G. (Note that G is the group of irreps of G’)

(In answering this question, use only elementary group theory and the properties of linear representations
we learnt in class.)

Question 4. Consider the multiplicative group Z,, where p is a prime. Let the element g be a generator
of the group. In the Discrete Logarithm problem, the input is an element z € Zj;, and the task is to
determine k (mod p — 1) such that g* = x.

(a) Consider the following superposition over group elements:
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where w is a primitive (p — 1)-th root of unity. Show that this is an eigenvector of the operator
Ua : ly) = lay)

for any a € Z;. Find the corresponding eigenvalue.

(b) With the group element z = ¢g¥ and the superposition |1;) as input, and using part (a) above, show
how you can construct the superposition
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State any assumptions you need to make.

(c) Describe an algorithm based on parts (a) and (b) to compute Discrete Logarithms. State its time and
space complexity.



