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Abstract

We revisit the task of quantum state redistribution in the one-shot setting, and design a
protocol for this task with communication cost in terms of a measure of distance from quantum
Markov chains. More precisely, the distance is defined in terms of quantum max-relative entropy
and quantum hypothesis testing entropy.

Our result is the first to operationally connect quantum state redistribution and quantum
Markov chains, and can be interpreted as an operational interpretation for a possible one-
shot analogue of quantum conditional mutual information. The communication cost of our
protocol is lower than all previously known ones and asymptotically achieves the well-known
rate of quantum conditional mutual information. Thus, our work takes a step towards an
optimal characterization of the resources required for one-shot quantum state redistribution, an
important open problem in quantum Shannon theory.

1 Introduction

1.1 Background and result

The connection between conditional mutual information and Markov chains has led to a rich body of
results in classical computer science and information theory. It is well known that for any tripartite
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distribution over registers RBC, the conditional mutual information

) _ - RBC || HRBC
(R:C|Bp = ,omm  DEHQ™),
where MCr_p_¢ is the set of Markov distributions @, i.e., those that satisfy I(R : C'| B)g = 0,
and D(+||-) is the relative entropy function. In fact, one can choose a distribution @ achieving the
minimum above with QfF = PRB QBC¢ = pPBC  In the quantum case, the above identity fails
drastically. For an example presented in ref. [I5] (see also ref. [23, Section VI]), the right-hand side
is a constant, whereas the left-hand side approaches zero as the system size increases. Given this,
it is natural to ask if there is an extension of the classical identity to the quantum case. This has
been shown to be true in a sense that for any tripartite quantum state /"5 it holds that

I(R:C|B), = min (D (7B RBC) — D (4B o)) | (1.1)

oRBCeQMCr_pg_c

where QMCpr_p_¢ is the set of quantum states o satisfying I(R : C'| B), = 0, ¥f'B = o8 [12].
(For completeness, we provide a proof in Section Lemma ) The difference between the
quantum and the classical expressions can now be understood as follows. For the classical case,
the closest Markov chain @ to a distribution P (in relative entropy) satisfies the aforementioned
relations QB = PRB and QBC = PBC. Thus, the second relative entropy term in Eq.
vanishes. In the quantum case, due to monogamy of entanglement we cannot in general ensure
that B¢ = B¢, Thus, the quantum relative entropy distance to quantum Markov chains can be
bounded away from the quantum conditional mutual information.

In this work, we prove a one-shot analogue of Eq. . This is achieved in an operational manner,
by showing that a one-shot analogue of the right-hand side in Eq. is the achievable communi-
cation cost of the quantum state redistribution of |LZJ>RABC, a purification of ¥#B¢. In the task of
quantum state redistribution, the pure quantum state \w)RAB ¢ is known to two parties, Alice and
Bob, and is shared between Alice (who has registers AC), Bob (who has B), and a reference party,
Ref (who has R). Additionally, Alice and Bob may share an arbitrary pure entangled state. The
goal is to transmit the content of register C' to Bob using a communication protocol involving only
Alice and Bob, in such a way that all correlations, including those with Ref, are approximately
preserved. (See Figure [1| for an illustration of state redistribution.) Given a quantum state ¢®B¢,
we identify a natural subset of Markov extensions of ¢/*Z, which we denote by ME%? p_c and define
formally at the end of Section in Eq. We establish the following result in terms of the
max-relative entropy (Dmax) and e-hypothesis testing relative entropy (D$;) functions.

Theorem 1.1. For any € € (0,1/100) and pure quantum state |¢)*BC  the quantum communica-

tion cost of redistributing the register C' from Alice (who initially holds AC') to Bob (who initially
holds B) with error 10y/€ is at most

1 . . IRBC|| .RBCY\ _ e (,/BC|| .BC 1
2 ey g T, [0 2) = Di(/" ))+0(1og )
62/47¢/

The difference between minimizing over the set ME,” 5" . versus QMCr_p_¢ is best understood
from the definitions in Section 2.I}we give a brief explanation of the difference and why the

2 /
set I\/IE;:Z%C is considered in Section We believe the above result can be stated in terms
of a minimization over all of QMCg_p_c. In the above bound, there is an additional minimization
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Figure 1: An illustration of quantum state redistribution.

over the set B¢(1)f8¢), which is an e-neighbourhood of v (see Section for a formal definition).
Considering e perturbations of the state in question may result in significantly lower communication,
at the cost of increasing the error in the output state by at most e. This also allows us to achieve
the optimal rate in the asymptotic i.i.d. setting. The information-theoretic quantities appearing in
the above bound arise from two subroutines on which the underlying protocol is based — Coherent
Rejection Sampling (building on the Convex-Split Lemma) and Position-Based Decoding. Smooth
max-relative entropy and smooth hypothesis testing relative entropy, respectively, are precisely the
quantities which appear in the analysis of these subroutines.

The protocol that achieves the bound in Theorem is reversible. So, in order to redistribute C
from Alice to Bob, Alice and Bob can instead run the time-reversal of the protocol in which
register C is initially with Bob and he wants to send it to Alice. This implies the following
corollary.

Corollary 1.2. For any pure quantum state |1/))RABC, the quantum communication cost of redis-

tributing the register C from Alice (who initially holds AC) to Bob (who initially holds B) with
error 10y/€ is at most the minimum of

1
= inf inf Dinax (0 FBC|| 6 BBC) — Dg (/B¢ |0 B¢ +O(lo )
2d)/eBe(wRBC)O_RBceMEEQ/ZLw, [ ma; (1/’ H ) H(@b || )] g c

R-B-C
and
1 1
_ inf inf D < w/RAC O_RAC — D¢ w/AC O_AC +O(10g >
2WEBE(wRAC)JRACGMEi_/jf,C[ ma. ( H ) H( H )] B

Connections between quantum Markov chains and special cases of quantum state redistribution
have been made, possibly implicitly, in several previous works. An example is in the compression
of mixed states; see, e.g., [24] Section VIIL.E|. However, as far as we know, Theorem is the first
result that operationally connects the cost of quantum state redistribution in its most general form
to a measure of distance from quantum Markov chains (even in the asymptotic i.i.d. setting). The
best previously known achievable one-shot bound for the communication cost of state redistribution,
namely,

1. . IRBC|| /RB o _C 2 JBC| B o C 1
) 1Uncf w’GBl?@ZfRBC) <Dmax(¢ 4 ® o ) — Dy (d} [V ® o )) + log 2 (1.2)
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when the state |1)4PY is redistributed with error O(e) was due to Anshu, Jain, and Warsi [7].

Note that ¢© = ¢'C is a nearly optimal solution for Eq. as discussed in ref. [16], and the
product state /BB ®¢’C is a Markov state in the set ME;;E;{C. So, the bound in Theorem is
smaller than that in Eq. in the sense that the minimization is over a larger set. In the special
case where B¢ is a quantum Markov chain, our protocol has near-zero communication. This
feature is not present in other protocols and their communication may be as large as (1/2) log |C].
Moreover, in the case that register A, or B, or both A and B are trivial, our bound reduces to
%IfnaX(R : C'). The three cases correspond to state splitting, state merging, and compression without
side-information, respectively, for which this bound is known to be the optimal communication cost

in the one-shot case.

1.2 Techniques

The protocol we design is most easily understood by considering a folklore protocol for redistributing
quantum Markov states. In the case that ¥/PC is a Markov state, its purification W)RAB “ can be
transformed through local isometry operators V; : A — ARJ'A® and V5 : B — BEJBC into the
following;:

Vi@ Vo) [9)45C = 3 VG) 1) " @ 1357 @ [ AP (1.3)
J

The existence of isometries V7 and V5 is a consequence of the special structure of quantum Markov
states proved by Hayden, Josza, Petz, and Winter [20]. Note that after the above transformation,
conditioned on registers J and J', systems RA®B® are decoupled from systems A°CB®. So using
the embezzling technique due to van Dam and Hayden [40], conditioned on J and J’, Alice and
Bob can first embezzle-out systems A°CB® and then embezzle-in the same systems but now with
system C' on Bob’s side such that at the end the global state is close to the state in Eq. . This
protocol incurs no communication; see Fig. [2| for an illustration.

The protocol we design (for redistributing an arbitrary state) is a more sophisticated version of
the above protocol. The key technique underlying this protocol is a reduction procedure using
embezzling quantum states, that allows us to use a protocol due to Anshu, Jain, and Warsi [7]
as a subroutine. Let B¢ be a quantum Markov extension of 8. The reduction procedure
is a method which decouples C' from RB when applied to ¢/*B¢ while preserving ¢ when ap-
plied to ¥BC. Preserving ¥ ensures that the reduction procedure can be implemented via
local operations by Alice and Bob, without the need for any communication. Once we have a
state ofBC such that of*f = fB and o8¢ = B @ ¢C, with the max-relative entropy and
smooth hypothesis-testing relative entropy expressions as in Eq. close to those with the orig-
inal states, state redistribution with the AJW protocol gives us the claimed result. Note that the
reduction procedure, and in general our protocol, works for any quantum Markov extension o#B¢
of 1B However, in order to prove the closeness of hypothesis-testing entropy, we need to addi-

tionally assume that o8¢ is in I\/IE;Z i’;/ilc. (See Eq. (3.16]) in Claim for a formal statement

2 /
of this closeness property.) Essentially, MES 1 4’1{ restricts o*B¢ to quantum Markov chains for
R—B-C

which 0B°€ is close to the projection of “C on the support of O'jB “Cip the decomposition of ¢tB¢

J
as in Eq. ([L.3)).
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Figure 2: An illustration of the zero-cost protocol for redistributing Markov states. Left: Regis-
ters RARBEJJ'A°CBC are in the state given in Eq. and registers E and E’ contain Alice
and Bob’s shares of an embezzling state, respectively. Middle: Using embezzling registers, Alice
and Bob have jointly “embezzled out” registers A°CB® via local unitary operations. Ie., they
reverse the process of generating the state in registers A°CB® via embezzlement. Right: Using
embezzling registers, conditioned on J and J’, Alice and Bob embezzle \%)ACCBC such that reg-
isters C' and B¢ are with Bob and register A is with Alice. This step also only involves local

unitary operations without any communication.

To elaborate further, consider an example where ¢*8¢ is the GHZ state ﬁ Z?:l R 15)C. In

this case, the closest Markov extension of*8¢ of 4B is 52?21 19YG1E @ 518 @ |5)]C. A naive
way to decouple register C' from registers RB in B¢ is to coherently erase register C' conditioned
on register B. However, the same operation applied to 2B changes ¥B. To overcome this
problem, first, we coherently “measure” register B by adding a maximally entangled state \\I/>TT,
and making another “copy” of |j >B in T, The copying is done by applying a distinct Heisenberg-
Weyl operator to the state U7, for each j € [d]. This operation measures register B in PpRBC
keeps of*BC unchanged, and leaves U7 in tensor product with registers RB in both 1 and o. Then,
conditioned on register B, we can coherently erase register C' in o*5¢; this operation applied to 7

does not change the state 5. Subsection contains the complete details.

For a general state B¢ with quantum Markov extension ¢/*8¢ | the isometry operator Vs can be

used to transform o8¢ to the classical-quantum state > p(j)JJRBR ® )G ® U}BCC. However,

we encounter an additional issue here: it may not be possible to unitarily transform all of chc
to a fixed state since the spectrum of oB°C is not necessarily the same for all j € [d]. So we first

J
“flatten” Ufcc for each j through a unitary procedure. This task can be achieved via the technique
of coherent flattening via embezzlement due to Anshu and Jain [4]. After flattening, the dimension
of the support of systems B¢C no longer depends on j and so the states in registers B©C' can all
be rotated to a flat state over a fixed subspace. Hence, B¢C gets decoupled from RB®.J in the
state o. Finally, to keep 18 unchanged, we regenerate the system B¢ via a standard embezzling
technique similar to the protocol in Fig.



1.3 Organization of the paper

The rest of this paper is organized as follows. In Section[2] we present the notation and background
necessary for developing the main result, namely Theorem In section we review basic
concepts and results from quantum information theory. In Section [2.2], we define quantum Markov
states and present some of their properties. We also identify a natural subset of quantum Markov
states related to a given state; this subset plays a central role in the main result.

In Section[2.3] we define the task of quantum state redistribution formally, and present two key prim-
itives, namely Coherent Rejection Sampling (implicit in the Convex-Split Lemma) and Position-
Based Decoding. We then describe how these are used by Anshu, Jain, and Warsi [7] to design a
one-shot protocol for quantum state redistribution.

Next we present some of the other components of the new protocol we develop. In Section [2.4] we
introduce a technique for decoupling classical-quantum states via embezzlement [40] and a flattening
technique designed in ref. [4].

We develop the new protocol for one-shot quantum state redistribution in Section We first
explain the intuition behind the protocol in detail by considering the example of the d-dimensional
GHZ state in Section We then describe the steps of the protocol for arbitrary states and
analyze it in Section We show how the one-shot protocol leads to the optimal communication
rate for quantum state redistribution in the asymptotic i.i.d. case in Section |3.3

We conclude with a summary of the results and an outlook in Section [

Throughout Sections [2.2 we provide proofs of some lemmas and theorems which are implicit
in the literature. Most of these proofs are not essential for understanding the main result of this
paper. The reader may safely skip the proofs if they so wish. The reader familiar with the prior
work mentioned above may also start with Section [3] directly, and refer to Section [2] as needed.

2 Preliminaries

2.1 Mathematical notation and background

For a thorough introduction to basics of quantum information and Shannon theory, we refer the
reader to the books by Watrous [42] and Wilde [43]. In this section, we briefly review the notation
and some results that we use in this article.

For the sake of brevity, we denote the set {1,2,...,k} by [k]. We denote physical quantum systems
(“registers”) with capital letters, like A, B and C. The state space corresponding to a register is
a finite-dimensional Hilbert space. We denote (finite dimensional) Hilbert spaces by capital script
letters like H and K, and the Hilbert space corresponding to a register A by H4. We denote the
dimension of the space H4 by |A|. We sometimes refer to the space corresponding to the register A
by the name of the register.

We use the Dirac notation, i.e., “ket” and “bra”, for unit vectors and their adjoints, respectively.
We denote the set of all linear operators on Hilbert space H by L(H), the set of all positive semi-
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definite operators by Pos(#), the set of all unitary operators by U(#), and the set of all quantum
states (or “density operators”) over H by D(H). The identity operator on space H or register A, is
denoted by 1" or 14, respectively. Similarly, we use superscripts to indicate the registers on which
an operator acts. We say a positive semi-definite operator M € Pos(H) is a measurement operator
if M < 1M where < denotes Lowner order for Hermitian operators.

Let T be a register with |T| =d > 1. For a € [d], we define the operator P, € U(HT) as

d
P, = Z |t ®a)t| ,
t=1

where the addition ‘@’ is cyclic, i.e., t®a =t+a—d|(t +a—1)/d]. This is the a-th power of the
generalized Pauli operator (also called a Heisenberg- Weyl operator).

We denote quantum states by lowercase Greek letters like p, 0. We use the notation p? to indicate
that register A is in quantum state p. We denote the partial trace operation over register A by Tr4.
When it is clear from the context, we also use p? to denote the partial trace of a state p? over B.
We say pAB is an extension of o if Trg(pAP) = o4. A purification of a quantum state p is an exten-
sion of p with rank one. For the Hilbert space C° for some set S, we refer to the basis {|z) : x € S}
as the canonical basis for the space. We say the register X is classical in a quantum state pX?
if pXB is block-diagonal in the canonical basis of X, i.e., p*B = > p(z)|z)z|* @ pB for some
probability distribution p on X. For a non-trivial register B, we say p~? is a classical-quantum
state if X is classical in pXB. We say a unitary operator U4P ¢ U(HA @ HP) is read-only on
register A if it is block-diagonal in the canonical basis of A, i.e., UAB = Y _|a)a|* ® UZ where
each UP is a unitary operator.

The trace norm (Schatten 1 norm) of an operator M € L(H) is the sum of its singular values and
we denote it by | M||,. The trace distance between p and o is induced by trace norm. The following
theorem is a well-known property of trace norm (see, e.g., [42, Theorem 3.4, page 128]).

Theorem 2.1 (Holevo-Helstrom [21], 22]). For any pair of quantum states p,o € D(H),
lp—0cll;, = 2 max {|Tr(Ilp) — Tr(Ilo)|: II < 1,1I € Pos(H)}

Lemma 2.2 (Gentle Measurement [44, 29]). Let € € [0,1], p € D(H) and II € Pos(H) be a
measurement operator such that Tr(Ilp) > 1 —e. Then,

< 2ye .

IIpll
—-p

Tr(Ilp)

1

The fidelity between two sub-normalized states p and o is defined as

F(p.o) = Try/vpoypt VI - Tx(p) (1 - Tr(o)) -

Fidelity can be used to define a useful metric called the purified distance [30, 31}, 32 19, [36] between
quantum states:
P(,O, J) = 1 _F(p7o-)2 :

Purified distance and trace distance are related to each other as follows (see, e.g., [42, Theorem 3.33,
page 161]):



Theorem 2.3 (Fuchs and van de Graaf inequality [I8]). For any pair of quantum states p,o €
D(H),
1
1=V1=P(p0)? < Slp—al, < Flpo).

For a quantum state p € D(H) and € € [0, 1], we define

B(p) = {#eD(H): P(p.p)<e)

as the ball of quantum states that are within purified distance € of p. Note that in some works, the
states in the set B¢(p) are allowed to be sub-normalized. Here, we require the states in the ball to
have trace equal to one.

Theorem 2.4 (Uhlmann [39]). Consider quantum states p*, o € D(HA). Suppose |£)P | 16)P ¢
D(HA®HDB) are arbitrary purifications of p* and o2, respectively. Then, there exists some unitary
operator VB € U(HP) such that

P19, (1evB)o)**) = Pptet) .

Let p € D(H) be a quantum state over the Hilbert space H. The von Neumann entropy of p is
defined as

S(p) = —Tr(plogp)

This coincides with Shannon entropy for a classical state. The relative entropy of two quantum
states p,o € D(H) is defined as

D(pllo) = Tr(p(logp—1logo)) ,

when supp(p) C supp(c), and is oo otherwise. The maz-relative entropy [17] of p with respect to o
is defined as
Duax(pllo) == min{\:p<2*} ,

when supp(p) C supp(o), and is co otherwise. The following proposition bounds purified distance
in terms of max-relative entropy. It is a special case of the monotonicity of minimal quantum a-
Rényi divergence in « (see, e.g., [34, Corollary 4.2, page 56]) obtained by considering @ = 1/2
and a — oc.

Proposition 2.5 ([28]). Let H be a Hilbert space, and let p,o € D(H) be quantum states over H.
It holds that

P(p,o) < \/1—2 Dmalollo) .

The above property also implies the Pinsker inequality. For e € [0,1], the e-smooth maz-relative
entropy [17] of p with respect to o is defined as

Dhax(pllo) = min Dpax(p[lo)
p'€B<(p)

For € € [0,1], the e-hypothesis testing relative entropy [14], 13, [41] of p with respect to o is defined
as

1
Dy (pllo) = sup log <>
it (Pllo) 0=II=<1, Tr(Ilp)>1—e Tr(Io)
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Smooth max-relative entropy and hypothesis testing relative entropy both converge to relative
entropy in the asymptotic and i.i.d. setting [35], B3, §]. The following proposition gives upper and
lower bounds for the convergence of these quantities for finite n; these bounds are tight up to the
second order additive term.

Theorem 2.6 ([37],[26]). Let e € (0,1) and n be an integer. Consider quantum states p,o € D(H).

Define V(p||o) = Tr(p(log p — log 0)?) — (D(p||c))? and ®(z) = [*_ %\/;:/2) dz. It holds that

Diax (p"0%") = nD(pllo) — v/nV(pllo) 7 (¢?) + O(logn) — O(log(1 —¢)) ,  (2.1)

max

and

D (p®"||o®") = D(pllo) + v/nV(p|lo) @ () + O(logn) . (2.2)

Note that Eq. has an additional O(log(1l — €)) term as compared to the original statement in
ref. [37] because we only allow the normalized states in B¢(p). We also need the following property
due to Anshu, Berta, Jain, and Tomamichel [I, Theorem 2|. The original statement involves a
minimization over all o on both sides of the inequality, but the proof works for any fixed op.

Theorem 2.7 ([I], Theorem 2). Let ¢,6 € (0,1) such that 0 < 2¢ + 6 < 1. Consider quantum
states o € D(HPB) and pAB € D(HAP). We have

: _ 8 + 62
ﬁEBzelgf(pAB)Dmax(PABHPA®UB) < Dﬁnax( ABHPA®U )—HOg 5z (2.3)

pt=pt

Suppose that pAB € D(HARHP) is the joint state of registers A and B, then the mutual information
of A and B is denoted by
I(A:B), = D" p"ep")

When the state is clear from the context, the subscript p may be omitted. Let p
be a tripartite quantum state. The conditional mutual information of R and C given B is defined
as

RBC c D(HRBC)

I(R:C|B) = I(RB:C)—1(B:C) .

For the state pAB € D(HA @ HP), the maz-information register B has about register A is defined
as

Imax(A : B)p = gBé%i(I’}.LB)DmaX (,OAB” ,OA ® O'B)

For e € [0,1], the e-smooth maz-information register B has about register A in the state pAB
D(HA ® HP) is defined as

A:B), = min  Ipna(A: B)y

maX( o/ €B<(pAB)

2.2 Quantum Markov states

A tripartite quantum state o¥8¢ € D(HBC) is called a quantum Markov state of the form R—B—C
if there exists a quantum operation A : L(HP) — L(HPY) such that (1 ® A)(cFP) = ofBC. This

9



is equivalent to the condition that I(R : C'| B), = 0, and is the quantum analogue of the notion of
Markov chains for classical registers. Classical registers Y XM form a Markov chain in this order
(denoted as Y —X — M) if registers Y and M are independent given X. Hayden, Josza, Petz, and
Winter [20] showed that an analogous property holds for quantum Markov states.

Theorem 2.8 ([20]). A state o8¢ ¢ D(HE @ HE @ HY) is a quantum Markov state of the
form R—B—C if and only if there is a decomposition of the space HE into a direct sum of tensor
products as
1 = PHY eu” (2.4)
J
such that . seo
oHPC = @p(j)Uj ’ ®Ujj ) (25)
J

RBE B¢C
where o, 7€ D (HR ® HBJR), o;7 € D (HBJ'C ® ’HC> and p is a probability distribution over the

direct summands.

For a state ¥*BC we say that o©PC is a Markov extension of &P if oBB = BB and oR#BC
is a Markov state. We denote the set of all Markov extensions of P by QMC}%_ p_c- Note
that QMC%_ p_c 1s non-empty, as it contains the state oBBC .= 1B @ )¢ The following lemma
relates the quantum conditional mutual information to quantum Markov extensions. The proof of
this lemma is implicit in ref. [I2] Lemma 1], but we provide a proof here for completeness.

Lemma 2.9 (Implicit in [12], Lemma 1). For any tripartite quantum state B¢ and any quantum
Markov extension o8¢ ¢ QMC?%B?C, it holds that

I(R . C | B)dl — D("(/JRBCHO'RBC) - D(wBC“O'BC) )

Proof: For sake of clarity, in this proof, we suppress tensor products with the identity in expressions
involving sums or products of quantum states over different sequences of registers. For example,
we write wXY + 7Y to represent the sum w*X¥ ® 1% + 1X ® 7Y%, and wXY Y7 to represent the
product (wX Y®1% ) (1X QTY% ) All the expressions involving entropy and mutual information are
with respect to the state .

Consider any quantum Markov chain o8¢ satisfying oft% = 5. From Eq. (2.5)), we have

R C
log o #BC @ (log <p(j)afBj > + log o—fj C) ,

J

and similarly,

R C
logoB¢ = @<log<p(j)afj> +log0j]-3j C> )

J
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Thus, we can evaluate
D(wRBCHO'RBC) _ D(?l)BCHO'BC)

_ TI'(¢RBC IOg wRBC) o TI‘(’I,Z)RBC 10g O.RBC) o TI‘(’(,Z)BC IOg Q,Z)BC) + TI‘(”[!)BC IOg O'BC)

—  S(BC) - S(RBC) — ZT&r<wRBClog< () >> —ZTY@RBClOgUfJCC)
alealer)) o)

B¢C cc
Since Tr (wRBC logo,;” ) =Tr (1/}30 logo; B >, the above equation can be simplified to obtain

D(’(/)RBCHURBC) _ D(¢BC||O'BC)
B N R I R o)
J

R R
= S(BC)—S(RBC) — Tr | ¢fP%%og @p(j)afBj + Tr | 5% log @p(j)UBj
J J

BE B¢

= S(BC) —S(RBC) — Tr| oTBC 10g@<p(j)0f T @oy? )
J

_ BE  BC
+ Tr wBClog@<p(j)aj] ®o;’ > ,
J
where the last equality above follows by noting that
BY B¢
Tr(wRBologaj] > = Tr<chlogajJ > .

Since P = ¢1B | we get that

D(wRBCHO'RBC) _ D(wBCHO_BC) S

BC) — S(RBC) — Tr(¢*P%log ") + Tr (¢ log o)
BC) — S(RBC) — Tr (¢ log "*P) + Tr (v log 1)
BC) — S(RBC) + S(RB) — S(B)

= IR:C|B) .
This completes the proof. ]

1l
»n
—~ —~

For a Markov extension o € QMCY, R_p_c» let 17 be the orthogonal projection operator onto the
j-th subspace of the register B given by the decomposition corresponding to the Markov state o
as described above. In other words, 1I7 is the projection onto the Hilbert space ’HBJR ® ’HBJ'C in
Eq. . For a quantum state 8¢ we define

B¢C
MESY , o = {a €QMCY_p o | forall j, o;” " € B (Trps [(107 @ 1)ePC (117 & 1)])} .
J

(2.6)
Informally, this is the subset of Markov extensions o of ¥ such that the restrictions of o and v
to the j-th subspace in the decomposition of o agree well on the registers BjCC. Again, the

RBC' .

state o = 1B @ ¢ belongs to I\/IER p_c for every € > 0, so the set is non-empty.
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2.3 Quantum state redistribution

Consider a pure state |10)PY shared between Ref (R), Alice (AC) and Bob (B). In an e-
error quantum state redistribution protocol, Alice and Bob share an entangled state ]9>EAEB,
where register F4 is with Alice and register Ep with Bob. Alice applies an encoding opera-
tion £ : L(HACFA) — L(HAY), and sends the register @ to Bob. Then, Bob applies a decoding
operation D : L(H@BFB) — L(HPBC). The output of the protocol is the state ¢pFABC with the
property that P(T/JRABC, ¢RABC) < €. The communication cost of the protocol is log|Q).

To derive the bound in Theorem 1.1, we use a protocol due to Anshu, Jain, and Warsi [7], which
we call the AJW protocol in the sequel. The AJW protocol is based on the Convez-Split Lemma
introduced by Anshu, Devabathini, and Jain [2], and the technique of Position-Based Decoding
introduced by Anshu, Jain, and Warsi [0].

Let n be an integer, pAf € D(HAP) and o® € D(HP). Consider the quantum state 7451-Bn
derived by adding n — 1 independent copies of o® in tensor product with pA® and swapping
the (i — 1)-th copy of o with p? for uniformly random i € [n — 1]. The convex-split lemma states
that the state 7481Bn is almost indistinguishable from the product state p4 ® (o8)®", provided
that n is large enough.

Lemma 2.10 (Convex-Split Lemma [2]). Let pAB € D(HAP) and oB € D(HP) be quantum states
with Dmax (pA8]|pA @ 0B) = k for some finite number k. Let 6 > 0 and n = [%W Define the
following states on n + 1 registers A, B1,Bo, ..., B, :

1o~ s | v
TAB1B2 Bn = —ZPAB] ®031®...®0'B]—1®0-BJ+1®...®O'B” , and
nj:1
~AB1By-By, PP e @obr |

where for all i € [n], we have |B;| = |B|, pAP = pAB, and 0B = oB. Then, we have

P (TABl-HBn7 ?ABan) S \/S )

We may think of the Convex-Split Lemma as providing a sufficient condition under which the
correlations between registers A and B in p can be “hidden” by taking a certain convex combination
of quantum states. A dual problem is to find conditions sufficient for identifying the location of
desired correlations in a convex combination. This task is achievable via the position-based decoding
technique, which in turn uses quantum hypothesis testing.

Lemma 2.11 (Position-Based Decoding [6]). Let € > 0, and pAB € D(HAP) and o € D(HP) be

quantum states such that supp(p?) C supp(c?). Letn = [e 2D%(PAB||PA®”B)—‘ , and for every j € [n],

TjABl'"B” = pBigobg...@di1edlivtg...@al .
There ezists a measurement (A : j € [n+1]) on registers AB1By - - - By, i.e., operators A; = 0 with

n+1

YA o= 1,
j=1

such that for all j € [n],



The above statement is slightly different from the one in ref. [6] because of a minor difference in
defining quantum hypothesis testing relative entropy.

Let |1/)>RABC be a quantum state shared between Alice, Bob, and Ref where registers AC' are with
Alice, register B is with Bob and register R is with Ref, and /%8¢ ¢ Be(wRBC). The AJW protocol
works as follows.

The AJW protocol:

1. Alice and Bob initially share m := [25 / 62—| copies of a purification |O‘>LC of ¢¢ where § =
Diax (¢ PBC ||/ @ o). Their global state is 1)\ APC |5\ 1 g @|o)EmOm where |L;| =
|L| and |C;| = |C| for all i € [m]. The registers ACL1Lg - Ly, are with Alice and the regis-
ters BC1Cy - - - Cyy, are with Bob.

2. Let b be the smallest integer such that logb > Dﬁ (W'PC|p'P @ o) — log %2 . By performing
a suitable isometry on her registers, Alice transforms the global state into a state close to the
state

1N, . .\ RABC;

— 311G = D/ =1 (mod b)) [0y [:) 47

j=1

Ljflcj Cm

® 01N .. @ |0) 1@ |o)linlin g .. g |g)bm

This is possible due to the Uhlmann theorem, the Convex-Split Lemma, and the choice of m.

3. Alice sends register J; to Bob with communication cost at most (logm — logb)/2 using
superdense coding.

4. Then, for each jp € [b], Bob swaps registers C}, and C},1p;,, conditioned on register J; being
in state |71). At this point, registers RBC ...} are in a state close to

b
% Z wRBC]’Z ®O'Cl ®”'®O-CJ'2*1 ®0‘Cj2+1 (024 ...®O'Cb .
J2=1

5. Then, Bob uses position-based decoding to determine the index jo for which register Cj, is
correlated with registers RB. This is possible by the choice of b.

6. Since the state over registers RBCj}, is close to FBC and it is in tensor product with the

state over registers Cy---Cj,—1Cj,41---Cp, the register purifying registers RBC}, is with
Alice. She transforms the purifying registers to the register A such that the final state over
registers RABC}, is close to PpRABC,

The following theorem states the communication cost and the error in the final state of the above
protocol.

Theorem 2.12 ([7]). Let € € (0,1), and )P be a pure quantum state shared by Ref (R),
Alice (AC) and Bob (B). There is a quantum state redistribution protocol for |)*4BC which
outputs a state pRABC ¢ Bgﬁ(wRABC). Moreover, the number of qubits sent by Alice to Bob in the
protocol is bounded from above by

1

- ~ RBC|| . /RB o C & ( IBC|| 1B o C 1
2ol (Dmax (677077 @ 0%) = D (/7|97 @ 0%) ) +1og 5
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For a complete proof of this result, including the correctness and error analysis of the protocol, see
the proof of Theorem 1 in ref. [7].

2.4 Decoupling classical-quantum states

Embezzlement refers to a process introduced by van Dam and Hayden [40] in which any bipartite
quantum state, possibly entangled, can be approximately produced from a bipartite catalyst using
only local unitary operations. The bipartite catalyst is called the embezzling quantum state. For
an integer n and registers D and D’ with |D| = |D’| > n, the embezzling state is defined as

6P = i (2.7)

1 —1 .p
—e=2_ 7107
VS(n) ZZ; Vi
where S(n) := Y1 ; 1 . Van Dam and Hayden [40] showed that an arbitrary bipartite state can be
>DD'

embezzled from [£ with arbitrary accuracy when n is chosen to be correspondingly large.

Theorem 2.13 ([A0]). Let |¢)*? € HAB be a bipartite state with Schmidt rank m and |§>DDI
be the state defined in Eq. (2.7). For § € (0,1], there exists local isometries Vi : HP — HDPA
and Vs - HD" — HDP'B such that

P(MeW)l§), [§)®l) < 0, (2.8)

provided that n > m2/%*.

For a fixed a € [n], a close variant of the above embezzling state is defined as

[Eain) P P (2.9)

Ly Lige)
—_— — i
V/S(a,n) p— Vi
where S(a,n) = Z?:a% . Using these states, Lemma below shows how we may embezzle
the uniform distribution with closeness guaranteed in terms of max-relative entropy. The proof
of Eq. (2.11)) in this lemma is due to Anshu and Jain [4, Claim 1], and Eq. (2.12]) follows from a
similar argument. For completeness, we provide a proof for the lemma.

Lemma 2.14 (Extension of [4], Claim 1). Let § € (0, %), and a,b,n € Z be positive integers such

thata > b > 2 and n > a'/%. Let D and E be registers with |D| > n and |E| > b. Let W}, be a
unitary operation that acts as

W, [P 105 = [1i/b))P|i (mod b))F  Vie{o,...|D| -1}, (2.10)

and II, € Pos(HDE) be the projection operator onto the support of Wy ({gn ® ]0)<O]E) WJ. It holds
that
W (€2, @ (00l F) W = (1+156) &R, @ uf | (2.11)

and
(P, @ ), < 2 W, (€2, @ [0X0[) W . (2.12)

14



Proof: Let W}, be a unitary operator satisfying Eq. (2.10)). We have

Wy (€2, @ ON0) W) = s 30 W (1l  0401) W
’ 1
(@)

7
1

,n

iX
S S 1Li/bIN /b1 © i (mod )} (mod )|

7

S

1
[%] min{b—1,n—i'b}

L L
B S(a,n)'z > o el N P @leXel”  (2.13)

= %J e=0
1 L3 -1 1

< . "D
= S 2 2 P @ leel”

i=[g] e=0

S(L,n) .p E

< : . 2.14
- S(a,n) gl.n®lub ( )

In ref. [27], it is shown that ‘S(a,n) - log%‘ < 4. Since n > a'/?, we have

S(1,n) logn +4 < 1446
S(a,n) — logn—loga—4 — 1-54

Now, Eq. (2.14) and Eq. (2.15]) together imply Eq. (2.11]). It remains to prove Eq. (2.12)). Let II; €
Pos(#P¥) be the projection operator onto the support of W, (¢£, ® |0)(0[¥) WbT. Eq. (2.13)) implies
that

< 14150 . (2.15)

[%] min{b—1,n—3'b}

= > 1K @ le)el”
i=[2] e=0
Thus,
1 (%] min{b—1,n—i'b} 1
M (€ @) = S(1,n) > ﬁli’><i’|D®!e><e|E

=g e=0
1 i) minfo—tn-i}

= — N/ 1D E

- S(Ln) > pi 1o [T @ leXel

=13 =0
2 S(a,n
N sé ) Vb (& ® 10X01 ") W (by Eq. (@11))

< 2W, (€2, @ |0)0|F) W |

where the first inequality holds since bi’ +e < 2bi’ for i/ > 1 and 0 < e < b — 1, and the second
inequality holds since S(a,n) < S(1,n). ]

As a corollary of the above lemma, Anshu and Jain [4] show that the embezzling state £ can
be used almost catalytically to flatten any quantum state using unitary operations. The proof of

Eq. (2.16) in the corollary is provided in ref. [4, Eq. (6)], and Eq. (2.17)) follows from Eq. (2.12]).
For completeness, we provide a proof below.
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Corollary 2.15 (extension of [4], Eq. (6)). Let p € D(H®) be a quantum state with spectral
decomposition p© =3 q(c)[velve|“. Let 6 € (0, 1) and v € (0,1) such that |—S| is an integer and
all eigenvalues q(c) are integer multiples of X - Let a == % max. q(c), n = a'/?, and D and E be

quantum, registers with |D| > n and |E| = a. Let W € U(HCEP) be the unitary operator defined as

W o= Z]vc Nv|¢ @ W, ED

and 1 € Pos(HCFP) be the projection operator defined as

I = Z|UC><UC‘ ®Hb(c)7

[

where Wy and Ty are the operators defined in Lemma |2.14| with b(c) == W (but with the
tensor factors corresponding to D and E swapped). Then, we have

W (p¢ @ 00" @ L)W = (1+158) pF 2l (2.16)
and

M@ ) = 2W (o7 @001 @ &) W, (2.17)
where p©F = % S |velve|© @ Zb(c leXelP is an extension of p© with flat spectrum.

Proof: Let W be the unitary operator defined in the statement of the corollary . We have

W (p” @ |0)0|F @ &2,) Wi
= > a@)ve)vel© © Wi (J0X0[F @ £2,) W

b(e)—1

¢ L (& GE D
= (14150) el ® (i 3 ke @ el

= (1+150) p P @&,

where the inequality follows from Lemma So, it remains to prove Eq. (2.17)). Let II be the
projection operator defined in the statement of the corollary. We have

IT (pCE ® gf)n) I = é Z b(C) |Uc><UC‘C & Hb(c) (HbE(c) ® gclt)n) Hb(c)
< 22 (O)|vefve| @ Wye) (I0X01F @ €2,) W,
= 2 W(p © [0X0]" @ &2,)WT

where the inequality is a consequence of Lemma [ |

We use the above flattening procedure to decouple the quantum register in a classical-quantum
state.
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Corollary 2.16. Consider a classical-quantum state p’€ = >.;p(j) 177 @ pj , where p is
a probability distribution and pJC € D(’HC). Let § € (0, 115) and v € (0,1) such that a = el
is an integer and suppose that the eigenvalues of all the states pJC are integer multiples of |g| .

Let n == a'/%, D and E be quantum registers with |D| > n and |E| = a. Then, there exists a unitary

operator U € U(H'CFP), read-only on register J, and a projection operator Il € Pos(H/CFP) such
that
U(p'“@lo)0l" ®€2,) U = (1+156) p’ @ v F@er, (2.18)
I(p’ ool )T = 20U (p’“@0)0/" @ el,) Ut | (2.19)
and B
Tr [HU (7€ @ 0)(0|F @ &P, UT} - 1, (2.20)
where vOF = 15797 o |s)(s|CE.

Proof: Notice that the integers a and n and registers D and E satisfy the properties required
in Corollary For each j, let W) be the unitary operator given by Corollary for flat-
tening p]C = > .q;(c) |vje)vjc|. Hence, we can flatten all p]C simultaneously using the unitary

operator Uy == . [j)(j| ® W, and we get

U (p’C @ |0)o[ @ €2,)UT = (1+150) Zp G @ pSF @l

o C)|C|/7] Xe|P is an extension of p¢ with flat (i.e., uniform)

where pf'7 = 25 30 [vjevsel© @
spectrum. For each j, the support of ,oj has dimension ) _g; (c)'%', which equals a independent
of j. Hence, there exists a unitary operator V) mapping pJCE to vOF. Let Uy € U(H7CF) be the

unitary operator Us =, |j)(j| ® V). Then, the unitary operator U := UsU, satisfies Eq. (2.18).

Now, for each j, let IIU) e POE(HCED ) be the projection operator given by Corollary De-
fine II" == 37, |57)(j| ® 1Y) and II == UQH’U; We have

(' 0Pl )T = UI'U] (0! @ v“Feh)U,U]

= Ul Zp )il @ pf " @b, | U]

- Zp )17 @ 9 (o7 E @ €, )1 | U]

Zp )17 @ WO (oS @ [0Y0[F @ 2, )W) | U

PN

= 20,01 | > p() liXil” @ p§ @ 0)0|F @ &2, | UfU]
J
= 20 (p"“e|0)0l" ®&2,) U,
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where the inequality follows from Corollary Eq. (2.17)).

Moreover, by the construction in Lemma and Corollary for each j, the operator IIU) is

the projection operator onto the support of W) (,OJC ® |0)0|F ® €£n)W(j)T. Hence, we have

T [T (o7 @ 00 0 €2) U] = T 1008 (7€ 20401 @ 65) U]
= Y p0) T [MOWD (€ @ ool @ €2, )W) ]
J
- 1.

This completes the proof. [ |

Remark: In the above corollary, we assume that the eigenvalues of p]C are rational. We can
approximate an arbitrary state with one that has only rational eigenvalues with arbitrary accuracy,
since the set of rational numbers is dense in the set of reals. Consequently, the error with respect
to the max-relative entropy can also be made arbitrarily close to zero.

3 The new protocol

In this section, we present and analyse the new protocol for one-shot state redistribution. This
proves the main result in this article, as stated more precisely in the following theorem.

Theorem 3.1. Let |)*4PC be a pure quantum state shared between a referee (R), Alice (AC)
and Bob (B). For every ej,ea € (0,1) satisfying €1 + 9e2 < 1, there exists an entanglement-
assisted one-way protocol operated by Alice and Bob which starts in the state W)RABC, and outputs
a state pTABC ¢ Bt (¢ RABCY yhere registers A, BC, and R are held by Alice, Bob and Ref,
respectively. The communication cost of this protocol is bounded from above by

1 . ) RBC|| RBC €2 BC|| _BC 1

- £ £ [Dm (’ H >—D2<’ H )} log —+1. (3.1

2 peptprney 1Y, [Pre(¥ 7 H(V | o) o g (3.)
oceMER 5 ¢

We get Theorem by choosing €3 = €; = e.

We describe a protocol for redistributing |¢>RABC with error 9e» and cost at most
1 ) 2 1
= min, [Dmax (pRBY)|o"BC) — D2 (quCHaBC)} +log 5 +1 . (3.2)
oRBCeMER T €2

Then, Theorem [3.1] follows since for every [¢/) € B (|)#4BC) | Alice and Bob can assume that the
global state is |¢/)**?% and run the protocol for |¢'). This protocol redistributes the state |1))
with additional error at most €;.

Let 07BC be a quantum Markov extension of B, If ofBC = BB @ /¢ Alice and Bob can
redistribute #4BC with error 9¢; > 0 and communication cost bounded by Eq. (3.2)) using the
AJW protocol. However, in general, 08¢ is not necessarily a product state. In that case, we design
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a reduction procedure which allows us to use the AJW protocol as a subroutine. This procedure
decouples C' from RB when applied to o8¢ while preserving 1% when applied to 1?8, This
procedure is similar to the conditional erasure task in Refs. [9] [10] except that, here, the decoupling
and negligible disturbance properties are desired for two possibly different quantum states.

In the rest of this section, we first explain a simplified version of the reduction procedure and the
protocol for the special case that register A is trivial and |¢>RBC is the GHZ state. This illustrates
the key components underlying the reduction. Then, in Section we provide the complete version
of the reduction procedure and the protocol for redistributing an arbitrary quantum state |¢>RAB =

3.1 The GHZ state example

To elaborate on the reduction procedure, we start with the example where 8¢ is the GHZ state

d
=210

and the Markov extension o8¢ of 1B ig

d
EZ MNal® @ 13617 @ 1)l -

The reduction broadly follows the description we gave in Section and is a two-step process. We
expand on these steps below.

(1) Coherent measurement of register B. By “coherent measurement”, we mean the applica-
tion of the isometry given by a Steinspring representation of the measurement. For the GHZ state,
this corresponds “copying” the content of register B into a fresh register, in superposition. The
state of the fresh reglster is chosen so as to facilitate the redistribution protocol. Let T be a register
with |T'| = d, and |\IJ)TT \[ > [tt) be the maximally entangled state over registers T" and 7T".

Define the unitary operator U; € U(HPT) as Up = > 1iXd P& P]T,
Weyl operator as defined in Section Let |f<;1>RBCTT/ and 7{'B¢T be the states obtained by

applying U, to |)*P¢ ¢ \\I/>TTI and o8¢ @ UT'| respectively. We have
L& d
RBCTT' \R | \B|\C AT | \T
k1) = 2D DTN e ltei)’
=1 t=1

Since the set of Heisenberg-Weyl operators {P,} is closed under multiplication, and each P, is
traceless unless a = d, the states (P, ® 1) |¥) are mutually orthogonal. So the unitary operator U;
pBC while it acts trivially on o. Moreover, the reduced state

where P; is the Heisenberg-

coherently measures register B in
on T remains maximally mixed. So

1 . N/ N/
REPC = = SRR lGIP e Gl©,  and
J
lT
FRBCT - _ O,RBC®F
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(2) Decoupling C from RB in o. Let Us € U(HP®) be a unitary operator that is read-only

on B and maps |j)¢ to |0)7 if system B is in the state [j). Let ’KQ)RBCTT’ and 7£BCT be the

states after applying Us to |n1>RBCTT/ and TlRBCT, respectively. We have
d
’ 1 . . . /
) P = 2 S e el e ko)t . and
j t=1
RBCT RB o 1"
fBCT = B 00 @
In particular, since register B is classical in /@{230 and U, is read-only on B, we get nﬁ%B = fB,

The reduction procedure uses the above two steps to (effectively) add the maximally mixed state W7
and apply the unitary operator UsU;. Note that running this procedure on both ¢ and ¢ does not
change their max-relative entropy and the hypothesis testing entropy. We have

2 2
Dyax (wRBCHO'RBC) _ D;z (wBC’HO_BC) — Dyax (Hé%BCT”TZRBCT) _ D;% (HQBCTHTQBCT) (33)

where 7BCT = kB 2 10)0|¢ ® %. Hence, if Alice and Bob locally map [¢) to |k2), then they can
run the AJW protocol to transfer registers CT' to Bob and finally retrieve |¢)) by applying U; 1U2_ L
A hitch here is that the reduction procedure cannot be implemented directly (i.e., as described
above) for the local transformation of [¢)) to |kg). This is because register C' is initially with Alice

. . . . . . !
and register B is with Bob. However, since ¢f'8 = x£P  there is an isometry V : HAC — HACTT

which maps [)#48¢ to ]mg)RABCTT/, as guaranteed by the Uhlmann theorem. Alice can thus

implement the local transformation from [¢) to |k2).

In summary, the simplified version of the protocol for the GHZ state works as follows:

1. Alice applies the isometry V on her registers AC, and transforms the global state to the
state |k2) APCTT such that registers (ACTT"), (B), and (R) are with Alice, Bob and Ref,
respectively.

2. Choosing ¢“7 = 0)0|¢ ® %, Alice and Bob run the AJW protocol on |k2) to transfer
registers C'I" to Bob with error at most 9¢;. Let E%MBCTT’ be the joint state of the regis-
ters RABCTT' at the end of this step.

3. Bob applies U, lUQ_ ! on the registers BOT, which are now in his possession.

4. The output of the protocol is the final state in registers RABC.

By Theorem and Eq. (3.3)), the cost of the above protocol is at most
€2 1

Dyax (1/}RBCHO'RBC) . DI—% (¢BC||O_BC) + 10g ? ’

2

and P(r§TABCTT! FRABCTT'Y < 9¢) . Let ¢™4BC be the final state of the registers RABC. We
have

RABC jRABC RABC o, yyTT' RABCTT
P(yRABO GRABC) < p(yRABC @ yTT! g )
- P ( K RABCTT' E{.}%ABC’TT’)
g 9627
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where the first inequality is obtained by considering extensions of states in RABC to those
in RABCTT’ and the monotonicity of purified distance under quantum operations, and the second
step follows by the invariance of purified distance under unitary operations (in this case UaUy).

3.2 The protocol for arbitrary states

’1/}>RABC RBC ¢ ME52/4¢

Now consider an arbitrary state and a quantum Markov extension o

As explained in Section there exists a decomposition of register B as HP = @ Ho ® M5

C

such that RBR e
¢RB _ URB @p T ® w i (3.4)
and RBE BCC
O,RBC' _ @p(j) o, Qo , (35)
J
RBf _ RBi' BPC _ ol BC : -
where o, 7 =4, 7, 0,7 €B% (TrB]R ((I; ® 1)y PC(II; ® l))) and II; is the projection oper-

ator over the j-th subspace in the direct sum decomposition of 2. This special structure of o#B¢

makes it possible to design the reduction procedure. As in the case of the GHZ state, the reduc-
tion procedure consists of the two main steps of coherent measurement and decoupling. These are
preceded by two pre-processing steps. The pre-processing steps unitarily transform 1 and o to the
states x and 7 which are easier to handle. In step (i), we apply a local isometry transforming o/*8¢
to a classical-quantum state.

(i) Viewing ¢®PC as a classical-quantum state. Let B® and B® be two quantum registers
with |Bf| := max; |Bf| and |B®| := max; |B¢|. As a consequence of Eq. (3.5, there exists an
J 7 N

isometry U; : HP — HP "IB which takes oBBC to the state

~RBRJBC RV c
I Zp o P @ i)l © a0 (3.6)
Let |¢1>RABRJBCC be the state obtained by applying the same operation on |¢>RABC, ie.,
RABRJBCC RABC RpBC
[41) = UlY) Z I @ gl e (3.7)

for some sub-normalized, rank 1 states 1); ;. It is sufﬁment to design a protocol for redistributing
register C' in WﬁRABRJBCC when initially registers (AC) are held by Alice, (B%.JB¢) are held by
Bob and R is held by Ref. Notice that w{%BRJBC = oRB"IB gince PpiB = BB Qo LZJFBRJBC is a
quantum Markov state of the form RB®—J—B¢. So, Alice and Bob can use the folklore protocol
for redistributing quantum Markov states explained in Fig. [2| and transfer B¢ to Alice. This is
done in step (ii) of pre-processing.

(ii) Transferring B¢ from Bob to Alice without communication. Note that w{%BRJBC is
purified by systems (AC) which are with Alice. So by applying a suitable isometry, Alice can
prepare the following purification of wf%BRJ B¢,
~\ RBEJJ'BCGH R / c
. RBRG | \JJ BYH
1) > Ve o) @ 1,0 @ o) P
J
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2
where registers J'GH are held by Alice. Let 6; € (0,1), ny = ’BCH’2/61, and D1, D} be reg-

isters with |Dy1| = |D}| = n1. Conditioned on register J, Alice and Bob use the embezzling

state |§>DlD’1 (as defined in Eq. (2.7)) and the reverse of the van Dam-Hayden protocol [40] to

>BCH

embezzle out |o; in superposition. They thus obtain a state 1;1 such that

~RBEGJJ' DD ; RBE@G N D1D/
P LN VPG) o) ®|5,5)°7 @] < 6.
J

C
Finally, conditioned on register J, Alice locally generates ]aj>B A in superposition with regis-

ters B H on her side, and applies an Uhlmann unitary operator to her registers in order to prepare
the purification |¢1>RABRJBCC. Let Uj; 4 and U;; g denote the overall unitary operators applied by
Alice and Bob, respectively, in this step. After applying Ui a and Uy g, the global state is [t)2)
satisfying

RABRJBCCD,D; RjBC /
P (v P MEVECC o feye PP < 6y

where registers ABCC are with Alice, registers B®.J are with Bob and register R is with Ref. Thus,
the problem reduces, up to a purified distance J1, to the case where the global state is [i1) and the
register BC is with Alice. Henceforth, we assume that this is indeed the case. We account for the
inaccuracy introduced by this assumption in the error analysis of the protocol. This completes the
second step and the pre-processing stage of the protocol.

Due to the pre-processing steps, we may suppose that the global state is |1,ZJ1>RABRJBCC such that
registers (ABCC), (B®.J), and R are held by Alice, Bob, and Ref, respectively. It then remains for
Alice to send BC to Bob. To achieve this, we follow a two-step unitary procedure (as in the case
of the GHZ state) which decouples registers RB.J and B¢C in GRBYIBCC while keeping the state
of registers RB.J unchanged. This operation transforms & to a product state and allows us to use
the AJW protocol as a subroutine to achieve the redistribution with the desired communication
cost and accuracy.

To decouple RBEJ from BCC in &, we would like to use embezzlement and the unitary opera-
tor given by Corollary This unitary operator acts on registers JBYC and is read-only on
register J. However, since register .J is not necessarily classical in {8 fJB CO, the operation may
disturb the marginal state w{%B "J . So as in the example of the GHZ state, we resolve this issue by
first coherently measuring register J using an additional maximally entangled state. This operation
transforms w{%BRJ BYC {4 4 classical-quantum state, classical in register J, and keeps GRBFIBCC
intact. The following two steps contain the detailed construction of these unitary procedures.

(1) Coherent measurement of register J. Let F' be a register with |F'| = |J|, and let d := |F|.
Let P; € U(HF) be a Heisenberg-Weyl operator as defined in Section Let U; € U(H’F) be a
unitary operator defined as Uy := }_; 17} @ PJF. Define

R C / R C /
|H1>RAB JBCCFF = U (|¢1>RAB JB c® |\I,>FF) 7
and h
- 1
TlRBRJBCCF = U (URBRJBCC ® |F|) Ult : (3.8)
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where |\II)FF/ = % 2?21 |ff) is the maximally entangled state over registers F' and F’. For the
same reasons as in the GHZ example, the unitary operator U acts trivially on ¢ while it measures

register J in wf%BRJ BCC coherently. In particular,
RBEJBCCF ~RBEJBCC 1F
El = 0 — (3.9)
|F|
and R C RRC
RBEJBCC NP RBEBCC
K1 = Il el : (3.10)
J

(2) Decoupling registers B°C from RBTJ in ;. By Egs. (3.6) and (3.9)), register J is
classical in TlRBRJ BC and conditioned on J , registers RB® are decoupled from BCC'. Hence, we
can decouple registers BCC' from registers RB®.J in 7 using embezzling states and applying the

unitary operator given in Corollary (See also the remark after the proof of the corollary.)

2
For 7, € (0,1) chosen as in Corollary [2.16} let as :== |[BEC| /72, ng = a;/%, and Dy, D}, and Es be
quantum registers with |Dg| = |D}| > ng and |Es| = ag. Let

a2

BCCE, . 1 BCCE
vy = =N PP
a2 r=1

According to Corollary there exists a unitary operator Us € U(H’ BCCEQD?), read-only on
register .J, and a projection operator Il € POS(HJBCCEQDQ) such that

Uz (fE 55 @ oj0P2 0 €22, ) U < log(1 +1563) P @ v P 0 el2 L (3.11)

az:ng lng
7(.-RB%J BCCE; Dy \ Ty RBEJBCC Es Dy T
II(r ® vy @&, )T =X 20 (7 ® [0)0]™2 @ &%, ) Us s (3.12)
and N o
T [0, (rfi"75°C @ oj0|™ @ €22, ) U] = 1. (3.13)
Define R _—
rRBRIBCCE:D: (TIRB TBCC g |0)(0|P2 ®€£22m2) U2T ’
and R C ’ ’ R C ’ /
‘52>RAB JBCCED:DYFF! . g <|K1>RAB JBCCFF' o |0>E2 2 |§a2:n2>D2D2>

Since U, is read-only on register J and .J is classical in the state x*¥ g BCC, the unitary operator Us

R .
keeps m{%B 7 intact. So, we have

R R R
N L (3.14)

Moreover, by Eq. (3.11)), 72 is close to a product state in max-relative entropy and therefore, we
can claim the following statement.
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Claim 3.2. For the state ko defined above, we have

1F

RBEJBCCEyDyF
Dmax('%g 222 ‘F‘

’ RBRJ o B vl CE2®€1n2 ) < Dmax(wRBC’H JRBC)+552 :

(3.15)
and

De% <%BRJBCCE2D2F
g\ 2

BRJ CEQ £ > D€§/4 BC BC -1 3 16

We prove the claim at the end of this section.

To redistribute registers BC' in the state ¥ with the desired cost, Claim suggests that it
would be sufficient for parties to transform their joint state 1 to ko through the unitary opera-
tors UsUy, then use the AJW protocol to redistribute registers BCCE; Dy F, and finally, transform
back k2 to the state 1 by applying U, 1U2_ 1 However, in order to apply UsU1, one needs to have
access to all the registers JBCC, but initially registers BCC' are with Alice and register J is with
Bob. This problem can be resolved using the Uhlmann theorem, as in the GHZ example. Recall

that /ﬁgBRJ = waRJ as mentioned in Eq. (3.14). Therefore, by the Uhlmann Theorem, there

. . C C
exists an isometry V : HABTC 5 yABTCED2DLFE qich that

R C R C / ’
V|’¢1>RAB JBCC |’€2>RAB JBYCE2D2DLFF ) (317)

Notice that V only acts on registers ABC which are initially with Alice and so she can apply the
isometry V' locally to transform 1 to ko.

Now we have all the ingredients for the new state redistribution protocol. We describe the steps
systematically below. Let

B = max (¢RBCH RBC) + 5(5

and m = E—f-‘, where €2 € (0,1). Let S and T be quanturn registers such that |S| = |T| =
2
|BCCE2D2F‘ Let |77>ST be a purification of I/QB CEs ®§ ® T = such that n’ B CE2®§1 m@%.

The protocol. In order to redistribute W)RABC, Alice and Bob implement the following steps.

1. Initially, Alice and Bob start in the state [¢)*4PC and share the quantum state |¢)P171
and m copies of the state |)°7 in registers (S;T; : i € [m]). Hence, the initial joint quantum
state of Ref, Alice, and Bob is

m

)45 @ )PP R) Iy 5T

i=1

such that register R is held by Ref, registers (ACD/ S ...Sy,) are held by Alice, and regis-
ters (BD1T) ...T,,) are held by Bob.
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2. Alice and Bob pre-process their joint state via local transformations, without any communi-
cation. IL.e., Bob applies the isometry U;; gU; on his registers, and Alice applies the isome-
try Uii 4 on her registers. This transforms their joint state on RABCD]D; into a quantum

R jBC ,
state wRAB TBECDIDL Ghich has purified distance at most d; from Q/JFABRJBCC ® P11,
where the state 11 is as given by Eq. (3.7).

At this point, the registers (ABYCD}) are with Alice, registers (Bf.JD;) are with Bob, and
register (R) is with Ref. Registers (5;7;) are not touched in this step, and are shared as
before. Registers D} D are not used after this point, and may be discarded.

3. Alice and Bob perform the first part of reduction involving the coherent measurement and
the decoupling of a classical-quantum state. Le., Alice applies the isometry V to the reg-
isters ABYC. This transforms their joint state on registers RAB®JBCC' into a quantum

. . . R C ’ ’
state w which has purified distance at most &; from |rg) AP /B CE2D2Dy FE

The registers (ABCCEyDy Dy FF") are with Alice, registers (B?.J) are with Bob, and regis-
ter (R) is with Ref. Registers (S;T;) are not touched in this step, and are shared as before.

4. Alice and Bob run the AJW protocol to transfer the registers B¢ C' Eo Dy F to Bob, as described
in Section 2.3 I.e., the two parties redistribute their registers assuming that their joint state

R C / /

is \n2>RAB JBECEy Dy Dy FE , with the registers held as above. For this, they use the m copies

of the state |n)>T that were shared in registers (S;T} : i € [m]).

For the reader’s convenience we include in Table [I| the correspondence between the states and
registers involved in the AJW protocol as presented in Section and those involved in the
use of the protocol here.

At the end of the AJW protocol, the parties end up with a state GRABRIBCCE D2 Dy FF! iy
that register (R) is held with Ref, (AD5F’) are held with Alice and (BRJBYCFEyDyF) are
held with Bob.

5. Bob completes the second part of reduction involving the coherent measurement and the
decoupling of a classical-quantum state and reverses the first pre-processing step. Le., he
applies the operator (UsU1U;) ™" on registers BEJBCCE, Dy F.

6. The output of the protocol is now the state in registers RABC.

According to Theorem [2.12] the communication cost of this protocol is

1 RBRJBCCE,DoF|| _RBRJ ccpy - oDy o 1F
= [Dmax | K3 H & VQ ® & e @ THT

2 ral
1F 1
. D62 BRJBCCE2D2FH ® 2 CE2 ® é—l n2 + ].Og —
|F| €
which is at most
1 474 1
5 [ Do (WF5€) 0™5€) = DR (7€) 7€) | + 58, +log 5 +1 .
2

by Claim
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Section |2—3| Here
State to be redistributed (“input”) o) FABC |/£2>RABRJBCCE2D2D/2FFI
Registers of input initially with Ref R R
Registers of input initially with Alice A ABCCE;DyDLFF!
Registers of input initially with Bob B BEJ
Registers to be transferred to Bob C BCYCE,DsF
Smoothed state Y'RBC ﬁ?BRJBCCEQDQF
State used in application of Convex-Split o€ VQB OB g {5,212 ® %
Initial shared entangled state Q" o) HiC ., [n)5i T
Registers of entangled state initially with Alice Ly Ly S1+Sm
Registers of entangled state initially with Bob Ci---Cn Ty --- Ty

Table 1: The correspondence between the states and registers in the AJW protocol as described in
Section [2.3] and those involved in the use of the AJW protocol here.

Correctness of the protocol. Let ¢ be the final joint state of parties in the above protocol. We
have

P (¢RABC’ ,(/}RABC)

< P (quABCEngD’QFF” HRABC & 10)0|P2 @ ggz:gg \I,FF’)
< P (@RABRJBCCEQDzDéFF’7 ﬂfABRJBCCEQDzDéFF)
< P (&)\RABRJBCCEQDQDQFF” wRABRJBCCEngD’QFF’)
P (wRABRJBCCEQDgDéFF’7 ﬂ;%ABRJBCCEQDQDgFF')
< 9e2+01 .

Here, the first and second inequalities follow from monotonicity of purified distance under quantum
operations. In the first, we consider the extensions of the two states to a larger set of registers. In
the second inequality, we consider the states by reversing the isometries in step [5| of the protocol.
The third inequality is the Triangle Inequality for purified distance. The last inequality holds
since @ € B%2(w) by Theorem and w € B (ky).

By the properties of the embezzlement protocol due to van Dam and Hayden [40] (see Egs. (2.7))
and (2.8))) and the protocol given by Corollary we can make d; and Jo arbitrarily small by
choosing suitable entangled states shared between Alice and Bob. (Note that this comes at the
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cost of shared entanglement with arbitrarily large local dimension.) Hence, the statement of the
theorem follows.

It only remains to prove Claim

Proof of Claim [3.2} Consider the states and operators defined in the description preceding the
protocol. Since register J is classical in both HRB JBYC and TRB JBC and Us is read-only on J,

R R R
we have that k18" = 7B = zRB™J Therefore, we get

RBERJBCCE;DyF RBEJ CCE, 1r
Dmax Ko H Ko X V. 2 ®§1n2 |F|

F
< D RBEJBCCEyDyF RBRJBCCE2D2 1
> max | Ko Ty & W

+ Dinax B @) CE2®£1n2>
< Diax (V5| oBBC) +log(1 + 1563)

( RBRJBCCE,Ds

RBRJBCCE,DyF

where the last inequality is a consequence of Eq. (3.11) and the fact that s, and
TQRB RIBCOEDaF 416 obtained by the applying the same unitary transformation to 1/#8¢ and o#BC
respectively. The above equation implies Eq. (3.15) since logy(1 + 1522) < 5z for all > 0.
In the rest of the proof, we show that

2 R JRC BC 1r

D;Q (mf JB CE2D2FH J & V2 CE» ®§1D7212 ® |F|>
F
> D;;QL/4(H123RJBCCE2D2FH PBRIBCCED: ]1F\> 1 (3.18)

Then, Eq. (3.16]) follows since ﬁgB RIBCCED2F g TQRB RIBCCED2F 416 obtained by the applying
the same unitary transformation to 18¢ and o8¢ respectively. Let

4
o €5/4( BRJBCCE;DyF
x o= D (s

‘ BRJBCCE2D2F>
T

)

and IT' be the POVM operator achieving A, i.e.,
Tr [H/HfRJBCCEQDgF] > 11— f
and

Tr [H’( BRJBCCE>Ds & £ — 97X
|| '

Recall that /ffR = TQBRJ TlBRJ. So, Eq. (3.12) implies that

ﬁ( T @ PP g ¢ m)ﬁ < 9 BRIBOCE:D: (3.19)

4
Since oftB¢ ¢ ME;%E’;{C, the state RJB CE2D2 i (ed/4)-close to T JB CE2D2 iy purified distance.
This implies that

Tr [ﬁ HQBRJBCCEzDQF} > Tr [ﬁTQBRJBCCEQDQF} . é 1— € (3.20)

4 4’
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using Theorem [2.1}, Theorem 2.3 and Eq. (3.13)). So, the Gentle Measurement lemma, Lemma [2.2
g q b )

implies that
~ BR BCCE>D>F
fRJBCCE?Dﬁ < e% . (3.21)

Tr {H B JBCCEQDQF} N

Define the POVM operator II = I IT'IL. By Eq. ( , Eq. -, and Theorem [2.1{ we have

Tr[H BRJBCC’EQDQF} _ Tr[H’ﬁmf JB CEQDQFH}
> _ é Tr {H’ BRJBCCEQDZF} é
4 2
> 1- 6% .

By Eq. (3.19), we get
17 17
w[n (e oo fy)| < amr (e i)

—A+1
2 ;

which implies Eq. (3.18]), as desired. [ |

3.3 Asymptotic and i.i.d. analysis

We can obtain the asymptotic cost of redistributing copies of a state using the one-shot bound
from the previous section. Suppose that the state \w)RnAanCn = W)RABO " is shared be-
tween Alice (A"C™), Bob (B™) and Ref (R"™) where R", A", B", and C" denote n-fold tensor
products of registers R, A, B and C, respectively. Let € := ¢; = e5/4. By Theorem choos-
ing "B C" = y/R"B" & ¢C there exists an entanglement-assisted one-way protocol which out-

puts a state gbR A"B™C™ 81461/4(1/1RnAanCn) with communication cost Q(n,€) bounded as

Q(n,€)
1 . [ R"B™C™ R™B" cn BrC™ B™ cn
< 3 e (Mhanon, [P (¥ ’ )= Da (v v o v | 41
- 2w/eBe(11prll%nB"c") [ e ¥ v ®Y (¥ v ey oy 2[
1 [ n pgnom n RN n nom n n
< 5 imt D (0T R @) D (| 0P @ u )] o 5
2 wleBe(anBnCn) L 2[
w/RnB":¢RnB"
1 . [ n gncn n RN n € nm n n
< ol D (W 05 @) - D (05| 0P @ )] 4 dog
W'eBe (R B L 2./€
w/R"Bn_wR"B"
< [P o o) - D (5| 6 )] o 5 g T

where the first inequality follows from Eq., the third inequality follows from the definition
of Hypothesis testing entropy, and the last inequality follows from Theorem [2.7] for the choice of
6,0 « ¢/3, pAB « R'BC" pA  pR"B" and B < . Therefore, using Theorem [2.6, the
asymptotic communication rate of redistributing n copies of a pure state W)RABC

1 1
lim —Q(n,e) < §I(R:C|B)¢

n—oo n
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4 Conclusion and outlook

In this article, we revisited the task of one-shot quantum state redistribution, and introduced a
new protocol achieving this task with communication cost

1 1
~  min min D IRBC|| JRBCY _ e (4/BC|5BCY] + O<10 7) 7 41
2 ' €Be(pRBC) URBCEME;Q/‘;WC[ max (d} H ) H(w H )] g € ( )

with error parameter €. This is the first result connecting the communication cost of state redistri-
bution with Markov chains. It provides an operational interpretation for a one-shot representation
of quantum conditional mutual information as explained in Sec[ll In the special case where 1/B¢
is a quantum Markov chain, our protocol leads to near-zero communication which was not known
for the previous protocols designed for arbitrary states. Moreover, the communication cost of our
protocol is lower than that of all previously known one-shot protocols and we show that it achieves
the optimal cost of % I(R : C| B) in the asymptotic i.i.d. setting. Our protocol also achieves the
near-optimal result of ref. [5] in the case when 8¢ is classical.

A question of interest is whether the communication cost of our one-shot protocol can be bounded
with I(R : C'| B). In the quantum communication complexity setting, such a bound would imply
the possibility of compressing the communication of bounded-round quantum protocols to their
information content. This would lead to a direct-sum theorem for bounded-round quantum com-
munication complexity [3§].

Another question that we have not addressed in this article is whether our bound is near-optimal.
There are several known lower bounds in the literature for the communication cost of entanglement-
assisted quantum state redistribution, such as in ref. [I1, Proposition 6] and ref. [25, Theorem 3.2,
Eq. (3.17)]. However, it is not clear if our bound matches any of them. Obtaining a near-optimal
bound for one-shot quantum state redistribution remains a major open question.
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