Short proofs of the Quantum
Substate Theorem
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Classic problem

e Given a biased coin ¢
* Pr(c=H) | -e
* Pr(c=T e

~ Can we generate a fair




L emonade from lemons

Von Neumann: rejection sampling

e TJoss ¢ twice

e Repeatif HH or TI, else output result

E(# trials for success) = 1/p



Quantum substate theorem

* Say we are given a quantum state Q, but we wish to
prepare state P

* The theorem gives a bound on the nhumber of trials a
quantum analogue of rejection sampling takes (formal
statement later)
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Classical version

Rejection sampling

* Scale P soits graph is contained within Q: aP =< Q

* Wegetasample i from Q

e Throw a dart uniformly at random on the vertical line up to Q

e Repeat with new sample if dart above aP, else output i

E(# trials for success) = l/a = max; pi/ g



Relative min-entropy

We say aP is a subdistribution of Q
E(# trials for success) = l/a = max; pi/qi

Important measure of distance between distributions P, Q
max; log: (pi/ qi)
2i pilog2 (pi/q) = Sew(P|Q)

Relative entropy: S(P|Q)



Approximate sampling

e Given Q often suffices to
generate P closeto P

o .. Sayi alPLo Pl < e
(1/2 L, distance)
* Sw(PlQ) = log: (1/d)

e Let P beuniform on the first (I -d*)n points
ST b

e So(P|Q) = loga(1/(l-d?)) = const d?



Smooth relative min-entropy

Interestedin P e-closeto P, suchthat aP isa
subdistributionof Q and a is maximized

E(# trials for success) = |/a

= logz min{ l/la: aP <Q, |P-P|<e}

How do we estimate this quantity ?
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Substate theorem [JRS'02]

Theorem

Suppose P,Q are probability distributions

with supp(P) < supp(Q) .

For every e € (0,1) thereis a distribution P

such that
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Proof of Substate Theorem

Let s = S(P|Q) = E log (pi/ q)

If pi/gi were at least |, we could
use the Markov inequality:

Pr( log, (pi/g)) = sle) =< e

The sum of negative terms  pilog: (pi/ g) isatleast -I.

= Pr(logz (pi/g) = (stl)le) =< e

Let P =P conditioned on the complementary event.

We have [P -P| < e and (l-e)P < 26the Q 1
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Quantum substate theorem [JRS’02]

Theorem
quantum states

Suppose P,Q are probability distributions

with  supp(P) € supp(Q) .
quantum state

For every e € (0,l1) thereis a distributieon P

S oA R

such that
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Decoding this theorem

* What is a quantum state ?
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- What is rejection sampling for quantum states ?-




Quantum state

A quantum state P is a positive semidefinite operator on
C" with unit trace

Simplest case: rank | operator

e P =vv, v iscalleda superposition
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Rejection sampling

Given quantum state Q, would instead like to prepare
state P

Wesay aP isasubstateof Q if aP < Q, i.e,
Q =aP + (1-0)Q, where Q = 0

Several quantum variants of rejection sampling, all have success
probability a

Again, E (# trials for success) = |/a



Relative min-entropy

Important measure of distance between quantum states P, Q:
* whatis the maximum a suchthat aP < Q?
 |east E (# trials for success) = |/a
* Sw(PIQ) = loga min{l/la: aP < Q}
=icloos amindkae Ba < el
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Smooth relative min-entropy

* Suppose we can tolerate some error e in generating the
quantum state P from Q:

e wouldlike P e-closeto P, suchthat aP isa
substate of Q and a is maximized

e Distance measure: induced by trace norm (Schatten |-norm)
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Quantum substate theorem [JRS’02]

Theorem

Suppose P,Q are quantum states, supp(P) < supp(Q).

For every e € (0,I) thereisa quantum state P such that
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New proof [Jain, N.11]

Key observation: smooth relative min-entropy is the logarithm of
the following convex program (SDP) over variables P, k

min k

such that




First use of duality

vAv < Vv'Bv forall v e Cn

r(wA)

2.




First use of duality

Lemma:

Suppose P, Q are quantum states with supp(P’) € supp(Q).
Then

min{k: P < kQ}

= max { Tr(MP) : Tr(MQ) =1, M
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A min-max formulation

The convex program over variables P, k
min k
Beikcai B 0,
IP-P| <
Tr(P’) =
Pz i)
may be rewritten as
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Min-max duality

A powerful min-max theorem from game theory implies

min max Tr(MP’)
Rl = Plgi=te M : Tr(MQ) = |
AL M =0
P> 0

is equal to
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Lemma: Forany M =0 suchthat Tr(MQ) =1, thereisa
quantum state P e-close to P such that

Tr(MP) =< 26*De ] (1-¢),
where s = $§(P|Q).
Proof: Let M = 3 mivivi (spectral decomposition)
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We apply the result for distributions to P, Q) :

Let B = {i : log2 (pilq) = (sit+l)e}

sothat Dics pi < e
Let [l be the orthogonal projection onto Span{v;: i & B}

SO rl ZleEB VIVI

4 e L WA Pl 4 b p s w T and i
of P53 Loy . o o S e o PR, e AT el e VI 4 3 R A,
y v g T R Ay as-d 3 B J
% s "t* 4) "‘" ,‘ﬂ o LT el ¢ v TR s L PO o LY -
h, Y g 7 ’
g < ..,,-.\.~.’;.- o

”- A v ¥, REron V- 5% " . P S g s N
g i - i R A0 0 b D Sl vt S 2R ST D e e




Recall B = {i : log: (pilq) = (sitl)le}
We have

Tr(MP) = 3igs mi viPvi | Tr([1P)




Remarks

* We get a stronger statement
e use fidelity as a measure of distance
e tighter bound in terms of observational divergence

Optlmal relatlonshlp between observatlonal dlvergence and relatlve
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