Appendix D

Exercise Solutions

Chapter 2

2.1.1. The reaction graph is:

A

C

D

E

I

2.1.2. Adding three reactions, we can write:

B
— A ~<
C E
\ >‘ G —>
F
We can construct the following nextwork by adding two reactions to the original:
B D >
— A —< K
C E
\ >‘ G
F
1

2.1.3. The rate constant kg has dimensions of concentration - time™". The rate constant k; has
dimensions of time™!. The ratio kq/k; thus has dimensions of concentration.

D >
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2.1.4. With z(t) = a(t) — a®* = a(t) — i—‘l), we have

d d e d d
Ez(t) = E(a(t) —a”) = Ea(t) +0= %a(t) = ko — k1a(t)

where the last equality follows from equation (2.5). Then, note that
k() — kla(t) = kl(ko/kl — a(t)) = —kl(a(t) — ko/kl) = —klz(t).

Thus we have

%z(t) .

This has the same form as equation (2.2), and so has solution (compare with equation (2.4)):
z(t) = De~ k1t
where D = z(0). Then, since z(t) = a(t) — ko/k1, we have
a(t) — ko/k1 = De k1t
so that

a(t) = De ™t 4 ko /ky.

2.1.5. From equation (2.6) we have a(t) = De %1t + lz—?, so that, at time ¢ = 0,

k’o k?(]
=D+ =2 =D+ —.
a(0) e " "

Then D = a(0) — 5 so equation (2.6) gives

ki?
Ko\ _re . ko
= (4,-2 ity N0
a(t) < 0 k1>€ + k‘l

2.1.6. a) With z(¢) = a(t) — a®* = a(t) — kf*Tz;, we have
d d sy d _d B B
Ez(t) = E(a(t) —a*®) = dta(t) +0= dta(t) =k_T — (ky +k_)a(t)

where the last equality is equation (2.12). Then, note that

k_T k_T

kT — (ky +k-)a(t) = (ky + k—)(m —a(t)) = —(k+ + k_)(a(t) - e

) = —(ky +k_)2(1).

Thus we have

%z(t) = —(ky + k_)z(t).
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This has the same form as equation (2.2), and so has solution (compare with equation (2.4)):

2(t) = De~ (k4 Fh-)t

where D = z(0). Then, since z(t) = a(t) — lﬁTQv we have

k_T
1) — =D —(ky+k_)t
o)~ e P
so that
k_T
=D —(k4+k-)t =
alt) = De TR
b) From a(t) = De~(k++k-)t 4 kf;i, we have, at time t = 0,
k_T k_T
Ag = =D+ — =D+ — .
0=a(0) =D+ =g = Dt

Then D = a(0) so, with the solution (2.14), we can write

kT
e

kT kT
t — A = —(k++k7)t =
alt) ( 0 k++k_>e T E

2.1.7. Species A and C are not involved in any conservation: they can be exchanged directly with
the external environment. Species B and D, however, only cycle back and forth: when a molecule of

D is produced, a molecule of B is consumed, and vice-versa. Consequently, the total concentration
[B] + [D] is fixed.

2.1.8. Each time the a reaction occurs, a pair of C' and D molecules are either produced or
consumed. Thus all changes in the number of C' and D molecules are coordinated. For example,
if the numbers of C' and D molecules are initially equal, they will always be equal. Likewise, if
there is initially a difference between the number of C' molecules and the number of D molecules,
(e.g. 5 more C' than D molecules), then that difference will be maintained even if the numbers of
molecules changes.

2.1.9. Given a(t) = 1/(2kt + 1/Ap)) we begin by observing that

1

o0) = 55174, =

Ap

as required. We next calculate

d 1 —2k
Ea(t) = —

) - -
(2kt + 1/Ap)? k (2kt +1/Ap)?’
while

—2k

~2k(a(t))* = (2kt + 1/Ag)2’

331



confirming that this is a solution of the differential equation.

2.1.10. The steady state concentrations satisfy the algebraic equations:
= 3—2a*° — 2.5a°b%°

= 2a*° — 2.5a°°b*°

= 2.5a°°b%% — 3¢**

= 2.5a°°b% — 4d*°.

o O O O

To solve this system of equation, we note that the second equation can be factored as
0 = a® (2 — 2.5b%°).
Then, since a®® cannot be zero (from the first equation), we have
0=2—2.5b% S0 b% =4/5.
Substituting this into the first equation gives
0=3—2a* —2.5a%(4/5) SO 3=(24+2)a*

giving a** = 3/4. Then 2.5¢**b** = (5/2)(3/4)(4/5) = 3/2, we can solve the last two equations:
c*® =1/2, d** = 3/8. (Concentrations are in units of mM.)

2.2.1. The conversion reaction (A <+ B) can be assumed in rapid equilibrium, because its time-
scale is shorter than either decay reaction. Using a, b for the concentrations in the reduced model,
we have the equilibrium condition

from which we can write

b(t) = d(t)kk—_ll.

With this condition in hand, we now turn to the dynamics of the decay processes. The rapid
equilibrium assumption leads to A and B forming an equilibrated pool. The decay processes are
best described by addressing the dynamics of this mixed pool. The reaction network (2.23) thus
reduces to:

<«— (pool of A and B) —>

Let &(t) be the total concentration in the pool of A and B (that is, &(t) = a(t) + b(t)). The relative
fractions of A and B in the pool are fixed by the equilibrium ratio. This allows us to write

&(t) = a(t) +b(t)
k1

= a(t)+ &(t)ki—_1

ki +k
gd(t).

k_q
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Thus

while

b) = 6(t)—d(t):ﬁé(t).

The species pool decays at rate koa(t) + kob(t). Thus, the pooled concentration satisfies

a5(75) = —(koa(t) + kob(t))

_ ki kn
= <k‘0 kLt e(t) + ko Ltk C(t))
kok—1 + kak1 _
——C(t
k_1+ ki &)

Schematically, we have reduced the model to a single degradation reaction:

kok—1+kok1
k_1+k1

2.2.2. The model is

&|

)
=
~—

|

ko + k‘_lb(t) — kya(t)
00 = kia(t) = (k-1 + k2)b(?)
To determine steady state, we solve

0 = ko+k_10°° —ki1a®®
= k1ad® — (k}_l + kg)bss

Adding these equation together, we have

0= k() - kgbss SO bss = @
ko
Then, substituting, we have
ko ko(k—1 + k2)
0 = kia®® — (k-1 +ko)— ss . DOAR=L T )
1a (k—1 + 2)k‘2 SO a s

In steady state, the ratio b/a is then

ok
a’s _k_l—l-kg
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which is different from the equilibrium constant kq/k_; if ko # 0. When k_; is large compared to
k2 (so that the time-scale separation is extreme), this concentration ratio is close to the equilibrium
constant, since in that case k_1 + ko =~ k_;.

2.2.3. From Exercise 2.2.2 we have the steady-state concentration of A in the original model as
g5 — Folk—1 + k2)
K1k
From the reduced model (2.25), we have

s _ ko(k—1 + k1)
kakq

so in this reduced model
N S R o L
N k_1+ Kk N kokq

Comparing these two descriptions of the steady-state concentration of A, we have

05— a5 ko(k‘];k:— ko) kk_;kkio _ k’fzz (bt +hy— k) = :_(1).
The relative error is then
st — @ z_;) ok
P T R

which is near zero when k_; is much larger than ks.
2.2.4. With a(t) = a®*(t) = (ko + k_1b(t))/k1, we have, at the initial time t = 0:

a(0) + b(0) = %115(0) +5(0) = ko + (k’—}; kl)B(o)‘

To ensure that the total concentration in the reduced model agrees with the original model, we set:

a(0) + b(0) = @(0) + b(0)

so that

k1(a(0) 4 b(0)) — ko
(k_l + kl) '

For the parameter values in Figure 2.14, we have

S 20(12) =5 235
M0 =51 90) ~ 3

b(0) =

2.2.5. The original model is
—a(t) = k_1b(t) — (ko + k1)a(t)
—b(t) = kia(t) — (k=1 + k2)b(2).
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If kg >> ko and ki + k_1 >> ko, then A is only involved in fast reactions, and we may put a(t) in
quasi-steady-state with respect to b(t). We set

k_1b(t)
_ B qs5 qss _
0= k_1b(t) — (ko + k1)a®*(t) S0 @™ (¢) ko + ki

To perform a model reduction, we set a(t) = a?%*(t) and substitute:

d k_1b(t)

i o [ hk
G50 = = e i) =

ko + k1

+ kz) b(t).
Together with a(t) = k_1b(t)

~ kotki?

Chapter 3

3.1.1. Applying a rapid-equilibrium assumption to the association/disocciation reaction gives

this is the reduced model.

kise(t) = forward rate of reaction = backward rate of reaction = k_;c(t)
Making use of the moiety conservation er = e + ¢, we have
k_ic(t) = kis(t)(er — c(t)).

Solving gives

k t
ot) = —ers)
k_q1+ ]{718(75)
which can be written as
ers(t)
(t) = o
T + S(t)
The rate of formation of product p is then
k t
dp = koc(t) = 7]6726%9( ) .
dt T+ s(t)

Defining V.. = keepr and Ky, = kk—*ll, this rate can be written in the standard form:

VinaxS(t)
Ky +s(t)
3.1.2. a) With v(s) = ks", we find
sdv s d s
= n:—k n—lz
vds ks"ds § ks™ s "

So the substrate s has kinetic order n in this reaction.
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b) When s is near zero, we have K + s &~ K so

~ S
Ky + s Ky

The first-order behaviour of the enzyme-catalysed reaction is thus characterized by rate constant

‘/vIIlaX
Ky
3.1.3. The equilibrium conditions for the two reactions in the reaction scheme (3.8) are:
sek1 = k_1c and cky = k_sope
Solving for ¢, we have
c = seky/k_q
Substituting gives

Seklkg/k_l = k_gpe

Dividing out e and re-arranging gives

p_ kik
S k’_lk‘_g

3.1.4. With ¢; = [FA] and ¢, = [EAB], we have

d

% = kiea — k_1c1 — kacib+ k_sco
ng

E = k’gclb — k’_QCQ — k’gCg

At quasi-steady state,

k:lea — k’_lCl — k7261b + k’_QCQ

= k’gclb — k’_QCQ — k‘362

along with the conservation e = ep — ¢1(t) — c2(t). Solving this system, we find, from the second
equation

kobcy — (k‘_g + k’g)Cg =0

SO

k_o+ k3
=— "¢

“ keob

2
From the first equation
k:l(eT —C1 — 02)a — (k‘_l + k’gb)cl +k_9co =0
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SO
kiera — (k;la + k_1+ kab)ey + k_gco — k1aca =0
Substituting for ¢y,

k_o + k3
—C

kiera — (k‘la +k_1+ k?gb) b
2

2 + (k‘_g — ]{71(1)62 =0
SO

kabkiera — (kia+ k—1 + kgb)(k‘_g + k3)ea + (k_g — ky1a)kabcy =0
Solving for ¢y,

k‘lkgeTab
(k‘la +k_1+ k,’gb)(k‘_g + k‘3) — k_9kob + k1koab
k‘lkgeTab
kik_sa + +kiksa + k_1k_o + k_1ks + kok_ob + koksb — k_okob + k1koab
]{71143267“(1()
]{7_1(1{7_2 + k‘3) + k‘l(k?_Q + ]{73)(1 + koksb + ki1kaab
erab

Cy =

k_1(k_2+k3) k_o+ks ks
To + = a+k1b+ab

The rate of formation of product is

kserab

k3co =
k_i(k_otks) | k_2+ks ks
klkg + kg a + k_lb + ab

as required.

3.1.5. a) When a is large, all terms that don’t involve a are negligible. In that case, rate law (3.12)
reduces to

1) _ ‘/;Ilaxab _ ‘/;Ilaxb
 Kpa+ab Kp+b

To verify that this is consistent with the reaction scheme, consider the reduced network

ko
FA+B —— FEAB
k_2

k3
EAB —— EA+P+Q

Letting ¢ denote the concentration of ternary complex EFAB, and letting e be the concentration of
E A, we have

d

Zclt) = kae(t)b(t) — kac(t) — ksc(t).
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With the conservation er = e + ¢, we have, in quasi-steady state:
0 = ko(ep — c™%%(t))b(t) — (k-2 + k3)c?°%(t).
The rate of formation of P and @ is then

gss _ k’geTb

T k_o+tks
TR T

kgc

as required.
b) When b is large, all terms that don’t involve b are negligible. In that case, rate law (3.12) reduces
to

_ Vmaxab _ Vmaxa‘
 Kab+ab Ka+a

v

To verify that this is consistent with the reaction scheme, consider the reduced network

k1
F+A —— FEAB

k3
EAB — > E+4+P+Q

Letting ¢ denote the concentration of ternary complex EAB, and letting e be the concentration of
E, we have

%C(t) = kie(t)a(t) — kse(t).

With the conservation er = e + ¢, we have, in quasi-steady state:
0 = ky(ep — c?°°(t))a(t) — ksc?®5(t).
The rate of formation of P and () is then

kgeTa

k3c?®® =
],z—f +a

as required.

3.2.1. The concentrations of the two complexes satisfy

—c(t) = kis(t)e(t) — k_1c(t) — kac(t)
EC[(Z?) = kge(t)i — k_gc](t),

along with the conservation e(t) = er — ¢(t) — ¢7(t). In quasi-steady state:

kis(er —c—cr) — (k=1 + ko)c
= ksi(ep —c—cy) — k_3cy.
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From the second equation, we have

kgi(eT — C)
Cl= 7V
k_3+ ksi

Substituting into the first equation gives

k:lskrgieT k‘l Sk‘g’ic
0=k — kisc— —(k_1+ K
wser — hise e T Ltk

which is

kgi k3i
=k l1—-— k —1+—) —(k_ k
0=kaser( k_3+k3z‘)+c< 1S< +k_3+k3z'> (ot 2)>

SO

koni
k‘lseT(l — k,gj-lkgi)

(k—1 + ko) + kis(1 — k,fiikgi)

k_
klseT(7k73+3k3i)
(k—1+ ko) + klsﬁ
kiser
(k—1+ k2)(k—3 + k‘gi)/k‘_g + ks
ser

(k-1 + ko) (k_3 + kgi)/(k1k—3) + s
ser

k_1+k k3 -
(—}ﬁ 2) <1+k—iz) 15

The reaction rate is ksyc.

3.2.2. In the case of uncompetitive inhibition, the reaction scheme is

kl ]{72
EF+S =—— FES —— FE+P
k1
k3
ES+1 = FESI
k_3
With ¢ = [ES] and ¢; = [ESI], we have
d
Ec(t) = kis(t)e(t) — (k=1 + ka)c(t)
d

er(t) = ksic(t) = k_ser(1).

With the conservation e = ep — ¢ — ¢y, we have, in quasi-steady state

= kisler —c—cr) — (k-1 + ka2)c
= k‘3’iC - k}_gc[.
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This gives

So that we arrive at
kst

0 = kis(er —c— ——c) — (k_1 + k2)c,
k_3

giving
kl ser

kis(1+ ,f—f;) + (k-1 + k2)
ser

s(1+ b+ bgthe

The reaction rate is koc. Dividing through by (1 + ]f%z) gives the required form.

3.3.1. We consider an enzyme FE that has two binding sites for ligand X. We suppose that
the binding sites are identical, but the binding affinity may depend on state of the protein in a
cooperative manner. Take the reaction scheme as:

EF+X EX
k1
ko
2k_o
The fractional saturation is given by
2AEX,] + [EX]

Y= 2([EXs] + [EX] + [E])

We find in steady state

BX) = 22 B[
while
(BX) = 52 [BXIIX] = 2 B X
Let K1 = "' and Ky = “2. Then
2[EXs] + [EX]

Y

2([EXs] + [EX] + [E])
2[E)[X]?/(K1K>) + 2[E|[X]/K;
2([EN[X]? /(K1 K2) + 2[E][X]/ K1 + [E])
[X)?/(K1K>) + [X]/K;
[X]? /(K1 K2) + 2[X] /Ky + 1
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as required.

3.3.2. With

xn

Y= ——
K™+ xn

we note that the limiting value of Y is one, and that it reaches half this limiting value when z = K.
Taking the derivative of Y, we have

i (:E) _ ’I’Ll‘n_l(Kn + xn) _ :En(nxn—l)
dx N (K™ + zm)?
- ’I’Lﬂj‘n_lKn
When x = K, we have
iy( ) _ nKn—lKn _ nK2n—1 _ nK2n—1 _ i
dr- | _. T (Kn+E"? T (2K"?2 4K 4K

as required.

3.3.3. With binding scheme:

ky
P+nX PX,,
k_q
the equilibrium condition is
ki [P][X]" = k1 [PX0] S0 [PXy] = [P][X]"/K;
where K1 = k_1/ky. The fractional saturation is
v — n[PX,)
n([P] + [PXn])
In steady state, we find
n[Pl[X]" /K, (X]" /Ky

YL AR 1 XK

Equation (3.19) is recovered by setting K" = K;.
3.3.4. The concentration c of the complex satisfies

% et) = he(t)s*(1) — (kor + ha)e(?)

where e is the enzyme concentration and s is the substrate concentration. With the conservation
e(t) = ep — c(t), we have, in quasi-steady-state:

0= ki(er — c®5(£))s2(t) — (k_1 + ko)c(t)
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SO

Cqss _ k16T82
k152 4+k_1+ ko

The rate of production of P is then

2k2 6T82

k_1+ko 9
m TS

Dhpc1S* =

as required.

3.4.1. A two-ligand symporter follows the overall scheme:

A+ Bi+T—TA 1 Bi=—=TABo=—=T+ Ay + B>

As in the discussion of two-substrate enzymes in Section 3.1.2, the initial reaction is unlikely to
be a three-molecule collision, but rather will follow a particular reaction scheme, e.g. a compulsory
order mechanism in which A binds first, or a random-order scheme. The rate of transport will be
equivalent to the rate law derived in Section 3.1.2, but will be reversible.

The analysis is identical for an antiporter: this is simply a matter of renaming the species in
the ‘reactant’ and ‘product’ roles, e.g.:

A+ B+ T<=—=TA1By<=—=TABi<—T+ Ay + By

3.4.2. The scheme is

ko
TCy —> 2C5 + T,

201+ T

k1

where the the transport event has been put in rapid equilibrium. This is identical to the scheme
in Exercise 3.3.4; the rate law follows from putting the complex in quasi-steady state.

3.5.1. The S-system model is

—s51(t) = ag—ays?
dt 1(t) 0 1°7
132(15) = s — agsP.
dt
At steady state, we have
ag = st
arsi' = agsy.
Taking logarithms gives
logay = logai + g1log sy
logai +g1logsy = logas + ga2log sy
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Solving, we have
log ag — log g

g1
log oy — log o

92
Taking exponents gives the steady-state concentrations:

<log ap — log oq)
51 = exp| —F—2—
n

<log ap — log a2>
S$9 = exp|——m>).

log s; =

log s9 =

g2

Chapter 4

4.1.1. Evaluating the right-hand side of the differential equations as a vector (dx/dt,dy/dt), we
have

@ =10 = (5-9) = -0 = 0.1
@ =01 = (G 9) = (-no) = (1.1

@ =0.0) = (5 5) = (5o = (1.0

(ey) = (—1,1) = (d”“’ dy) — (cyoa) = (-1,-1)

@
@) =10 = (5. %) = Cr0 =0.-1)
@) =11 = (G5 = (o) =11
@ =0.-0= (5. %) = (r0 =10

@ =-0= (5. 2) = oo =)

The direction arrows, sketched in Figure D.1, show that the trajectories spiral around the origin in
a counter-clockwise direction.

4.1.2. If two trajectories were to cross, the intersection point would have to produce two distinct
direction arrows. Because each point generates a unique direction arrow, every point is on a unique
trajectory.

4.1.3. The model is

%81(7&) _ H@SCW sy (t) — ks (1)
%Sg(t) = kg + k5$1(t) — k482(t)

343



v

o "trajectory

Figure D.1: Direction field for Exercise 4.1.1.

The si-nullcline is defined by

k1
ERNEECY ST

which can be written as

ky
(1 + (s2/K)™)(ks + ks)

as required. The so-nullcline is defined by

S1 =

0 = ko + kss1 — kasa

which we can write as

ko + kss1
S9 = T

4.2.1. a) With v; = ks and vg = kos?, steady state occurs when
kls = k282.

This is satisfied when

s=0 or s—k—z.

The rate of change of s is %s = k15 — kos® = kys(1 — %3) When s is between 0 and kj /k2, we
find that %S > 0, so s will increase toward ky/ky. Alternatively, when s is greater than k;/ko, then
%s < 0, and so s decreases toward kj/ks. We conclude that s = ki /kq is a stable steady state.

b) The rate of change is given by

d %82
Lot) =6/11 _
g5 =06/11+ 75—

Substituting s = 1, s = 2 and s = 3 gives %s = 0 in each case. Testing points on either side of
each equilibrium, we find

s=0.9 = is = 0.0196 > 0
dt
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s=11= is =—-0.014 <0
dt

s=19= is = —0.007 <0
dt

s=21= is = 0.0064 > 0
dt

s:2.9:>is:0.009>0
dt

s=31= is =—-0.011<0
dt

Thus trajectories are attracted to s = 1, repelled from s = 2, and attracted to s = 3. The points
s =1 and s = 3 are thus stable steady states, while s = 2 is an unstable steady state.

4.2.2. a) With f(s) = X‘X;fs, we have

ﬁ _ Vmax(KM + S) - ‘/;naxs ‘/;naxKM

ds (KM+S)2 (KM+S)2.
Then, the linearization at s = 5 is

daf
ds

‘/;nax g ‘/;nax KM

f(§)+ :KM—|-§ (KM+§)2

(5)-(s — )

(s —3). (D.1)

b) Substituting § = 0, into (D.1), we have

Vmax : 0 VmaxKM Vmax

Ku+5  (Fa? ° " Ku'

which is a first-order mass action rate law.
c) When 5 is large, we have K)j; + 5 ~ 5 so the approximation (D.1) becomes

Vmax'§ VmaxKM

s T Y o

(5)?
where the last approximation result from the fact that Kj;/§ is near zero if § is much larger than
Kyy.

= Vmax + (S - '§) ~ Vmax7

4.2.3. The partial derivatives of f(s,1) are:

of Viax (K (1 +3/Ki) +5) = Viars Via (K (1 4+ 9/ K5))
s (Kp(1+1i/K;) + 5)2  (Km(1+4/K;) + s)?
af Vmaxs KM

i (Ky(Q+i/K;) +s)? K,

At (s,i) = (1,0), we evaluate:

af _ VmaxKM

s 10 = (K +1)?
of _ Viax Ky
2 (L0 = (Kyv +1)2 K,
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Then, since f(1,0) = [g\';iffl, we can write the approximation (4.3) as

f(s Z) ~ ‘/;nax ‘/;naxKM (S _ 1) _ ‘/;nax KM 'i
T Ky 41 (K +1)? (Kn+1)2 K;

4.2.4. If at least one of b or c is zero, then the product bc = 0, so the formulas in (4.7) reduce to
(a+d)++/(a+d)?—4ad ) ~ (a+d) —+/(a+d)? —4ad

2 ’ 2T 2 '
We then note that (a + d)? — 4ad = a® + 2ad + d* — 4ad = a® — 2ad + d*> = (a — d)?. Then, since

(a — d)? = a — d, we have

)\1:(&+d)—;(a_d):a, /\2:(a+d);(a—d):d’

AL =

as required.

4.2.5. The Jacobian matrix has entries a = —5/3, b = 1/3, ¢ = 2/3 and d = —4/3. Substituting
into the formula (4.7) for the eigenvalues, we find

_=9/34+/(=9/3)% — 4(20/9 — 2/9)
B 2

_3+W:_3+ﬁ:—1
2

A1 5

and likewise

A2 5

—2.

Then, substituting these eigenvalues into the general solution formula (4.7), we know that the

solutions of the system of equations (4.8) take the form
l’l(t) = cue—t -+ 6126_%

xg(t) = 021€_t+022€_2t.

At time t = 0, the initial conditions gives

1/3 = cn+e
5/3 = (91 + C92.

Next, calculating the derivative, we find

d —t —2t
—x1(t) = -— -2
dtxl( ) Cc11€ C1g€
ixg (t) = —Cgle_t — 20226_%
dt '
Substituting into the differential equation, we have
5 1
—gl’l(t) + glﬂg(t) = —cne_t — 26126_%
2 4
ga:l(t) — gxg(t) = —Cgle_t — 20226_2t.
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At time ¢t = 0, we have

) 1
——xl(O) + —xg(O) = —c11 — 2¢12
3 3
2 4
gl‘l(O) — §$2(0) = —C21 — 2622

With the initial conditions (21(0),22(0)) = (3, 3) this gives

5
3
15—5+
3\3) 9

5 (1 5)
22 2 0= —cq —2
3 <3> + 9 C11 C12
2 /1 4 (5 2 20
3 (3) 3 <3> 99 T e
All together, we have
1/3 = (11 +cC12
5/3 = co1+ca
0 = —ecnn—2c2
—2 = —c91 —2c
From the third equation
€11 = —2¢12

=)
1/3 = —2c19 + c12 = —c19.
giving ¢12 = —1/3, ¢11 = 2/3. Likewise, we find
Co1 = 2 — 2¢p9
S0
5/3 = co1 + a2 =2 — 2c92 + 2 = 6/3 — c2a.

This gives coo = 1/3, and ¢o1 = 4/3. The required solution is then

2 ., 1 _
zi(t) = 3¢ t—ge 2t

4 1
xo(t) = ge_t—l—ge_%.

This solution can be confirmed by substituting ¢t = 0 to recover the initial conditions, and then by
taking derivatives and substituting into the system of differential equations to verify that they are
satisfied, as follows. (This is not necessary—it is simply a double-check that the answer is correct.)

The initial condition is:

l‘l(O) =

LEQ(O) =

+
W= Wl

Wk Wl
|
Wl otw| =
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as required. Taking derivatives, we find

d _ 2 4,2
dtxl(t) = 3¢ +3e
d _ 4 4 2 g
dtxg(t) = —3¢ 3¢
The differential equation is satisfied if
d 5 1
() = —Zaq(t) + —aa(t
1) z21(t) + g22(t)
d 2 4
“xo(t) = Zmi(t) — —ao(t
o2t z21(t) = g22(t)
To verify that these are equal, we calculate:
5 1 52 ., 1 0 1.4 _, 1
—Zai(t) 4 Sma(t) = —S(Zet— = Z(= =
g01(0) + gma(t) 3(3 3¢ ) T3Ee g
_ 10 4 5 o 4 4 1 o
= 9 e "+ 9 + 96 + ge
= —ge_t + ge_%
2 2
= —ge_t + 56—21‘/
which agrees with our calculation for %xl(t) above. Likewise, we find, for %azg(t),
2 4 2.2 1 4 4 1
Sl — Zao(t) = Z(fet_ S22y _ Z(Z -t -2t
g7t = gaa(t) 53¢ 3¢ )33 e )
o4 2 g 16 4y
- 9% T 9° ~9°
12
R ge—zt
9 9
4 2
_ _§6_t _ §6—2t
as we calculated above.
4.2.6. The model is
d 20
—s1(t) = ———— —bs1(t
T 1+ s3(t) s1(t)
d 20
—s9(t) = — 5s9(t).
@2 = T W
The Jacobian is
-5 _ 20 483
I(s1,82) = [ 20 (1+s3)2 772 ] '
= =5

Substituting the steady state (51,32) = (0.0166,3.94), we have

-5

J(0.0166,3.94) = [ 1035
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The eigenvalues of this matrix are Ay = —6.27 and Ay = —3.72. We thus confirm that the steady
state is stable.

4.2.7. The steady state equation is

0 = k"= K‘éfs2
from which we have
55
s1° = k:KS and Vo= Kj\‘fj?.sgs
Solving gives
ss _ VoKu
P

The system Jacobian is
—k1 0
J(81752) = k KM .
1 (Kn+s2)?

Because one of the off-diagonal entries of this matrix is zero, the eigenvalues are simply the diagonal
entries. Regardless of the value of so, these two entries are negative, so the steady state is stable.

4.3.1. a) The model follows from the network and the law of mass action. Note that the third
reaction proceeds at rate k3[X]?[Y], and converts one molecule of Y to one molecule of X.
b) The steady-state equations are

= ki — ko + ]{,‘3(:1785)23/58 — kqz®®
— k2$ss _ ]{,‘3(:1785)23/58.

On substituting, the first equation reads
0= k’l — k7421785
so x%% = ],z—l The second equation then gives
4

ko koky
i N k1ks

SS

y =

c¢) With kg = 2 (time™!), k3 = & (time™!- concentration—!) and ks = 1 (time™!), we have, in steady

1
2
state, x = k1 and y = % = kil' The system Jacobian is

. —kz + 2k3xy - k4 k3x2
J(xjy) a |: k’g — 2k‘3xy —k?3$2

so at the given parameter values



The eigenvalues of this matrix are

i\/ —7% — 9k2

2
We note that 1 — %1 > 0 when k; < v/2. If the expression under the root is negative, then the two

2 2
eigenvalues have the same sign as 1 — k—l. If the expression is positive, it is less than (1 — k—)2, SO

the sign of the eigenvalues is the same as the sign of 1 — k— We conclude that both eigenvalues
have positive real part when k; < v/2. (As a rate constant, k:1 necessarily satisfies k1 > 0.)

4.4.1. The steady state is x = 0. Consider first the case when a < —1. Then, for z < 0 we have
%az > 0 and for x > 0 we have %x < 0. The steady state at = 0 is thus stable, as trajectories are
drawn to x = 0. Next, consider the case for which a > —1. Then, for z < 0 we have %x < 0 and
for x > 0 we have %x > 0. The steady state at x = 0 is thus unstable, as trajectories are repelled
from this point. (Equivalently, we note that the Jacobian is J = 1+ a, which is its own eigenvalue.
This eigenvalue is negative when a < —1, and positive when a > —1.)

4.5.1. From equation (4.11), we have
ds Vo

dKM B Vmax - ‘/0

The relative sensitivity coefficient is then

KM ds KM V()

=1.
559 dKM ‘/E)KM/( max ‘/b) ‘/;nax - ‘/b
4.5.2. From equation (4.12) we have
3
=4 ¥ =——=15
Vinax =5 19
3
=4.2 58 =1
Vinax =5 192 3636
3
= 4 4 88 - = = 14
Viax 04 = s 101-2 706

Equation (4.15) then gives, with V,,,, as the parameter, and values p; = 4 and Ap; = 0.2,

ds o5 (4.2) — s°%(4) _ 13636 - 1.5 0,682,
deax Apl 02

and, with p; =4 and Ap; = 0.04,

ss 88 — %8 -
ds _ s(404) —s%(4) _ 14706 —15 .o
av_ Ap; 0.04
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These are decent approximations to the true absolute sensitivity of —0.75. The approximation is
better for smaller A.

4.5.3. Treating s as a function of kq, i.e. s = s(ky), we differentiate the steady-state equation with
respect to k1 to find

1 kq 1 ds ds
“Tre 0™ @ e
Solving, we find
4
iy esnst ks

All terms are positive, so this sensitivity coefficient is positive, regardless of the parameter values.

4.6.1. (i) The sum of squared errors is

SSE = ([s3*(ky, ko, k3) 4 555 (k1, ko, k3)] — 6)% + ([s7°(k1/10, ko, k3) + 3% (k1 /10, ko, k3)] — 0.6)*
(ki g) (R ge)
 \ky 4 10ky 40 ) 7

Both terms are zero if ]]z—; + %1 = 6. This problem is thus underdetermined. The model wil fit the

data provided that k; = ffzz regardless of the (positive) value of k.

(ii) In this case, the error is

SSE = (s3%(ky1, ko, ks) + 835 (k1, ko, ks) — 6)% + (s3°(k1, k2 /10, ks ) + 55 (K1, k2/10, k) — 0.6)*

ky ky 2 10k k1 ?
= ([=+=- — 18 .
<k2 + 1 6> + < s + 1 8

The error is minimized (at the value zero) when

:—;4—%:6 and %4—%:18-
These equations can be rewritten as
4ky + koky = 24ky and 40k1 + koky = T2k,
Substituting gives
40ky + (24kg — 4k1) = T2ko SO ky = %

Substituting again gives

16 4
—ko + —k3 = 24k
32T 3 2
Dividing through by ke and solving gives
kg =14 SO kl = ?
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In the first case, the controlled parameter k; affects s; and s, equivalently, so no new informa-
tion is obtained from the experimental condition. There is thus one data-point to constrain two
parameters—the problem is underdetermined. In case (ii), the controlled parameter affects only
one of the states, so new information is attained from the experimental measurement, resulting in
a fully-determined fitting problem.

Chapter 5

5.1.1. In steady state, we have

= e1([So] — s1) — (e2 +€3)s1
= €981 + €483 — €552

= €351 — €483.
The first equation gives
e1[So]
§]=—""——
el +ex+e3

Substituting s; into the third equation gives

ese1[So]
= €453
el +ex+e3

SO

ese1 [So]
eq(er + ez +e3)

S§3 —

Substituting both s; and s3 into the second equation, we have

ors eze1[So] esezer[So]  (e2 + ez)ea[So]
572 el + e + e3 64(€1+€2+63) e1+e2 +e3 ’

Thus

(e2 + e3)e1[So]

S =
2 es(e1 +es + e3)

as required.
5.1.2. From the network model, we have, in steady state:

= v7° — vy’ — 3’
U;s + Uis _ Ugs
= 3’ — vy’
Thus J = v{® = v3° +v3°, and J = vE® = v3® + v§°.
5.1.3. The pathway flux is equal to the rate of consumption of Sy. This rate depends on [Sy], e1,

and s1. The concentration s; depends, in turn, on [Sp], e1, e2 and e3. Because consumption of Sy
is irreversible, the downstream activity has no effect on s;.
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5.1.4. a) Taking the derivative of equation (5.3) with respect to ej, and scaling, we find

J_edt ‘1

(e2 + e3)[Sol(e1 + e2 + e3) — (e2 + e3)e1[So]

e 7(161

(e2+e3)e1[So]
(e1tea+e3)

(e1+ ez +e3)?

e1+ez+es (ea+ e3)?[So]

(e2 + 3)[So] (e1 + €2 + e3)?

es + e3

e1+e2+e3

Taking the derivative of equation (5.3) with respect to eg, and scaling, we find

o’/ = ez dJ _ €2 e1[So](e1 4 e2 4 e3) — (e2 + e3)e1[So]
2 J dey  (e2tes)en[So] (e1 + ez + e3)?
(e1+ea+es)

ea(er + e2 + e3)

e3[So]

(62 + 63)61[50] (61 +eo + 63)2

€162

(e2 + e3)(e1 + ex + e3)

Noting the symmetry in es and es in formula (5.3), we have immediately that

cl =

e ds _
“3 Jdeg N

€1€e3
(62 + 63)(61 + eo + 63)'

b) The flux control coefficients for e4 and e are zero because the flux, given by equation (5.3),
does not depend on e4 or es. This is a result of the assumptions of irreversibility on the reactions
consuming S7: the pathway flux is determined only by those parameters impacting the rate of

consumption of Sy.
c) We find

J J J J J
Cey + Cep + 0y + G, + Cey

ez +e3
el + e+ e3

€1€2
(e2 +e3)(e1 +ex+e3)

el1e
+ —3 +0+0
(e2 +e3)(e1 +e2 +e3)

(62 + 63)2 + e1eg + eje3
(e + 63)(61 + e2 + e3)

e% + 2egez + e% + e1ex + ereg
ejes + e% + eze3 + esze; + ezes + e%
= 1.

5.1.5. From equation (5.2) for sj*, we find

o dsy

el [SQ](el +eo + 63) — 61[50]

S1 — —
cs = =

57° deq

e1tez2+es

e1[So] (61 + ey + 63)2

el + e +e3 [SQ](GQ + 63)

[So]

es +e3

(61 +es + 63)2

e1 +ex+es’
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and

os e dsi® e —e1[50]
e 5% deg elile[;qgr]eg (e1 + ez + e3)?
ea(er + ez +e3) —e1[So]
el [So] (61 +eg + 63)2
- e + ez + 63‘

Symmetry of ez and e3 in the formula (5.2) for s;* gives

es
e1+ex+e3

s1
€3

Since s7° does not depend on e4 or e5, we have CZ! = CZ! =0

5.2.1. Differentiating and scaling, we have

¢~ o 0J _ er [Solqigaqs — [P] <—Q1Q2<J3> ey
T T TR+ TR T AP \ k)
B 1 <Q1Q2Q3>
- R SRR \ ak
o - 0] _ er [Solaiaags — [P] <—<J2<J3>k
T T BT A (k)
B 1 <Q2Q3>
- ERE IR+ k) \ek
o - e3 0J _ e [Solaigeqs — [P] ( % >k3
Toe ~ T R S BT P Tk

B 1 a3
T (LBB 26 B\ egfy )

e1k1 eako 631%

as required.

5.2.2. Take s = [S] and ¢ = [I]. Taking the derivative and scaling, we find

. s Ov < s ) 0 Vi s

s = e Vmax

v s T Rt Os1+i/K; Ky + s
(Kp+8) (1 +i/K;)  Viax K

_Ku
(KM—i-S)

and

. 1 Ov < i ) 0 Vi s
I = __‘ = Vmax
v i T KT 0il1+i/K; Ky + s
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i < Voo 1 s >
1Krf/a?<i KarFs (1 +4/K)? Ki Ky + s
e
K;+1

5.2.3. The signs of the elasticities are dictated by the influence of the species S; and S5 on the
reactions. We note that 5}91 < 0, since S is a product of the first reaction (so an increase in [Si]
causes a decrease in reaction rate vy. Likewise, 6%2 < 0. Because S7 and S5 are substrates for
reactions two and three, respectively, we have 5251 > 0 and 5%2 > 0. Finally, because So can inhibit
the first reaction, we have e, < 0. Then e§ €% > 0, eg,e2, <0, e eg, > 0 and e eg, <0, as
required.

5.4.1. The transpose of the stoichiometry matrix is

-1 -1 1 00
N'=| 0 0 -1 10
0O 1 0 -1 1
Multiplying, we confirm that
0 0
-1 -1 0 0 1 0
0O 0 -1 10 11=10
0O 1 0 -1 1 1 0
0 0
and
1 0
-1 -1 1 00 0 0
0O 0 -1 10 11=10
0 1 0 -1 1 1 0
1 0
as required.
5.4.2. In this case, the stoichiometry matrix is
N, 1 -1 0 0 0 +— S
N 0 -1 0 1 O +— F
N=|Nsg|=|0 1 -1 0 0 +— ES
Ny 0 0 1 -1 O +— EP
N; o 0 0 1 -1 +~ P

The rows corresponding to S and P cannot be involved in a sum that equals one. The remaining
rows still sum to zero: rows Ny + N3 + Ny = 0, so [E] + [ES] + [EP] = constant.
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5.4.3. The stoichiometry matrix for this network is

N, 1 0 0 -1
No 1 -1 0 0
N=|(N3|=]0 -1 1 0
Ny 0o 1 -1 0
Nj; 0 1 0 -1

We note that N3+ Ny = 0, so [S3]+[S4] = constant, and N7 — Ng — N5 = 0, so [S1] — [S2] —[S5] =
constant. This latter conservation involves the difference between [S1] and [S], so cannot be written
as a sum.

5.4.4. For wi, we confirm that

2
1 -1 0 0 2 0

Nwi=1ly 1 —1] 1 _[0]'

1

We note that

2 1 1
23 R I B
1 0 1

for oy = 1, ag = 1. The vector w; corresponds to an equal split ratio at the branch point.
For wo, we confirm that

6
1 -1 0 0 6 0

Nwa=1y 1 1 —1] 5 _[o]‘

1

We note that

6 1 1
6 | n B 1 + 1
Wi = 5 = X1V1 a2V = (X1 1 (6 %) 0
1 0 1

for a; = 5, as = 1. The vector ws corresponds to an uneven split ratio: five sixths of the incoming
flux passes through reaction 3.
For w3, we confirm that

0
1 -1 0 0 0 0
Nws=10 1 -1 —1] -1 _[0]
1
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We note that

0 1 1
w 01 _ Qa1V] + gV = @ ! + L
1 0 1
for a; = —1, g = 1. For the in flux profile wg there is no flux down the ‘main pathway’. Instead,

material flows backwards through reaction 3 and then forward through reaction 4.

5.4.5. We find that

_2_

=1V + agVve = ag + g

|
I\
|

R
|
N

=a1V1 +aavo = o + a2

L
I

|

[\

L
I

|

DO = = = N = =

L

w3 = 1= a1v] + eve = o + an

5.4.6. The given vector v satisfies the balance equation, as follows:

However, we see that v cannot be written in the form a;vy + agva:

1 -1 0 0
Nv=1y 1—1—1}

=W NN

2 1 1
v = = a1V + vy = ! + L
= 3 | T@vitava=ar |y a2 | g
-1 0 1
unless ag = —1. (In which case a; = 3.)

5.4.7. a) The flux profile v corresponds to flux of 1 through the chain consisting of reactions 1, 2,
and 3, and flux of one around the loop consisting of reactions 2, 4 and 5. This is a valid steady
state flux profile, and does not violate the irreversibility constraints on reactions 1 and 3. To verify
that the balance equation is satisfied, we can construct the stoichiometry matrix N and verify that

1
1 -1 0 0 -1 2 0
Nv=|0 1 -1 1 0 11=10
0 0 0 -1 1 -1 0

-1

357



This flux mode is not elementary because it can be written as the sum of two other flux modes:

0

1

and Wo = 0
-1

-1

s
i
Il
S O = ==

b) Along with wy and wa, the third elementary flux mode is
0
-1
W3 = 0
1
1

which represents flow around the loop in the opposite direction.

5.4.8. a) When reaction 1 is reversible, the profile

Vyr =

O R OO O OO O -

is an elementary flux mode. Material can only flow into the network through reactions 1 and 2, so
this is the only additional mode.
b) When reaction 3 is reversible, the profile

\

— OO, OO K= OO

is an elementary flux mode. This is the only new behaviour that is feasible: material that flows into
the system through reaction 3 (reversed), has to flow through reaction 10, and hence out through
reaction 4. Reaction 7 balances reaction 10.
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c¢) Reaction 5 could only achieve a negative steady-state flow if reaction 6 had a negative steady-
state flow. As long as reaction 6 is irreversible, no new steady-state behaviours result from relaxing
the irreversibility of reaction 5.

5.4.9. Referring to Figure 5.18, we note that the steady-state conditions for each species give:

Sy : v1 + vg = v5 + vg

Sy : V2 + U7 = Vg + Vg + V10
Ss Vg = U3 + V10

54: V10 = V4

552 V5 = Vg

Se:  ve+wvip =7

Then if v1, v9, v3 and vy are all known, we find

Vio = U4

V9 = V3t V10 =73+ V4

vs = wa+v7 —vs— vip = V2 + (V7 — Vg — Vig) = V2

vs = w1+ vsg—vg =11+ v — (v3+ vy)

vg = wv1+ vy — (v3+ vy)

vy = U6—|—U10:U1+’U2—(U3+U4)+’U4:U1+’U2—U3.

5.4.10. The steady-state balance conditions are (as in Exercise 5.4.9):

Sy : v1 + vg = v5 + vg

So : V2 + U7 = Vg + Vg + V10
Sg: Vg9 = U3 + V10

542 V10 = V4

552 V5 = Vg

Se:  ve+wvip=vr

If v3 and v4 are known, then we have v19 = v4 and vg = v3 + v4. The other reaction rates are not
constrained to particular values.

5.4.11. a) Flux into the network is constrained to less than 2. Flux out (through vz and v4) will
be likewise constrained. Flux vg = 2 can be achieved with v1 = v9 = vg = 1, vg = v3 = 2. Flux
vy = 2 can be achieved with v1 = vg =vg =1, vg = vig = v4 = V7 = 2.

b) Flux v = 2 can be achieved as in part (a). With v7 < 1, we have v19 < (to maintain balance of
Se. Then, balance at S4 demands that v4 < 1. The maximal flux through reaction 4 will then be
vg = 1, achieved with v; = vg = v1g = v7 = v4 = 1.

c) With vg = 0, flux through reaction 2 cannot feed flux through reactions 3 or 4. The maximal
flux through reactions 3 and 4 are then both equal to one (the upper limit on v;). These can be
achieved by v1 = vg = v3 = 1 and v1 = vg = v19 = v7 = v4 = 1, respectively.

Chapter 6
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6.1.1. Taking the ligand concentration [L] as a fixed input, the model is
d

SR = —kno[RI(t)-[L] + krrm[RL)(2)
%[RL](t) = kre[R)(t)-[L] — krom[RL](t)

%[G](t) = —kaa[G)(t)-[RL](t) + ken[Gd)(t)-[Gbg](t)
%[Ga](t) = kaalG)(t)-[RL)(t) — kgao|Ga)(t)
%[Gd](t> = kaalGal(t) — ke [Gd)(1)-[Gbg] (1)

d

SIGhl(t) = kaalGI(E)[RL)(E) — ke [Gal(0)-[Ghal (1)

There are three conservations: [R|+ [RL] = Ry, [G] + [Ga] 4 [Gd] = Gar, and [G] + [Gbg] = Gbgr.
These conservations could be used to back-substitute for R, Gd and Gbg, leaving three differential
equations for RL, G and Ga.

6.2.1. With response

Vs

R—
K+s’

we note that the response is % of full activation when R = xV/100. This occurs when

WV Vs
100 K+’
which gives
(K +s)z
100
Solving for s gives
xK /100 K

"T1-2z/100 100 -z

Ten-percent activation and ninety-precent activation are thus achieved at

S10 = % and S90 = %
90 10
The ratio of these two concentrations is
590/810 = 0K 90 =al,
10 10K
as required.
Alternatively, with
4
e



we find 2% activation when

2V s
100 K+ st
which gives

(K + s)x
100

s 4 Kz/100  ,/ Kz
~\1—=2/100 V100 -2

Then ten- and ninety-percent activation occur at

410K 4/ 90K
S10 = W and S90 —

10

4

Solving for s gives

The ratio of these two doses is

1/90K 90

$90/510 = \| 750

= V81 =3,
as required.
6.2.2. Equation 6.2 reads:

klElT . w*(w + Kl)
kQEQT w(w* +K2)‘

When the system is at 10% activation, we have w* = 0.1 and w = 0.9. The corresponding input
Ellg thus satisfies

k1B 0.1(0.9 + Ky)
koEor — 0.9(0.1 + K»)'

Likewise, the input E?% that gives a 90% response satisfies

k1EYS 0.9(0.1 4 Kq)
koEor — 0.1(0.9 + K3)

The ratio is then

EY0.9(0.14 K1) 0.9(0.1 + K5)  81(0.1 + K7)(0.1 + K)
ER " 0.1(0.9+ K»2) 0.1(0.94+ K1) (0.9+ K1)(0.9 + K»)

as required. When K; and Ky are large, this ratio tends to 81 Kk

KKy
near zero, this ratio tends to % =1.

81. When K and K5 are
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6.2.3. We can measure steepness by considering the slope given by the derivative. Applying the
chain rule, we find
_dfsdfa dfs

() = T

Thus the steepness (slope) of the pathway’s dose-response is the product of the steepness (slope)
of the dose-responses of the individual steps.

6.3.1. CheA induces tumbling (by activating CheY), so a CheA knockout will be constantly
running. CheB demethylates the receptor. In the absence of CheB activity, receptors will be fully
methylated. Methylation enhances CheA activity, so in this case, CheA activity will be high, so
active CheY levels will be high, and the cell will be constantly tumbling.

6.3.2. From the model, we have, if ko = 0,

d _ ka[B-P]-[Am|(t)
t

7 ([Am] + [AmL]) = (k-1 + k_2)[R] Fart + [Am] (1)

Then, in steady state, we have

 ki[B-P)-[Am)*

0= (k—l + k—Q)[R] kg + [Am]ss

This can be solved to yield an explicit formula for [Am]%. Because [L] does not appear in this
equation, the steady state activity level [Am|*® is independent of [L], meaning that the model
exhibits perfect adaptation.

6.4.1. IAP binds active caspase-3, removing it from the pathway. By enhancing degradation of
TAP, active caspase-3 increases its own concentration. This enhances the self-sustaining positive
feedback that makes caspase activation irreversible.

6.6.1. With
fi(z1, o, u) = u+ 21 —23:% and fa(x1, o, u) = —x1 — 32

The Jacobian is
ofi 9f
1 7o 1—4:171 0
J(@1,22) = [ ob ok ] [ 1 —3]’
T T2
which has the desired form for A at (z1,z2) = (0,0), u = 0. We find
on 1
s[4 ]=[o]

for any values of x1, x2, u. Taking derivatives of the output map y = h(x1,x2,u) = z2 we find

oh  Oh oh

as required.
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6.6.2. With

d B Vins(t)
9ty = vy - oL

K+ s(t)’
the steady state for V' = V) satisfies
Vins®® ss VoK

0 0 K+ o SO s Vo

To determine the linearization, we take the derivative

3} Vins(t) 0 _ Vins(t)
oz (V(t) TR+ s(t)) iy (V(t) K+ s(t))
Vi (K +5) = Vs

(K + s)?
___VmE
(K +5)?
At the steady state, this evaluates to
B VK Vi K B Vi (Vi — Vo)?
_K+Sss2__ VoK 2 = Vi K 2 = V, K
( ) (K + VnLO_VO> <Vm_v()>

Taking the derivative with respect to the input u, we find

Since the output is y = h(x,u) = x, we have C' = % =land D = % =0.

6.6.3. a) Here we have B = C =1 and D = 0. Because a is a scalar, the formula (6.6) gives

1
H(w) = .
() w—a
b) To determine the magnitude of H, we find
1 w+a w+a a . w
H = = —_ — —_ .
() iw—a <iw+a> —w? — a? P 1a? Wt a?

Then, the gain is

(e () -t

w? + a? w2+a?)  w?+a? Vw? + a2’

as required.

Chapter 7
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7.1.1. In steady state, we find
[OA] = [O][A]/Ka,  [0B]=[0][B]/Kp,  [OAB]=[A]|OB]/Ka = [A]|B][O]/(KaKB).

Then, the fraction of operators with both A and B bound is

(0AB] [OAB] AL
Owtat] ~ O]+ [0A]+[OB] + [0AB] ~ 14 2 0, (8] | AT

KsKp

as required. Replacing [OAB] in the numerator with [O], [OA], and [OB] in the numerator gives
the remaining formulas in equations (7.6).

7.1.2. If B completely blocks the promoter, then no expression occurs from states OB or OAB.
Since no expression occurs when A is unbound, the only state that leads to expression is OA. The
transcription rate is then

4]
Ka
Ty AL A
7.1.3. a) In steady state, we have
_, PE ol s
1+p/K 7 K + P

So
0=ap—o,Kp— 5pp2

Then, either p = 0, or we can divide by p and solve:

a— 0K

p= 5,

This expression is positive when a > 0,K; otherwise this expression is negative, and so does not
represent a steady-state concentration.
To determine stability, we find the Jacobian as
(K+p) —p K

J(p):aw—ép:am—ép.

For the zero steady state, we have

K «
5 —0p = K Op
which is positive when a > ¢, K, in which case the zero steady state is unstable. For the positive
steady state, we find

0K K K K§?2 K
J<a i >=Oé g —0p=a 2_5p:a—2p_p:5P<ﬁ_1>
Op a—6, K SpK+a—0,K a a
(14 5%) (5)



which is negative when o > 6, K, in which case this steady state is stable.

7.1.4. The steady-state condition is

p2

which gives
0= ap? — §,p(K? + p?)

There is one steady state at p = 0. Dividing through by p, we find that any other steady states
must satisfy:

0=ap— (K> 4 p?) = ap — §,K* — §,p*.
Applying the quadratic formula gives

at/a?— 46§K2

25,

p:

The discriminant a? — 462K is non-negative when a > 26, K. In this case |/a? — 462K? < o, so
both roots are positive, and thus represent steady states of the system.

7.2.1. If dilution is negligible, in quasi-steady state, we have

kb()L()  kb(t) AT

0= ,
KMg + L(t) KMg + Auass

which has solution A%°%(t) = L(t) as required.

7.2.2. IPTG mimics allolactose in inducing expression, but does not undergo metabolism. With the
intracellular IPTG concentration fixed, we find that the fraction of unbound repressor monomers
(equation (7.16)) is given by

K,
Ko+ A(t) + [IPTC]

The concentration of active repressor tetramers (equation (7.17)) is then

K 4
rlt) = Fr <K2 T A i [IPTG]> '

7.2.3. In steady state, each binding reaction is in equilibrium:

[O(cIp)g] = Ki[O][ely]?
[O(clp)3] = Ka[O(clp)gl[cls] = Ko K:1[O][clo]®
[O(crog)] = K3[O][crog]

[O(crog)a4] = Ka[O(crog)][cros] = K4K3[O][croo)?
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The fraction of operators in the unbound state is then

o _ O]
Or [O] + [O(clg)a] + [O(clg)3] + [O(crog)] + [O(crog)o |
_ [O]
N [O] + K, [O] [012]2 + Ky K,y [O] [012]3 + Kg[O] [CI“OQ] + K4K3[O] [cr02]2
1
- 1+ K4 [C12]2 + KoK,y [012]3 + K3[CI‘02] + K4K3[CI"02]2
1

1+ K1 (r/2)2 -+ KgKl(T‘/2)3 + K3(C/2) + K4K3(C/2)2

The fraction of operators in state O(clg)g is likewise

[O(CIQ)Q] Kl(r/2)2
Or 1—|—K1(7"/2)2+K2K1(T’/2)3—|—K3(C/2)+K4K3(C/2)2

while the fraction of operators in state O(crog) is

[O(crog)] Ks(c/2)
Or 1—|—K1(r/2)2 —|—K2K1(7"/2)3—|-K3(C/2) —|—K4K3(C/2)2

Adding terms with coefficients as in the table gives the formulas in equation (7.19).
7.2.4. For concreteness suppose that the model

o0 = et — 00l

is specified in terms of minutes (t) and nM (p). Then K has units of nM, and is equal to 1 in units
of K'nM. We then write the species concentration as p = p/K, where p is measured in units of
K- nM. Likewise, 0 has units of 1/min and is equal to 1 in units of ¢/min. We thus measure time
T =1/4 in units of d-min to arrive at a decay rate of p. The maximal expression rate «, which has

units of nM/min, must then be rescaled to & = o/(K9), with units of K¢ nM/min.

7.2.5. When g =~ =1, and a1 = a2 = a, steady-state condition is

«
1+ po

—p1=0, —p2=0.

14+ p1

These give

« 14+ p2+«
pz( p1) p2< 1+p2> pz( 1+ py )
SO
o+ aps = pa + p3 + apa.
This reduces to
2 _
p2+p2—a—0,
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which is solved by

e =R VAR Y

b2 5

Only one of these roots is non-negative, so there is a single steady state.

7.3.1. The original formulation is valid if consumption of the metabolite Z is a first-order processes,
as opposed having a hyperbolic (Michaelis-Menten) dependence on [Z].

a) The interpretation: X is nuclear mRNA| Y is cytoplasmic mRNA, Z is protein product, is valid
if (i) mRNA export is irreversible and first order, (ii) b = o or b > « and the difference accounts
for degradation of X.

b) The interpretation: X is mRNA, Y is inactive protein product, Z is active protein product, is
valid if (i) the activation process is first order, and (ii) § = v or 8 > 7 and the difference accounts
for degradation of Y.

In every case, transport into the nucleus must be considered fast.

7.3.2. The repressor binds the unoccupied operator with strong cooperativity, so we can approxi-
mate the binding events as:

k1

O +4Y oYy

k_q

So in steady state [OYy] = [O][Y]*(ki/k_1). We choose units of concentration scale Y so that
k1/k_1 is scaled to 1. The activator als binds cooperatively. The binding events are

k2 ks
O +2X 0X, 00Xy +2X 0Xy
k_g k—3
k’g k3
k_o k_3
At steady state
[0Xa] = [O][X]?(ka/k—2)

[
OXo)[X]? (ks/k-3) = [O][X]* (ka/k2) (ks /k-3)

] [
[0Y1X5] = [OYi][X]*(ka/k-2) = [O][Y*][X]*(ka/k_2)
] [
] [OY3Xo][X]? (ks /k_3) = [O][Y]'[X]* (ka/k—2)(ks/k_3)

We choose the concentration scale for X so that ko/k_o is scaled to 1. We set k3/k_3 = 0. The
fraction of operators in the unbound state is then

o _ 0]
Or [O] + [OYy] + [0X3] + [0Y1 Xo] + [0X4] + [OY4 X4]
_ 0]
O]+ YT+ [X]? + [YIAX]? + o[ X] + oYX
1

1+ YA + [X]2 + o[ X]*)
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Scaling time so that the rate of activator expression from the states O and OX5 is equal to one,
and letting « be the rate of expression from state OX,4, we have the activator expression rate
1+ [X)% + ao[X]*
1+ YA+ [X]? +o[X]1)

The rest of the model follows by defining a, as the basal expression rate of repressor, and ~, and
7y as the degradation/dilution rates of X and Y respectively.

7.4.1. The dependence of LuxR production on AHL introduces an additional positive feedback on
AHL production, and so will make the response even steeper than shown in Figure 7.25

7.4.2. The behaviour of the receiver cells in Figure 7.26 can be described by:
d

ZA®) = —n(Af) — Aw) = 20 (A(D)* (Br — 2R (1)) + 2k R (1)
SR = k(AW (Ry — 2R (1)~ kR ()

d (IQR*

EG(t) = m—bG(t%

where A is the AHL concentration, R* is the concentration of active LuxR-AHI complexes, G is the
GFP concentration, and the extracellular AHL concentration A, is taken as a constant parameter.

7.4.3. There are four operator sites: unbound (O), activator-bound (OR), repressor-bound (OC?)
and fully-bound (ORC%). Putting the binding events in steady state, we have

[OR] = [O][R]/ KR [0Cs] = [O][C1 /K¢ [ORCs] = [O][R][CT?/(KrK?),

where K and K % are dissociation constants. The fraction of operators in state OR is then

or _ [Ol[R]/Kr
Or [O] + [OR] + [OC3] + [ORCY]
_ [O)[R)/Kr
[O](1 + [R]/Kr + [C]?/ K& + [R][C]?/(KRrKE))
[R]/Kr

1+ [R]/Kgr+ ([C]/Kc)?* + ([R]/Kr)([C]/Kc)?
as in the model.

7.5.1. The NOR truth table is

NOR
inputs | output
A|B
0] 0 1
110 0
011 0
111 0
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The output is the inverse of the OR gate output, so an OR gate followed by an inverter yields
a NOR logic.
The NAND truth table is

NAND
inputs | output
A|B
0] 0 1

110 1
011 1
111 0

The output is the inverse of the AND gate output, so an AND gate followed by an inverter
yields a NAND logic.

7.5.2. For the lac operon, let A be the allolactose input and R the repressor input. The truth
table for operon activity is then

IMPLIES
inputs | output
AR
0] 0 1

110 1
01 0
111 1

where R = 0 means the repressor is absent. This same behavior results from inverting the repressor
signal and then applying an OR logic to this inverted signal and the allolactose signal: A OR (NOT
R).

7.6.1. When the system is in state N = (N4, Np), it can transition out of that state via (i)
reaction 1, with propensity kq; (ii) reaction 2, with propensity ks; or (iii) reaction 3, with propensity
k3N Np. Transitions into state N = (N4, Ng) can occur (i) from state (N4 — 1, Np), via reaction
1, with propensity k1; (ii) from state (N4, Np — 1), via reaction 2, with propensity ko; or (iii) from
state (N4 + 1, Np + 1), via reaction 3, with propensity k3(Na + 1)(Np + 1). Constructing the
probability balance as in equation (7.27) gives
P((NA7NB)7t + dt) = P((NA7NB)7t) [1 - (kl + ko + k3NANB)dt]
+ P((Ng —1,Np),t)-kidt + P((Na, N — 1),t)-kodt
+ P((Nga+1,Ng +1),t)-(Na + 1)(Np + 1)ksdt,

as required.

7.6.2. Considering the probability balance in Exercise 7.6.1, we have

L (N Np)t) = —P((Na,N).t) (ky + ks + ks NaNg)

dt
+ P((Na —1,Np),t) k1 + P((Na, Np — 1), ) ky
+ P((Ngs+1,Np+1),t) (Na + 1)Ng + 1)ks.
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7.6.3. Let Py = P*%(0,2), P, = P**(1,1) and P, = P*%(2,0). Then, we have

0 = 2kiP+koP
= —koP, — k1P, 4+ 2k1 Py + 2k Py
= —2kyPy+ ki1 P;.

From the first equation,

ko
P,=—P
2 k1 1
Conservation then gives Py =1— P — P, =1—(1+ 2%)]31. Substituting into the last equation
gives
ko
0 = 2k|(l1-(1+— P | +kP
2k
k3
= —2ky+ k1 +2ka— = P2
k1
SO
2k 2k1k 2k1k
P = P*(1,1) = 2 . - 1K2 S = 122'
k1 + 2ks +/<32//<:1 ki + 2k1 ko + k3 (k1 + k2)
Then
ko K2
P, =P%(2,0) = —P =
2 (2.0) =g 11 (k1 + k)2
and, from the thrid equation,
k‘2
Py= P5(0,2) = 2L p = 1

2k2 (]{71 + ]{72)2.

In the case illustrated in Figure 7.40, when k1 = 3, ko = 1, we have P*¥(2,0) = 1/16, P**(1,1) =
6/16, and P*%(0,2) = 9/16, which correspond to the probabilities shown for ¢t = 1, so steady state
has been reached.

7.6.4. The mass action-based model has steady state concentrations a and b characterized by
kla = kgb,

where conservation gives a + b = T. The steady state concentrations are then

- koT kT
ki + ko T

The expected (mean) abundance of A in the probability distribution (7.31) is

k3 2k ko k2
E(Njy) = 2(—2 ) +1(—->F-=]+40 71>
( A) <(k71 + k72)2> * <(k71 + ]{72)2> + <(k‘1 + k‘2)2
2k3 + 2k1kay  2ka(ko + K1) )

and

(k‘l + k2)2 o (kl + k2)2 (kl + k‘g).
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Likewise

wom) = 0(r )+ (22) +2 (o)

2kq
(k1 + ko) '

With molecule count T' = 2, these expected values correspond to the deterministic description.

Chapter 8

8.1.1. Using the formula for the Nernst potential (equation (8.1)), we have, with R—FT =26.7x1073
J/C,

26.7 145
EjNa = T In <E> mV = 66.5 mV
26.7 4

26.7 1.5
E., = 5 1n<0.0001> mV = 1284 mV

8.1.2. The resting potential is the weighted average (equation (8.2)):

_ Exogna + Exgx + Eciga
Ina T gk + g

VSS

Substituting the Nernst potentials, and writing gx = 25¢gn. and go, = 12.5gn., We have

Agna — T5(2 — 59(12. 4 — 1875 — T37.
_ 54gna = T5(259na) = 59(125g.) ;B4 18T5 - T3TS5 o Lo o
Ixa + 259xa 4 1250, 1+25+12.5

VSS

8.1.3. With
V(t)=E — e 9OE - V),

we have V(0) = E — (E — V) = V as required. Differentiating, we find

%vw = Ze WONB Vo) = Z(B— (B - e WO E-W)) = Z(E-V(1),
as required to satisfy equation (8.5).
8.1.4. a) The steady state of equation (8.8) satisfies
0 = é(gNa-(ENa — V) + gk (BEx = V**) + gar- (B — VSS)),

giving

_ Exogna + Exgx + Eciga
Ina T gk + g

VSS

Y
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which corresponds to equation (8.2).
b) Equation (8.8) can be written as

d 1
Ev(t) = C <9Na'ENa + 9x Ex + gor- Eoi — (gna + 9x + g@)-V(t))
- g_T(gN‘""ENa + i B + 9o Bar v(t)>,
c ar

where gr = gna + gk + g This has the same form as equation (8.5), so, as in Exercise 8.1.3, the
solution relaxes exponentially to steady state, with rate e~ (97/C)t,

8.2.1. a) At steady state, w*® = wy,, which lies between zero and one. The steady state for V'
satisfies:

— gCamSSECa + glcakElcak + ngssEK + Iapplicd
glcak + ngSS + gCamss '

VSS

Provided that Ex < 0, the contribution of Ex reduces the steady-state voltage. With Eg, > 0,
the contribution of F¢, is maximized when all calcium channels are open. An upper bound is thus
reached when w® = 0 and m®® =1, i.e.

ss < gCaECa + glcakElcak + Iapplicd
glcak + 9Jca

\%
Alternatively, a lower bound is reached with potassium channels fully open and calcium channels
closed: w*¥ =1 and m*® =0,

55 GreaxBrear + g B + Iapplicd
glcak + gK

Vv

b) A one-dimensional model can only display monotonic behaviour, since each point on the phase-
line has a specific direction. The voltage thus would not be able to rise and fall as needed for an
action potential.

Appendix B

B.1.1. a) i) Applying the addition rule and the power rule, we have

d d d
dx(x—l—az) da:(:n)+da:(x) + 5z

ii) The quotient rule gives

d < 2s ) 2(s +4) — 2s(1) 8

ds\s+4) (s+4)2 T s+ 42

iii) The product rule gives
d
d—:nse:” = 32%e” + 23 = (322 + 2%)e”.
x

iv) Applying the quotient rule, we have

d 352 ~ 65(0.5+ s*) — 3s2(4s®) 35— 6s°
ds \0.5+s*)

(0.5 + s*)2 (0.5 + s*)%
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b) i) The derivative is

d/i(s2 + 5%) = 25 + 352
s

At s = 2 the derivative evaluates to
2(2) + 3(2)? = 16.

ii) The derivative is

d( z > 1z +1) — 2(1) 1

de \z+1) " (@+1?2  (z+1)2

At x = 0, the derivative evaluates to

1
CES A
iii) The derivative is
d ( 52 > C 25(14 %) —s%(2s) 2
ds \1+s2) (1+ s2)2 (1 +s2)2°
At s = 1, the derivative evaluates to
ﬁ —1/2.

iv) The derivative is

d( e® )Zem(1+x+x2)—e””(l+2x)_em(ajz—a:)

dr \1+ z + 22 (1+ 2+ 22)2 T (14t a22)?

At x = 2, the derivative evaluates to

e2(4 —2) 2¢?
T = T =0.302.
(1+244)2 49 030

B.1.2. i) Differentiating both sides of the equation:

df_= \_4d 3
dr \y%(x)+1) dx" "’

gives

(@) + 1 - 2(2y(2) )

TEOESEE

Solving for Z—:yc we have

dy  =322(P@)+1)°+ @)+ (P@) + DA =322 (x) +1))
dx 2zy(x) 2zy(x) '
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B.1.3. i) The partial derivatives are:

i( 381 — S9 > _ 3(14‘81/24-82/4)—(381—82)% B 3+532/4
0s1 \ 1+ 51/2+ s2/4 (14 51/2 + s9/4)2 (14 81/2 4 s9/4)2
i( 381—82 ) . —(1+81/2+82/4)—(381—82)% N —1—581/4
0s9 1+81/2+82/4 - (1+81/2+82/4)2 _(14—81/24-82/4)2.
ii) The partial derivatives are:
o [ 25 _ 4s(i+3s%) —2s%(6s)  4si
ds <z’+332> - (i + 352)2 (i +3s2)2
0 25> B —252
di <z‘+3s2> T (i +3s2)2
B.2.1. a) i)
3
[124] { 2 } =B +2)2)+@)(-1)=3
-1
ii)
2
11| 5] = w2+ e o
b) i)

ii)



ii)

N O O

AN~ <

AN~

— ™M -

S AN <

— A A

M.N[

B.2.2. We find

Likewise

2 -1 3
= M.

1
| -1 -2 2

1 4
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B.2.3. a) We find

-l [T 0] [ 10
MM_[22 -1 3

and

o[ O] L0l OW+O® mO+@ ] _[10]_
e o Bl R et S 0 R R R

2
b) i) We note that for any matrix N, the bottom row of the product M;-N will be zero, beacuse it
is a sum of products each involving a term in the bottom row of M; (all of which are zero). Such
a product cannot be the identity matrix, so M has no inverse.
ii) We find the general product

2 2 mi1 m
MeM=| P3|
_ [ (2)(m1) + (2)(m3) (2)(m2) + (2)(ma4) ] _ [ 2(my +m3)  2(mg +my) }
(=1)(m1) + (=1)(m3) (=1)(ma) + (—1)(m4) —(m1+m3) —(ma+my) |

This product can never take the form of the identity matrix, since the second row is a multiple of
the first.

B.2.4. We find
2
M'V:[l -10 0 ] 2 :[ (1)(2) + (—=1)(2) + (0)(1) + (0)(0) ]:[0}
0 -1 2 -1 1 (0)(2) + (=1)(2) + (2)(1) + (—=1)(0) 0’
0
and
1
M.W:[l -10 0 ] 1 :[ (1)(1) 4+ (=1)(1) + (0)(0) + (0)(-1) ]:[o]
0 -1 2 -1 0 (0)(1) + (—=1)(1) + (2)(0) + (—=1)(-1) 0
-1

The cumulative distribution function is

0 for b<2 (since X is never less than 2)
1/9 for 2<b< 4 (since X < 4 only for (H,H))
=7 ) 5/9 for 4<b<6 (since X < 6 for (H,H), (H,T) or (T,H))
1 for 6 <b (since X is always less than or equal to 6)
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The expected value is

1 4 4
X;=2,4,6
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