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Abstract

Current successful methods for solving semidefinite programs, SDP, are based on primal-dual
interior-point approaches. These usually involve a symmetrization step to allow for application
of Newton’s method followed by block elimination to reduce the size of the Newton equation.
Both these steps create ill-conditioning in the Newton equation and singularity of the Jacobian
of the optimality conditions at the optimum.

In order to avoid the ill-conditioning, we derive and test a backwards stable primal-dual
interior-point method for SDP. Relative to current public domain software, we realize both a
distinct improvement in the accuracy of the optimum and a reduction in the number of iterations.
This is true for random problems as well as for problems of special structure. Our algorithm is
based on a Gauss-Newton approach applied to a single bilinear form of the optimality conditions.
The well-conditioned Jacobian allows for a preconditioned (matrix-free) iterative method for
finding the search direction at each iteration.

Introduction

We derive and test a backwards stable primal-dual interior-point method for semidefinite pro-
gramming. Relative to current public domain software, we realize both a distinct improvement in
accuracy and a reduction in the required number of iterations. This is for random problems as well



as for problems of special structure. The algorithm is based on using a Gauss-Newton approach
with a preconditioned iterative method for finding the search direction.

Primal-dual interior-point methods are currently the methods of choice for solving semidefi-
nite programming, SDP, problems. However, current primal-dual interior-point methods are quite
unstable. They cannot provide high accuracy solutions in general; and, they often fail for ill-
conditioned problems. The instability arises from two steps. Since the optimality conditions for
SDP are an overdetermined system of nonlinear equations, a symmetrization step is applied so that
Newton’s method can be used. This symmetrization changes a (possibly) well-posed problem into
an ill-posed one where the Jacobian at optimality is singular. Then, block elimination is used in
order to reduce the size of the resulting Newton system. However, this block elimination does not
use any type of partial pivoting and again singularities are introduced. Therefore, these algorithms
are not backwards stable. (This is discussed in [6, 23]. Further details are also given in Section [,
below.)

We study the Gauss-Newton method for solving SDPs and illustrate that high accuracy solutions
can be obtained dependably for medium sized problems. We follow the approach in [I1l, 23] and
use a matrix free, inexact Gauss-Newton method to solve the perturbed optimality conditions.

1.1 Motivation and Central Problem

The primal-dual SDP pair we consider is

p*:=min C-X

(PSDP) st. A(X)=0b, (1.1)
X =0,
and
d* :=max bly
(DSDP) st. A*(y)+Z=0C, (1.2)
Z >0,

where: C, X, Z € 8", 8" denotes the space of n x n real symmetric matrices equipped with the
trace inner product, C - D = trace(C'D); and A : 8™ — R™ is a linear transformation, with A* its
adjoint transformation.

Under a suitable constraint qualification assumption such as Slater’s condition or strict feasi-
bility, the primal-dual solution (X,vy, Z) with X, Z > 0 is optimal for the primal-dual pair (ILTI)
and (CZ) if and only if

A(y)+Z-C
F(X,y,Z):= AX)-b
ZX

0. (1.3)

Primal-dual interior-point methods maintain X, Z = 0, and with the barrier parameter p | 0, they
find approximate solutions to the following perturbed optimality conditions:

A*(y)+Z - C
FuX,y.Z):=| AX)-b |=0 p>0. (1.4)
ZX — ul

Thus, these methods are based on path following. The perturbed system in ([C4) is overdeter-
mined. Under nondegeneracy assumptions, the Jacobian is full rank at optimality, e.g., [T]. Current



methods use Newton’s method applied to various symmetrizations of ([CZl). The two most pop-
ular symmetrizations are the so-called HRVW/KSM/M [, [[0 [[7] and NT [19, 20] methods, see
for example, [I8]. But, the linearizations (Jacobian) of the symmetrized optimality conditions for
both of these methods is singular at an optimum. This and the block elimination schemes used for
finding the search directions both imply that one is solving an increasingly ill-conditioned linear
system to find a search direction. Thus, it is extremely difficult to obtain high accuracy solutions;
these algorithms are not backwards stable under finite precision arithmetic. Similarly, finding rea-
sonable preconditioners for iterative methods is difficult if not impossible. In addition, the block
eliminations make it difficult to exploit sparsity in the data. In this paper we propose a robust
primal-dual interior /exterior-point method which uses an inexact Gauss-Newton approach with a
matrix-free preconditioned conjugate gradient method. We do not change a well-conditioned system
of optimality conditions to an ill-conditioned system. The method is able to attain high accuracy
solutions as well as exploit sparsity.

1.2 Outline

The Gauss-Newton approach is described in Sectionl The infeasible starting point variation follows
in Section We include a proof of asymptotic convergence in Section 23 and a description of
the preconditioning techniques in Section 241

We apply our techniques to the Lovasz Theta Function Problem in Section Bl Numerics and
concluding remarks are given in Section Hl

2 Gauss-Newton Method

2.1 Matrix-Free Formulation

Let us consider the primal-dual SDP pair in ([Il) and ([C2). We assume the linear transformation
A has full rank m. It can be represented as

m
The adjoint transformation A* is then defined as A*(y) = ZyiAi, for all y € R™. Here A; €
S" Vi, o
The mapping vec : M" — R"Z, where M"™ is the set of all square n x n matrices, takes
a matrix M € M" and forms a vector v € R™ from its columns. The inverse mapping is
Mat := vec™!, which takes a vector v € R" and forms a matrix M € M" column by column.
Indeed M = Mat(vec(M)), for all M € M™.
We also define the triangular number, ¢(n) = n(n + 1)/2 and the mapping svec : S* — R ™)
that takes a symmetric matrix § € S" and forms a vector v € R{™ by concatenating n vectors
8j_1 = \/§(s,~j)1<i<j for all j = 2,...,n and s, = diag(S). This mapping is an isometry under

1

the 2-norm. The inverse mapping sMat = svec™! maps a vector v € R!™ into a symmetric matrix

S € 8™ We also have sMat* = svec, since

(sMat(v), S) = trace (sMat(v)8) = v’ svec(S) = (v, svec(S)).



From setting A € R with rows A; . =svec(A;), for all i =1,...,m, we have:
A(X)=b<«< Asvec(X) =b.

The nullspace of A, null(A), has dimension #(n) — m. Let us consider an orthonormal basis
{a1:- -+, Gy(n)—m } of null(A) and assume that we could find a primal feasible solution X = 0. Then

A(X) =b < svee(X) =z + Qu,

where & = svec(X)7 v € RM™M=™ and the columns of Q@ € R *tn)=m) are taken from the basis
of null(A).
Let us consider now the dual feasibility condition:

A'(Y)+Z =C & svec(Z) =c— ATy,

where ¢ = svec(C'). The optimality conditions in ([l) are now equivalent to the following condi-
tions:

G, (v,y) :=sMat(c — ATy)sMat(& + Qv) — ul =0 (& vec(Gu(v,y)) =0).  (2.1)

This is a single bilinear overdetermined system with t(n) variables and n? equations and can be
solved by the Gauss-Newton method. For each p > 0, there exists a unique primal-dual solution
(X 1Yy Zy) of [, with X, = 0, Z,, = 0, that lies on (and thus defines) the central path. The
corresponding svec(Z,) = c— ATy , and svec(X ) = & + Quy, for appropriate v, uniquely solves
(). )

Assume that we can find a dual feasible solution gy such that Z = C — A*y > 0. Then (0,¥y)
can be used as the initial solution (vg,y,) for the Gauss-Newton method. For each iteration, the
search direction (Aw, Ay) is calculated by (approximately) finding the least-squares solution of the
Gauss-Newton equation

Av
— Gu(v7y) = G;(’U,y) <Ay> b (22)
where G, (v,y) : RY M =m x R™ — M". We now compute the Jacobian .J := G}, and its adjoint J*.
For all v € RHW—m 4 € R™ define X : R™ — M" and Z : R{M=" — M™ by:

Z:=C —sMat(ATy), X := X +sMat(Qv), (2.3)
Z(v) := ZsMat(Qu), X(y):= —sMat(ATy)X. ’
We then have J = [Z | X] and the Gauss-Newton equation can be written as follows:

—Gu(v,y) = Z(Av) + X(Ay)
= ZsMat(QAv) —sMat(ATAy) X (2.4)
= [C- sMat(ATy)] sMat(QAv) — sMat(ATAy) | X + sMat(Q'v)] .

This is again an overdetermined (linear) system with #(n) decision variables (Av,Ay), and with

n? equations. In order to find the least squares solution, we need to compute J* = [f‘;} and
« _|Z¥0Z Z*olX
J OJ_[X*OZ X*OX}’ (2.5)



since the final system of linear equations we (implicitly) solve is the normal equations

* Av *
J o J <Ay> =—-J" oGu(v,y).

Consider M € M", we have:

(M,X(y)) = —trace(M?* sMat(ATy)X)
= —trace(sMat(ATy)(XM7T))

= —trace <sMat(ATy)% (XMT + MX)>
= —%yTA svec( X MT + M X)
= (y,—%Asvec(XMT—FMX»,
since sMat(ATy)X € M™, sMat(ATy), X € 8", and in addition XMT + M X € S". Thus
X*(M) = —%Asvec(XMT + MX). (2.6)

Similarly, we have:

(M,Z(v)) = trace(M?ZsMat(Qu))
= trace(sMat(Qu)(M?* Z))

= trace <sMat(Q'v)%(MTZ + ZM))
= %'vTQT svec(MTZ + ZM)
= (v, %QT svec(MTZ + ZM)),
since MTZ € M™, sMat(Qv), Z € 8™, and in addition M?Z + ZM € S". Thus
Z* (M) = %QT svec(MTZ + ZM). (2.7)

Finally, the main operator J*.J that is implicitly used for solving the Gauss-Newton equation
([22) can be computed using the composition of Z* and X* (and Z and &'). We let Q; := sMat(Q(:
,7)) denote the symmetric matrix corresponding to the j-th column of @, and for S € S, let

1
|S| := (8%)2. We get the weighted Gram matrices

Z*oZ(v) = %QT svec (sl\/[at(Q'v)Z2 + Z*sMat(Qu))
= ((121Q.121Q;)) v
= (@"WzQ)v
X*oX(y) = %A svec (sMat(ATy) X2 + X?sMat(ATy))
2.8
= (X140 1X]4;)y 2
= (AWxAT)y
Z*oX(y) = %QT svec (Z sMat(ATy) X + X sMat(ATy)Z)
X*oZ(v) = %A svec (X sMat(Qv)Z + Z sMat(Qv)X),



. .. . . Q" svec 0
where Wy, Wx are defined implicitly. Using a congruence with U = 0 Asvec|” 7€ get the
form
T o ] — 1 Q7 svec 0 (VZ2+Z%() Z(H)X +X()Z] [QT svec o 1" (2.9)
2 0 Asvec| | X(VZ+Z(HX ()X%2+X2%() 0 Asvec| '

2.2 Algorithm Initialization

The approach described in the previous sections assumes that we have a feasible solution (X , Z ).
However, finding a feasible solution (X Z ) to start the algorithm is not an easy task; and, in
general, it is as hard as solving the problem completely. In this section, we propose an algorithm
with infeasible initial solutions. Given an initial (infeasible) solution (X, Zg) with X, Zo > 0,
and corresponding xg = svec(X ) and zg = svec(Z(), we would like to find an optimal (and clearly
feasible) solution (X ™, Z*). The feasibility of a solution (X, Z) or equivalently, (x, z), is equivalent
to the existence of (v,y) such that * = & + Qv and z = ¢ — ATy, where & = AT (AAT)_1 b,
the least-squares solution of Ax = b. Since we start the algorithm with an infeasible solution, the
perturbed optimality conditions need to be written with (v,y,x, z) as decision variables:

z—c+ ATy Ty
F,(v,y,z,2) = r——Qu = |r; | =0 (2.10)
sMat(z)sMat(x) — ul R,

To start the Gauss-Newton algorithm, the initial solution for v and y could simply be vy = 0 and
Yo = 0. In each iteration, the search direction (Awv, Ay, Az, Az) is calculated by (approximately)
finding the least-squares solution of the Gauss-Newton equation

Av ,
d
F/l('v,y,m,z) v =-F,(v,y,z,z)=— | T4
Ax R
Az ¢
The above linearization yields
Az + AT Ay Ty
Ax — QAv =-F,(vy,z,z)=— | rs |,
Z sMat(Ax) + sMat(Az) X R,

where X = sMat(x) and Z = sMat(z).
We can now use the first two equations and substitute for Ax = QAv—r, and Az = —AT Ay —
rg4 in the last equation to get:

G (v,y) (ﬁ;) ‘= Z sMat(QAv — r,) — sMat(AT Ay + 74) X = —R..

Moving constants to the right-hand side yields the equation

Z sMat(QAv) — sMat(AT Ay) X = ZsMat(r,) + sMat(ry) X — R.. (2.11)



This system of equations is similar to () and we can solve it again using the Jacobian J =
[Z | X] and its adjoint J*, where as above we have X(y) = —sMat(ATy)X, Vy € R™, and
Z(v) = ZsMat(Qw), Yv € R
We can also check the change in the residual when taking a step a. We have, x + ap,Ax =
T + ap(QAv — 1) and z + agAz = z — ag(AT Ay + r4). The new residuals are
rq— (z— ag(ATAy +ry)) —c+ AT (y + aqAy) = (1 — ag)ry,
Ty — T+ ap(QAV — 1) — 2 — Qv + apAv) = (1 — ap) 7).

This emphasizes the importance of taking a steplength of oy, = ag = 1 early in the algorithm as
we can then obtain exact feasibility from that point on.

2.3 Local Convergence

In this section, we would like to study the convergence of the Gauss-Newton method with infeasible
initial solutions. Consider the following general problem

rew = () -0

where L(x,y) = — & — Ty is a linear function in x and y, T is full-rank. We would like to solve
the following linearized system of equations, and its equivalent system, in each iteration.

{F’(w,y) (ﬁZ) = —F(w,y)} & { 2,“5;)5?3 :;(Ig;()w,y) } (2.12)

Thus Ax = TAy — L(x,y) and the second equation becomes:
R (2)TAy = —R(z) + R ()L(z.y).

which is assumed to be an overdetermined system. We use the Gauss-Newton method to solve this
equation and update (x,y) with (Az, Ay). We obtain the following local convergence result.

Theorem 1. Let R,L,T be defined as in ID), with J,(x) = R'(x) and Jy(x) = Jy(x)T
Let R(z) be twice continuous differentiable in an open convex set D. Let J.(x) € Lip, (D) with

|| J:(x)|| < «, for all ® € D; and, suppose that there exists x. € D, y,, and \,o > 0, such that
L(xzs,y,) =0, J,(x )TR(:I:*) =0, A is the smallest eigenvalue of Jy(z.)T Jy(x.), and

|| (Jz a:*))TRw*H2<aH:c xlly, VxeD.

Define the iteration

Awmy, = TAy;, — L(wg, y,), Yk, Ay = (Jy(@r) T Iy (@) Iy (@r) " (= R(@k) + Jo(zr) Lk, yy),
Tpy1 = T + Axy, Yp+1 = Y + Ayy.

Let 7 := ||T||, and c € (1,\/(720)). If 7?0 < A, then there exists € > 0 such that Yxy € N (x4, €)
and y, arbitrary, we have that: the sequences {xy}, {yr} are well-defined; they converge to (X, y,)
with L(xk,y;) = 0,Vk > 1; and
2
TC a
s = @-ll < 5= (o lle =@l + T llae — 2.l)

A+ T2co

Yy — | < [ — ]

ki1 — 2| <



)"y (@) (—R(zy) +

Proof. Using induction and the formulations Ay, = (J,(xx)TJ,(zk)
= 0,Vk > 1 Thus we have:

Jo(@p) L@y, yy)), Aay, = TAyy — L(wy, yy), we see that L(zy, y)
mk_m*:T(yk_y*)v Vk =1
We now continue using induction. We have:

Y1 =Y. = Yo~ Y.+ (Jy(wO)TJy(mO))_lJy(mO)T [—R(x0) + Jo(x0)L(x0, yo)]
= (Jy(zo)"Jy(z0)) ' M,

where M = —J,(z0)T R(zo) + Jy(20)T Ju(xo) L(xo, yo) — Jy(20)T Jy(20)(y, — yo). Rewriting, we
obtain

M = —J,(x0) R(@.) +

J, (@
— —Jy (o) R(w.) + T
= T (L (wy) — Ju(@s)

)" [R ( «) — R(xo) — Jy(x0)(y. — o) + Jo(zo) L(x0, yo)]
Jo(®0)" [R(®4) — R(20) — Jo(20)(Ty, — Tyo — o + 2 + Ty
VT R(w,) + T7 Jo (o) [R(2.) — R(w0) — Jo(0) (4 — x0)] -

According to Dennis and Schnabel [3, Theorem 3.1.4], there exists €; > 0 such that J,(x)? J,(z)
is nonsingular and

(@) Iy (@) < 5. Ve e Nwa),
where ¢ € (1,\/o). We also have:
| T7 (o (o) — Ju(:)T R(zs)|| < TN || (Jo(20) = Jo(2) R(z)|| < 70 ||wo — 24||, Vo € D.

Applying the Lipschitz condition of J,(.), we obtain the following equation

1R(@.) = Ro) = Ja(@o) (. — o)|| < £ [0 — .||
Thus we have:

|27 T (@) [R(.) — Rl@o) — Jo(@o) @, — zo)]|| < L [lzo — 2. .
Combining these inequalities gives the following bound
lys = ./l < 5 (rollzo — 2.l + 5 [lzo — 2-]1)

Or equivalently, we have:

T°C (6%
21— .| < 55 (ollzo — @l + G- llzo — 2l”) Va0 € N(wsser).

A
P 2
Now let € = min {61, 277—00} We have:
T2cary
2 2
Ty T cary
—x < —x, —x,
o el < llan - el (52 + T2 fao ]
A+ 12co
< 5 llmo — @]
< Nlwo — x|, VYao € N(xy,€).



From these results, clearly &1 € N(x.,¢) and the induction step is exactly the same as in the
case k = 0 above. O
Applying Theorem [ to the Gauss-Newton equation (ZI0), we have:

z—c+ATy>

Ly = (55 8

where in the theorem (z,x) takes on the value & and (y,v) takes on the value y, with T =

—-AT o
( 0 Q>' We also have

R, (z,x) = sMat(z)sMat(x) — pul.

The optimal solution (z.,x.) satisfies the condition R, (z.,x+) = 0. Therefore, we can set

o = 0. We have: 7 = ||T|| = 1/||A]|* + ||Q]|*. Now consider R'(z, ). We have:

R/(z,x) <§;> _ ZsMat(Az) + sMat(A2) X,

where Z = sMat(z) and X = sMat(x). For all (Az, Azx), we have:

Az
R (32)|| < 1Ziast+ 1az111] < 2P+ 1XIPla=1P + 14l

Thus, ||R'(z,2)|| < \/||Z|* +||X]|* = ||(z,2)||. Thus the parameter a can be calculated using

the formulation a = sup ||(z,«)||. Similarly, we have:
(z,x2)€D

[R’(zl,wl) — R’(z27m2)] <§;> = (Zl - Zg)sMat(A:c) + sMat(Az)(Xl — Xg).

Thus for all (Az, Ax),

(IR - R, (32)] < 2 - Gz s,

which implies that ||R'(z1,21) — R'(z2,z2)|| < ||(z1,21) — (21, 21)||. We can set the parameter
to be 1. The remaining parameter is the smallest eigenvalue A of Jy(z*,w*)TJy(z*, x,). Kruk et
al. [I1] show that under the strict complementary slackness condition of a unique optimal solution,
the Jacobian J at the optimal solution is full rank (A > 0). This implies that the algorithm
is well-behaved under the strict complementary slackness condition. Theorem [0 indicates that
there is a neighborhood around the optimal solution where the Gauss-Newton method converges
quadratically. However, it is difficult to estimate the value of \. We need all of these parameters to
define the neighborhood N (., €) in which one can simply use affine scaling and the Gauss-Newton
method instead of damped Gauss-Newton method, i.e. we can set the barrier parameter y = 0 and
take full step lengths equal to one. We call this the crossover technique. A heuristic rule could
be built based on the infeasibility of the current solution (z,x) since the damped Gauss-Newton
method with step sizes different from 1 (with infeasible initial solutions) will not guarantee the
feasibility after one step. (See [23] for more details on other possible heuristic rules.)
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2.4 Presolve and Preconditioning

The purpose of a presolve is to construct well-conditioned and sparse bases for both the range and
nullspace of A. These bases play an important role in the matrix-vector multiplications involved
in the algorithm. If A is sparse and A = [S | E], where S € R"™*™ is well-conditioned and
-S7'E

I
of A. The matrix inversion is fast and accurate if S is a well-conditioned triangular matrix. In
addition, we can also consider row and column permutations on A; therefore, the main task in the
presolve is to find an m x m submatrix of A (up to a permutation of rows and columns) that is
well-conditioned and (approximately) triangular. In this case, S and E are considered to be the
main inputs to the algorithm.

If A is not sparse, it is better to keep A and P = —S~!E as the main inputs (with Q = [P; I]).
And the major task of the presolve is to find a well-conditioned submatrix S. This can be done by
randomly picking m columns from A and reforming the submatrix S until the condition number
satisfies some given conditions.

The most expensive part of the algorithm is solving the overdetermined system (4I), or equiv-
alently, (ZZI1]). Preconditioning is essential to reduce the computational time when using iterative
methods for this part. Since we implicitly solve the normal equations, we want to find a nonsingular
transformation 7' : R — R such that (T-')*(J* o J) o T~! is well-conditioned. Instead of
solving the least squares system of (4] or (ZI1I), we would like to solve the systems

E e Rm™*(tn)=m) then we can use the columns of Q = for the basis of the nullspace

(T~ Y oJ*oJoT Y (Aq)= (T Y)*oJ' o R (2.13)
T(Av,Ay) = Agq, ’
where R is the corresponding right-hand side of the least squares problem.
Let 7' =5 = [gﬂ where S, : R{W — R{ =™ and S, : RU™ — R™. We then have:
y
Jo T q) = J(S.(), Sy(a)) = Z(5u(q)) + X(S,(q)) = Z o Sy(q) + X 0 S,(q). (2.14)

To find the adjoint (J o T~1)*, we note that (T~!)* = §* = [S¥ | S,] implies:

Z*(M)

(o () =y o) =y (| 2.07)

D — 57025 (M) + 550 X*(M), (2.15)

where X* and Z* are formulated in (6] and (7, respectively.
Consider the special case in which T' is a separable transformation with respect to Av and Ay:

T(Av,Ay) = [;vgizg], where T, : RUM=m — RUM=™ and T, : R™ — R™ are both nonsingular.
y

If ¢ = (w,u) with w € R~ and u € R™, we then have:

JoT Hw,u)=ZoT;  (w)+ X oT,  (u). (2.16)

And the adjoint is written as follows:

(JoT H)*(M) = (7, . (2.17)



The first preconditioner we would like to consider is a simple diagonal scaling transformation
S. Since the original system of linear equations we need to solve is J* o J(Av, Ay) = J*(R), we
would want to have S* o S approximate J* o J. We define the diagonal preconditioner S as follows:

S(ei): HJ(ei)HFei, Vi:1,...,t(n), (2.18)

where e; is the i-th unit vector in R¥ ().

The second preconditioner is the separable transformation (block diagonal) Q such that Q%0 Q,
approximates Z* o Z and 9, o Q, approximates X* o X. Using the QR decomposition, we can
decompose Z into Qz o Rz, where Qz : RU™ — M™ is a unitary transformation, and Ry :
R =m _, RY™)  with an upper triangular transformation matrix Ry. Clearly, we can set Q, =
Py o Rz, where P, is the projection transformation from R™ to RHM—7 gince Ry o0Rz=2Z"0Z.
Similarly, we can set Q, = P, o Rx where X = Qx o Rx under the QR decomposition and P, is
the projection transformation from R™ to R™.

We now would like to consider the properties of these two particular preconditioners. Consider
the following measure of conditioning that depends uniformly on all the eigenvalues of a positive
definite matrix X,

W(X) = trace(X)l/n.
det(X)n

This measure is a pseudoconvex function. Note that a function is pseudoconvex if

(y—a) V(@) >0= f(y) > f(x),

and for pseudoconvex functions, all stationary solutions are global minimizers (see for example,
[T5]). We now show that we have obtained the optimal block diagonal preconditioner with respect
to the measure w, thus extending the corresponding diagonal preconditioner result in [4].

Proposition 1. The measure w(A) satisfies

o 2
(AT < 4un(4), where x(4) = 14] || 47"

with equality in the first and second inequality if and only if A is a multiple of the identity
and equality in the last inequality if and only if

1. 1<w(A) <k(A) <

J

A+ A
Ao ==\, | = 17;
2. w(@A) =w(A), for all a > 0;
3. ifn=2, w(A) is isotonic with k(A).

4. The measure w is pseudoconvexr on the set of s.p.d. matrices, and thus any stationary point
is a global minimizer of w.

5. Let 'V be a full rank m x n matriz, n < m. Then the optimal column scaling that minimizes
the measure w, i.e.
min w((VD)T(V D)),
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over D positive, diagonal, is given by

1
Dii == m,l == 1, N (2
where V. ; is the i-th column of V.
6. Let V' be a full rank m x n matriz, n < m with block structure V = [Vl Vo ... Vk].
Then the optimal corresponding block diagonal scaling
Dy 0 0 ... 0
D - 0 Dy, 0 ... O
0 0 0 .. D

that minimizes the measure w, 1i.e.
min w((VD)T(V D)),
over D block diagonal, is given by
D, ={VIV,}y2i=1,..k
Proof. Items[toH are proved in M.
To prove @ let the blocked V' be given. Then the arithmetic-geometric mean inequality yields

trace(DTVIVD)/n
det(DTVTV D)
trace(VIVDDT /n
det(DDT)% det(VIV)wn

w(VD)' (VD)) =

Let D = DD', we have, D is also a block diagonal matrix with D; = D,-D;TF foralli=1,... k.
Thus _
Zf:l(VZTVi) -D;/n

w T =
VDIV D) det(VIV)w [[5, det(D;)»

) _
1 >i—1 Vi Di

- -
ndet(VIV)=w Hle det(D;)

V/ r > > Y, Vi D;
where V; = ViV, for all i = 1,... k. Consider the function f(Dy,...,Dy) = %
[Ti; det(Ds)=

10
n

9

we have:

of(Dy,...,D b N " V;-D; __
. o, ) [T aer(dy) (vi—M@ 1>T>.

k
Let D; = Vl-_l foralli =1,...,k, we have: D; is symmetric and ZV,--DZ- =nforalli=1,... k.
_ _ i=1
f(Dy,...,Dyg)

Th _
us oD,

=0 forall i =1,...,k. The measure w is pseudoconvex and similarly, the

13



function f(Dy,...,Dy) is also pseudoconvex (quotient of a convex (linear) function and a positive

concave function). Thus the matrices (Dy,...,D}) with D; = ‘7;1 for i = 1,...,k, minimizes
f(D1,...,Dy). This implies that the symmetric block matrix D with D; = (VZTVZ-)_% minimizes
the measure w((V.D)"(V D)). O

Note that the optimality condition only requires D; = V', Yfor i = 1,...,k, which means we

can use QR decomposition to find the optimal D; instead of matrix square root. In other words,
if V; has the QR decomposition V; = Q,;R;, we can set D; = R Uforalli =1,...,k to minimize
the measure w((V D) (V D)).

3 Lovasz Theta Function Problem

In this section, we apply the Gauss-Newton method to the Lovasz theta function problem. Let
G = (V,€) be an undirected graph; and let n = |V| and m = || be the number of nodes and edges,
respectively. The Lovész theta number (defined in [T3]) is the optimal value of the following SDP

9G):=p" = max E-X

st. I-X=

(TN) E,; X 0, Y(i,j)eE (3.1)

X =0

The dual SDP is
d* == min =z

(DTN) s.t. 2l + Z vijEij — 4 = E, (3.2)

(3,7)€€

Z =0,

where y = (yij)(i,j)ee € R™; I is the identity matrix; E is the matrix of all ones, E;; = (eie? +
ejel')/v/2 is the ij-th unit matrix in 8™, and e; is the i-th unit vector.

The theta number has important properties, e.g., it is tractable (can be computed in polynomial
time) and it provides bounds for the stability and chromatic numbers of the graph, see e.g., [9, [2].
We now show how to use the Gauss-Newton approach to solve this Lovasz theta function problem.

3.1 Matrix-Free Formulation

We define additional linear transformations on vectors and matrices for this problem. Let G¢ =
(V,E°) be the complement graph of G, i.e. £° is the edge set complement to £. Let m, := |E¢| =

t(n) — m, where t(n) := <Z>, and consider two bijective index mappings, indg : € — {1,...,m},

and indge : £¢ — {1,...,m.} with their corresponding inverses, indg1 and indgcl.
We now define two linear transformations, sMate : R” — S™ and sMatge : R™ — S™ as follows:

m
sMatg(y) = ZyiEindgl(i)7 sMatge (v Zvl ind;,
=1

Let svecg := sMatTg denote the Moore-Penrose generalized inverse mapping from S" to R™,

svecg(S) = y, where y; = Sindg1(i)\/§ for all # = 1,...,m. Similarly, we can also define svecgc :=
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sMath. The mapping svecge (resp. svecg) is an inverse mapping if we restrict to the subspace of
symmetric matrices with zero in positions corresponding to the edge set £¢ (resp. £). The adjoint
operator sMatg. = svecge, since

(sMatge(v),S) = trace(sMatge(v)S)
= vl svecee(S) = (v, svecee(S)),
and similarly, the adjoint operator sMatg = sveceg.
Using these transformations, we can represent primal and dual feasibility as follows. Let the
matrix V = ¢
T 1
w € R"! and v € R™« such that

T
) e R™ (™1 we have: X > 0 is primal feasible if and only there exists

1
X = —1I + Diag(Vw) + sMatge(v),
n

where Diag : R” — M™ is the diagonal transformation with its diagonal adjoint Diag* = Diagl =
diag : M™ — R". We could also use a different matrix V' to maintain the isometry,

T
— cre nx(n—1)
(CQE + I> cR ’

where ¢; = —1/y/n and ca = —1/(n + /n).
Now let us consider the dual feasibility. Similarly, Z > 0 is dual feasible if and only if there
exists z € R and y € R™ such that

Z = —FE + zI + sMatg(y).

As in the general case, we would like to solve the perturbed optimality condition ZX — ul =0
in each iteration of the primal-dual path following interior algorithm. We again use an inexact
Gauss-Newton approach with a matrix-free preconditioned conjugate gradient method.

The major operation of the Gauss-Newton approach is to calculate the Jacobian and its adjoint.
The Jacobian J := G}, can be written as J = [Z | X], where Z and X are two transformations
defined as follows:

Z(w,v) = Z (Diag(Vw) + sMatge(v)), X(z,y)= (I +sMatg(y)) X.
In order to find the adjoint J*, we need to compute Z* and X*. Consider M € M"™, we have:
(M, X(z,y)) = ztrace(MTX) + trace(M” sMatg(y)X)
= ztrace(MT X) + trace <sMatg(y)% (XM7* + MX)>
= ztrace(MTX) + %yT svecg(XMT + MX)
= ztrace(MTX)+<y,%svng(XMT—|—MX)>.
Thus we have:

trace(MT X)
X*(M) = <1 ) . (3.3)

§SV6C5(XMT + MX)
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Similarly, we have:
(M, Z(w,v)) = trace(MTZ (Diag(Vw) + sMatge(v))
= trace(MT Z (Diag(Vw)) + trace <sMatgc(v)%(MTZ + ZM))
= (diag(M*Z),Vw) + %’UT svecge(MT Z + ZM)
= (w,VTdiag(M* Z)) + (v, % svecee (MY Z + ZM)),

Thus the adjoint Z* is

VT diag(M?T Z)
ZY (M) = |1 :
(M) 3 svecge (MY Z + ZM)

3.2 Presolve and Preconditioning

In this Lovasz theta number problem, the bases are defined by the index mappings, indg and indge.
There are many ways to index the edge set £ and £¢. However, it is advantageous to index the
edge sets according to a good graph partitioning. In addition, we can also change the order of nodes
since the row permutation of the matrix V affects the bases. All of these issues will become clear
when we discuss the diagonal and block preconditioners in the following sections.

3.2.1 Diagonal Preconditioning

In order to construct the diagonal preconditioner, we need to calculate ||.J(e;)|| for all unit vector
e; in RU™ i =1,... t(n). Since the variables are (w,v, z,y), we consider four different cases, each
of which corresponds to each variable.

(i) 1 <i<n-—1: J(e;) = ZDiag(Ve¥), where e is the i-th unit vector in R"~!. We have:
Vel =[—1;e}]. Thus

2

I (ellr = \/HZ;,le | Zanll?, Vi=1,...n—1

(i) i =n—1+j, where 1 < j < m J(e;) = ZsMatge(€]), where e is the j-th unit vector in

J
R™e. We have: sMatge(e}) = E ) Let ind;! (j) = (kee(4), lee(5)), we have:

indz (j

1 . ..
| (el = ﬁ\/“z:,kgc(j)“z + HZ:,lgc(j)H2a Vi=n—1+7j=1,...,me.

(iii) i = n +me: J(e;) = X. Thus [[J(e)||p = ||X]||p-

(iv) i=n+mq+ j, where 1 < j < m: J(e;) = sMatg(e?)X, where e? is the j-th unit vector in
R™. We have: sMatg(e?) =FE,, a1 () Similar to the previous case, we obtain the following
formulation:

1l = /[ Xreg-

where (ke(4),l(j)) = indgl(j)-

|2+HX18(J')7: |2= Vi=n+m.+7j,j=1,...,m,
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3.2.2 Block-Diagonal Preconditioning

For block preconditioner, we need to find the structure of the matrix representations of Z*Z and
X*X. We first calculate the columns of Z*Z. There are two cases:

1. Column i of of Z*Z, 1 <i<n—1:
Z(e;) = ZDiag(Vey). Let M = Z(e;), we have: M has only two non-zero columns, the
first one, M.; = —Z. 1, and the (i 4+ 1)-the one, M. ;11 = Z. ;1.

Now consider Z*(M), the first n — 1 elements is VT diag(M? Z). Let P = M Z, we have:
P again has only two non-zero rows, the first and (i + 1)-th row. The elements of the first
row of P is

Piy=-ZLZy, VYk=1,...,n,

and the elements of the (i + 1)-th row is
Pi+1,k :Z?:i+1Z;7k, Vk=1,...,n.

Thus diag(P) has two non-zero elements, the first, —Zle .1, and the (i + 1)-th element,
Z?;Z-+1Z;7Z-+1. We then have VT diag(P) = Z?lZ;Je + Z?i+1Z:,i+1€§”- The first (n — 1) x
(n — 1) block of Z*Z can be written as Diag <||Z2||§:,,||Zn||%) + ||Z1||§;E The
Cholesky decomposition of this block can be obtained using the faster rank-one update al-

gorithm since the Cholesky decomposition of diagonal matrices are easy to compute and
E = ee”. Another approach is to analytically find R~ with a special structure such that

Diag (HZ2H§:,,HZ,LH§,> + HZ1H§,E = RTR and R 'z is easy to compute for any
vector . We apply the following result:

Lemma 1. Consider matriz A = D + uu” where D is a positive definite diagonal matriz,
then A can be decomposed as RT R with

1 1 1
R'=D2 <I+ 3 (ﬁ - 1> ppT> 7
where p = D 2w and A = |p||*.
Proof. We have: A= D2D3? + D2D 3uu’D 2D = D2 (I + pp’) D=.
Assume pp! has the eigenvalue decomposition V(AEH)VT, we have: VVT = I, thus
A=D:V(I+\E;)VTD:,

I + \Ey; is a diagonal matrix; therefore, we can compute A™! as follows:

1
Al = D3V <I + <m - 1> E11> viD .

Applying the formulation for square roots of diagonal matrices, we have:

1 1 ,
A‘lzD_§V<I+<7—1 Eq\ VIV (I+(———-1)E; |V D 2.
VA1 VA1
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We also have AV E;; VT = pp”, thus

1 1 1 1 1
Al=D2 <I—|——<7—1> T> <I+—< —1> T) D2 =88T,
ANVA+1 PP ANVA+1 PP
1 1 1
here S=D 2 (I+ - ———1 T).
e ( A<m >”p
Let R =SS!, clearly we have A= RTR and R"™' = S. O

Clearly, in order to calculate R~ '@, we only need to calculate D_%a:, D~ 3u. For this
particular matrix, we can set D = Diag (HZQH?; e HZ,J[%) and u = |[|Z. 1| e.

1
We now look at the remaining m, elements of the i-th columns, g = 5 Svecee (P+PT). P has

two non-zero rows; therefore, P+ PT has two non-zero rows and two non-zeros columns. The
elements of these rows and columns are the same as the elements of corresponding rows in P
except for four elements, (1,1), (1,i+1), (¢+1,1), and (i + 1,7+ 1). Note that the elements
(1,i+1) and (¢+1,1) are zeros as —Z:ﬂZ;,i - Z::,:iZ:,l = 0. Let & be the set of all edges in £°
starting from node 7, we have: for all j € indgc(Ef) such that indgc1 (J) = (L,1lg<(4)) # (1,i41),

1 . o R . .
qj = —EZ:{lZ:J“(j). Similarly, for all j € indgc (&7, ;) such that 1nd5cl(j) = (i+ 1,lg(3)),
qj = _Z?z‘+1 Z...(j)- Other elements of q are zeros. Note that for all n—1 first columns, the

V2

number of non-zeros depends on |£f|. Thus in order to increase the sparsity of the resulting
matrix, we should select the node 1 with the largest degree (in the original graph). This is
one of the operations that we can consider for the presolve.

. Column i of of Z*Z i =n — 1+ j, where 1 < j < mg:
Z(e;) = Z sMatge(e]). Let M = Z(e;) and indz!(j) = (k,1), we again have that M has only
1
—Z. .
\/5 .,k

Due to the symmetry of Z*Z, we just need to look at the last m,. elements of these columns.
1
Let g = 3 svecge(P + PT), where P = MTZ. We have P has two non-zero rows, the k-th

1 1
—kaZ;,p forallp=1,...,n.

V2 V2

Similar to the previous case, we have that elements of P+ P are the corresponding elements

of P except for four elements (k, k), (k,1), (I,k), and (I,1). The element (k,[) (and (I, k)) has
1 1

the value 7 (HZ;CH% + HZM%) Thus we have: ¢; = 3 (HZkH% + HZIH?:) Other non-

zero elements of g are the elements with indices in the set indge(£f UE[) and the computation
of these elements is similar to the previous case. With this structure of non-zero elements for
each column, we can see that the index mapping indge with a good graph partitioning results
in a block structure for this m. x m. block of Z*Z. More specifically, there are two cases in
which the block structure can be form. In the first case, three edges (i,7), (j, k), and (i, k)
(edges of a clique of size 3) are indexed consecutively and results in 3 x 3 block. However,
there is no special structure of this block to be exploited. We now focus on the second case
in which the set of edges from a node i, (i,7) with j € S;, S; C &f, are indexed consecutively.

1
two non-zero columns, the k-th column, M. ;, = EZ .1, and the [-th column, M. ; =

and [-th ones. The elements are P, ,, = Z:TJZ:JD and P, =
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Let Zs, be the n x |S;| submatrix of Z that consists of |S;| columns Z. ;, j € S;, the block

1
we obtain is 5 <||Z Z||§; I+ Zgi Zgi). And this is another operation we need to consider for

the presolve.
We continue with columns of X*X. We also have two cases:

1. i = 1: X(e;) = X. Thus the first column is X*(X) with the first element is trace(X?) and
the remaining m elements are svecg(X?).

2.i=j+1, where 1 < j <m: X(e;) = sMatg(e?;)X. Let M = X(e;) and indg(j5) = (k,1),

1
we have: M has only two non-zero rows, the k-th row, M . = EX 1, and the I-th row,
1
M. = —=X}_.. Due to the symmetry of X*&’, we do not need to reconsider the first elements

5t \/5 1
of these columns. Let P = M X, we have, the remaining m elements are ¢ = — Svng(P+PT).

Similarly, P has only two non-zeros rows, the k-th and the [-th ones with the elements

1 1
Py, = EXI#XMP and P, = EXL:X;J, for all p = 1,...,n. The elements of P + P”

can be derived from elements of P in a similar way shown before. The element (k,[) is

1 1
7 <||Xk||?: + ||Xl||§,> Thus we have: ¢; = 5 <||Xk||§,+ ||Xl||§;> Other non-zero

elements of g are the elements with indices in the set indg (& U E¢;p), where &; is the set of all
edges in £ starting from node 7. With this structure of non-zero elements for each column, we
can again see that the index mapping indg with a good graph partitioning results in a block
structure for this m x m block of X*X, especially when edges in £ from a single node are
indexed consecutively. Similarly, the presolve can help us obtain this good graph partitioning.

4 Numerics and Conclusion

4.1 Numerical Results

We test three versions of the Gauss-Newton algorithm and three different preconditioners. The
algorithm versions are: (i) a general version for full matrices; (ii) a sparse version for sparse
matrices; and (iii) a specialized version for the Lovész theta function problem. The preconditioners
are: (i) diagonal; (ii) two block diagonal; and (iii) multiple block diagonal. We start with the
sparse version of the code. Data inputs are C € 8", A; € 8", i =1,...,m, and b € R™. The
algorithm is coded in MATLAB; and, the Gauss-Newton directions are computed using LSMR
developed by Fong and Saunders [{]. First, we compare different versions of the code with different
preconditioners before comparing it with different solvers. We generate data inputs randomly with
n from 10 to 100, m = [n(n + 1)/4]; and, the sparseness density is set to be 1/(n +m). We run
the code without preconditioner (SRSD, ), with diagonal preconditioner (SRSDnpj,g), and block
preconditioner (SRSDgpiag). The tolerance is set to be € = 10712 and crossover is used. As
expected, there is a reduction in the number of LSMR iterations when preconditioners are used.
This is due to the fact that the condition number of the overdetermined system that we need to solve
is decreased. Table Tl shows the reduction ratios in number of LSMR iterations of (SRSDpjag)
and (SRSDgpiag) as compared to that of (SRSD,). However, there is a trade-off between the
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time to compute the Gauss-Newton directions and the time to compute the preconditioners. Table
shows the ratios of total computational time of (SRSDpjae) and (SRSDgpiag) as compared
to that of (SRSD,); and, we can see that (SRSDpj,,) is the best version of the code in terms
of computational time for these sparse instances. Note that for these instances, the accuracy of
the optimal solutions is approximately the same. However, for harder instances that we consider
in other tests, (SRSDgpias) will be the choice over (SRSDpjag) to get better accuracy since the
block preconditioner produces better conditioned systems for LSMR to solve, so that we get more
accurate search directions in addition to a reduction in the number of iterations of LSMR. We also
test our code with LSQR, which is another code to solve overdetermined systems developed by
Paige and Saunders [2T]. For these instances, the differences in number of iterations and accuracy
are not noticeable with only a slightly higher number of iterations for LSQR resulting in slightly
higher accuracy. Similar to the choice between (SRSDpjae) and (SRSDgpiag), if we need to solve
very hard instances, LSQR appears to be preferable.

n 10 [ 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100
(SRSDpiag) | 0.67 | 055 | 0.55 | 0.39 | 0.42 | 0.42 | 0.47 | 0.36 | 0.34 | 0.32
(SRSDgpiag) | 0.30 | 0.16 | 0.13 [ 0.09 | 0.09 | 0.08 | 0.08 | 0.07 | 0.07 | 0.06

Table 4.1: Ratios of numbers of LSMR iterations of (SRSDpjas) and (SRSDgpiag) to (SRSD,)

n 10 [ 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100
(SRSDpiag) | 0.63 | 0.58 | 0.59 | 0.45 | 0.49 | 0.51 | 0.62 | 0.45 | 0.48 | 0.44
(SRSDppiag) | 0.33 | 0.27 | 0.46 | 0.57 | 1.05 | 1.44 | 2.20 | 2.26 | 3.50 | 3.26

Table 4.2: Ratios of total computational time of (SRSDpj,s) and (SRSDpgpiag) to (SRSD,)

We now focus on solution accuracy for larger instances and then compare the performance of
our code with other solvers. For this test, we set n = 100 and m = 100 and again generate data
inputs randomly. We run N = 1000 instances and record the (average) of: the number of iterations,
the relative norm of ZX, and the relative minimum eigenvalues of X and Z, see Table We
apply the crossover technique and use the diagonal preconditioner as the setting for our code. The
tolerance is again set to 10712, The average shown for the two accuracy measures is log-average.
The two measures are

1ZX||p s min{ Amin (X)), Amin(Z) }
17X = 7 | =
RelZXnorm C-X|+1 Relmineig C-X| 11
Iteration | RelZXnorm Relmineig
Average | 18.66 | 2.62 x 1071 | —8.79 x 10~16
Best 14.00 | 2.78 x 10716 | —3.86 x 10717
Worst 26.00 | 8.36 x 10713 | —1.97 x 10713

Table 4.3: Accuracy measures for random sparse instances
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We now select 20 hard instances in terms of number of iterations taken using our (SRSDpjag)
code. Using these 20 instances, we compare our solver and the four SDP solvers. (See e.g., the
URL www-user.tu-chemnitz.de/ helmberg/semidef.html.)

SeDuMi 1.3, [CSDP6.1.0,

SDPA 7.3.1, LSDP134.0.

The tolerances (for the relative trace of ZX) for these four solvers are set to be as small as
possible without running into numerical problems. For SDPT3, it could be 10713 or 10714, For the
remaining solvers, 1072 is sufficiently small and there are some cases, where we had to reduce the
tolerance for SeDuMi or CSDP. The two accuracy measures are compared and in addition, we also
record all six DIMACS error measures [I6]. (The last measure is only comparable if both X and
Z are positive semidefinite.) We also compare the computational times of all solvers for these 20
instances. Similarly, we also select 20 easy instances in terms of number of iterations taken using
our (SRSDpj,s) code and compare with other solvers. The numerical results are shown in Table

EA and 3, respectively.

(SRSDpjag) SeDuMi CSDP SDPA SDPT3

Iteration 23.45 19.15 16.50 16.30 24.50
RelZXnorm | 7.18 x 1071 | 1.50 x 10797 [ 8.92 x 1079 | 5.86 x 10798 | 1.01 x 1010
Relmineig | —1.12 x 1071 | —8.72 x 1071° [ 3.28 x 10713 | 1.46 x 10~13 | 5.99 x 10~ 17
DIMACS1 | 1.28 x 10~ 1° 793 x 1071 [ 1.24x 10718 [ 248 x 10713 [ 3.19 x 1013
DIMACS2 | 2.28 x 10714 0.00 x 109 0.00 x 109 | 0.00 x 10°° | 0.00 x 10%°
DIMACS3 | 9.39 x 10716 3.53x 10716 [ 1.64 x 1079 [ 1.44 x 1071 | 8.72 x 10714
DIMACS4 | 3.22x1071 | 3.42x 107" | 0.00 x 10 [ 0.00 x 10°° | 0.00 x 10%
DIMACS5 | 1.19x 1071 | 9.72x 107" | 1.54 x 107 | 4.96 x 10719 | 1.10 x 10~13
DIMACS6 | 4.65 x 10716 | 2.84 x 107" | 1.16 x 107 | 4.96 x 10719 | 2.01 x 10~13

Time 61.89 1.23 0.60 0.74 1.13

Table 4.4: Performance measures for hard random sparse instances
(SRSDpjag) SeDuMi CSDP SDPA SDPT3

Tteration 15.20 17.50 15.10 15.55 22.40
RelZXnorm | 1.64 x 10714 1.66 x 10797 [ 1.04 x 1079 | 217 x 10798 | 1.77 x 10710
Relmineig | —5.56 x 1071 | —1.15 x 1071 [ 2.27 x 10713 | 2.20 x 10713 | 1.21 x 10716
DIMACST | 1.24 x 107 | 1.34x 10710 [ 138 x 10713 [ 5.20 x 1071 | 2.74 x 10~13
DIMACS2 | 1.15 x 10713 0.00 x 1090 0.00 x 109 | 0.00 x 10°° | 0.00 x 1090
DIMACS3 | 835x 10716 | 357 x 10710 [ 1.04 x 107% | 1.44 x 1071° | 8.95 x 10~ 4
DIMACS4 | 1.32x 107 | 434 x 107" | 0.00 x 10 | 0.00 x 10°° | 0.00 x 10%
DIMACS5 | 219 x 1071 | 1.98x 107" [ 1.18 x 1079 | 4.85 x 10719 | 9.34 x 10~ 4
DIMACS6 | 1.90 x 10~1° 295 x 1071 [ 547 x 10710 [ 4.85 x 10710 | 1.86 x 1013

Time 37.00 1.16 0.53 0.59 1.05

Table 4.5: Performance measures for easy random sparse instances
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The computational time for (SRSDnpj,e) is not competitive with the other solvers. One reason is
that the code right now is all MATLAB code with no pre-compiled subroutines. However, the main
reason is that the Gauss-Newton approach needs to solve a system of equations with n(n + 1)/2
variables regardless of the number of constraints. We now keep n = 100 fixed and vary the number
of constraints from m = 500 to m = 5000. The instances are generated randomly with the same
sparseness density 1/(4n). For larger instances, we need more accuracy for the LSMR subroutine
that iteratively solves for the Gauss-Newton direction. Therefore, for these instances, we use the
block triangular preconditioner instead of the diagonal one. The average number of iterations and
two accuracy measures for these instances are shown in Table Efl The corresponding computational
time ratios of (SRSDgpiag) to those of other solvers are then reported in Table EE7

(SRSDgpiag) SeDuMi CSDP SDPA SDPT3
Tteration 14.82 15.73 15.36 16.00 21.09
RelZXnorm | 6.93 x 1071 | 1.99 x 10797 [ 1.91 x 10797 | 1.77 x 10798 | 2.27 x 10799
Relmineig | —3.69 x 10716 | —4.94 x 101 | 4.06 x 10713 | 9.06 x 10~1* | 2.31 x 10716

Table 4.6: Average measures for random instances with different numbers of constraints

m 500 1000 1500 | 2000 | 2500 | 3000 | 3500 | 4000 | 4500 | 5000
SeDuMi | 168.74 | 49.99 | 21.47 | 418 | 1.92 | 1.89 | 1.09 | 0.66 | 0.68 | 0.32
CSDP | 144.02 | 39.62 | 21.64 | 7.58 | 5.89 | 5.56 | 3.53 | 240 | 2.88 | 1.62
SDPA | 488.28 | 203.06 | 134.49 | 50.99 | 37.09 | 33.37 | 20.98 | 15.55 | 17.83 | 9.41
SDPT3 | 87.49 | 2796 | 16.10 | 6.00 | 3.80 | 4.42 | 2.11 | 230 | 2.89 | 1.81

Table 4.7: Time ratios relative to (SRSDpgpiag) for different numbers of constraints

In the previous test, we kept the sparseness density constant while changing the number of
constraints. We now test our code with instances created with different densities. We fix n = 100
and m = 2500 while varying the density with 1/(4sn),s = 1,...,10. All parameter settings are the
same as in the previous test. In addition, we also run our code with the diagonal preconditioner
when the data is sparse enough. It turns out in this test, for s > 3, (SRSDpj,,) maintains the
same level of accuracy but is more efficient than (SRSDgpiag) With respect to time. This can be
explained as follows. (SRSDpgpiag) in general requires fewer iterations of the LSMR subroutine
than (SRSDpj,s) and, if the data is not sparse enough, this saving in time can compensate for
the more expensive construction of the preconditioner. On the other hand, if the data is sparser,
e.g., s > 3, the reduction in the number of LSMR iterations of (SRSDpj,s) gradually becomes
more significant than that of (SRSDgpiag), which makes (SRSDpjag) more efficient. The time
comparison between (SRSDpj,e) and (SRSDppiag) is shown in Table Note that since with
s = 2, (SRSDgpiag) is already more efficient than (SRSDpj,g), we do not run (SRSDpjyg) for
the instance with s = 1. To compare with other solvers, we select the more efficient code between
(SRSDpjag) and (SRSDgpiag) for each instance. Basically, the first two instances are run with
(SRSDgpiag) while the remaining ones are with (SRSDpjae). The number of iterations and two
accuracy measures are reported in Table Computational time ratios of (SRSDpjag)/2 to other
solvers are shown in Table EETOL
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s 2 3 4 5 6 7 8 9 10
(SRSDpjag) | 1080.72 | 201.44 | 182.98 | 230.35 | 102.31 | 76.47 | 80.29 | 57.92 | 52.29
(SRSDgpiag) | 447.55 | 362.80 | 314.22 | 485.58 | 485.93 | 312.37 | 410.73 | 359.74 | 352.83

Time ratio 0.41 1.80 1.72 2.11 4.75 4.08 5.12 6.21 6.75

Table 4.8: Computational times for random instances with different sparsity

(SRSDpjag)/2 SeDuMi CSDP SDPA SDPT3
Iteration 13.80 16.80 16.20 16.20 24.30

RelZXnorm | 4.47 x 10715 5.59 x 107% | 1.30 x 10797 | 3.80 x 1079 | 3.65 x 10~
Relmineig | —7.59 x 10716 | —2.24 x 10710 [ 4.96 x 10713 | 8.71 x 10~1* | 8.51 x 10~18

Table 4.9: Average measures for random instances with different sparsity

We have seen that for well-conditioned instances, our code can achieve solutions with very high
accuracy. We now move on to test the code with ill-conditioned instances, namely, the instances
without strict complementary slackness or instances with which Slater’s condition almost fails. To
generate instances without strict complementary slackness, we use the code developed by Wei and
Wolkowicz [22]. The instances are generated with n = 50 and m = 1000. The general version of
the code will be used since all matrices are dense. For these hard instances, we apply the block
preconditioner without crossover. The tolerance is set to be 1074, The results are shown in
Table ETTl We note that the GN-method has significantly smaller values for || Z X ||, RelZXnorm.
This increased accuracy is most probably a result of the fact that the GN-method is derived by
minimizing this measure.

The accuracy is indeed less for these hard instances, even for our code. And the stopping
criterion for all tested instances but one is when the number of iterations of the LSMR subroutine
reaches its maximum limit (set at 5n(n + 1)). SeDuMi and SDPA, and SDPT3 have various kinds
of numerical problems. CSDP controls the tolerance limit (around 107%8); therefore, it does not
incur any numerical problem even though the tolerance is set to be as small as 107,

For instances with which Slater’s condition almost fails, we generate the instances randomly
using the alternative theorem for Slater’s condition with respect to the dual problem. The settings
are the same as for the previous test, with tolerance 107!, block preconditioner, and no crossover.
The results are in Table

It turns out that for other solvers, instances with which Slater’s condition almost fails are
difficult to solve but not for our code. Even though no crossover is used, half of the instances have
negative relative minimum eigenvalue of X and Z with average DIMACS2 and DIMACS4 measures
being 1.05 x 10717 and 2.53 x 10716, respectively. We also solve these instances with the crossover
technique; the results are better in terms of computational time (number of iterations) with the
trade-off being negative relative minimum eigenvalues for both X and Z. The average performance
measures of (GRSDppiag) with crossover is (13.70,3.40 x 10716, —1.41 x 10713,2.78 x 10713, 5.17 x
1071%,1.61 x 10712,9.97 x 10716, 1.72 x 107 ,4.71 x 1017, 22.50). This is probably due to the fact
that the problem is still well-conditioned even though Slater’s condition almost fails for the dual
problem. (The Jacobian is non-singular at the optimal solution.) In addition, for these instances,
the optimal solutions are not extremely large in magnitude, which helps the code maintain high
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s 1 2 3 4 5 6 7 8 9 10
SeDuMi | 2.84 | 274 | 1.26 | 1.15 | 1.49 | 0.62 | 0.53 | 0.49 | 0.34 | 0.30
CSDP 7.33 | 1217 | 6.07 | 6.77 | 8.06 | 4.14 | 3.21 | 3.39 | 2.49 | 2.17
SDPA | 43.35 | 48.63 | 22.13 | 20.95 | 25.47 | 12.33 | 9.25 | 9.82 | 7.08 | 6.04
SDPT3 | 4.60 | 882 | 5.79 | 5.74 | 7.50 | 3.94 | 2.86 | 2.75 | 2.27 | 2.09

Table 4.10: Time ratios relative to (SRSDpj,g) for different sparsity

(GRSDgpiag) | SeDuMi CSDP SDPA SDPT3
Tteration 29.20 13.60 12.10 12.00 22.70
RelZXnorm | 1.32 x 10712 | 412 x 1079 | 6.53 x 1079 | 1.91 x 10797 | 2.97 x 10798
Relmineig | 5.96 x 10720 [ 6.20 x 1071* | 1.44 x 1071° | 3.25 x 10712 | 1.21 x 10~ *®
DIMACSI | 216 x 107" [ 2.01 x 10797 | 3.50 x 10719 | 3.79 x 10797 | 4.62 x 10~10
DIMACS2 0.00 x 10%0 0.00 x 10%° | 0.00 x 10%° | 0.00 x 10°° | 0.00 x 10%°
DIMACS3 | 1.81x 107" 634 x107™ | 210 x 10798 | 2.09 x 107 | 1.54 x 101!
DIMACS4 0.00 x 109 [ 1.48 x 10~ | 0.00 x 10°° | 0.00 x 10°° | 0.00 x 10%°
DIMACS5 | 2.07x1072 [ 923 x10799 | 1.23 x 10798 | 1.58 x 10797 | 5.70 x 101!
DIMACS6 | 1.86 x 1072 | 4.99 x 1079 | 4.25 x 107% | 3.50 x 10797 | 1.06 x 10~19
Time 281.45 64.02 69.50 27.31 60.25

Table 4.11: Performance measures; random instances; strict complementarity fails

(GRSDgpag) SeDuMi CSDP SDPA SDPT3
Tteration 26.00 17.10 13.80 15.20 20.40
RelZXnorm | 9.90 x 10710 | 6.14 x 10797 | 4.61 x 10797 | 2.05 x 10797 | 2.13 x 10~%
Relmineig | 1.05 x 10717 | 1.06 x 107" | 1.60 x 1072 | 1.06 x 1010 | 1.47 x 10~15
DIMACS1 | 278 x1071B [1.07x1071° [ 1.10 x 1072 | 1.17 x 1071 | 8.41 x 10~ 1
DIMACS2 | 0.00 x 10% (*) | 0.00 x 10° | 0.00 x 10° | 0.00 x 10% | 0.00 x 10%
DIMACS3 | 1.42x 1072 [3.56 x 1071 [ 521 x 10799 | 6.83 x 10798 | 2.59 x 10~ 13
DIMACS4 | 0.00 x 109 (*) | 1.48 x 10~ | 0.00 x 10° | 0.00 x 10% | 0.00 x 10%
DIMACS5 1.09 x 107 [ 277 x 1072 [ 1.38 x 10799 [ 2.02 x 107 | 1.26 x 101!
DIMACS6 | 3.44 x 1075 [3.16 x 10712 | 8.54 x 10719 | 4.43 x 10798 | 1.82 x 1012
Time 58.04 75.02 76.42 32.32 48.98

Table 4.12: Performance measures; random instances; dual Slater’s CQ almost fails
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accuracy.

The next test is for the Lovasz theta function problem. We generate a random graph with
n = 100 nodes and the number of edges is approximately n(n—1)/4. According to [7, [[4], these are
the most difficult instances to solve. We first test the specialized version of the code and the special
block preconditioner that exploits the block structure of the problem. The tolerance is set to 10712
and we run the code with crossover for 100 random instances. The results for (TRSDwippiag) (With
multiple diagonal blocks) are shown in Table

Iteration | RelZXnorm Relmineig
Average | 1831 [ 4.85x 107" | 247 x 10713
Best 16.00 | 6.42 x 10717 | —1.28 x 10715
Worst 23.00 | 9.74x 10713 | —3.58 x 1071

Table 4.13: Accuracy measures for random Lovész theta function instances

We now select 10 hard instances in terms of number of iterations and compare the results using
other solvers including (SRSDpj,g) and (TRSDnpjag), both with crossover since all these instances
are well-conditioned. The results are in Tables EET4l and Similarly, 10 easy instances are

selected and the numerical results for these instances are shown in Table EET6l and EET1

SeDuMi CSDP SDPA SDPT3 (TRSDuMBDiag)

Tteration 21.00 17.10 16.00 22.60 21.00
RelZXnorm | 5.00 x 1079 | 1.56 x 10798 | 238 x 10797 | 1.73 x 10~ | 2.67 x 10714
Relmineig | 3.34 x 107 [ 7.09 x 1071 [ 349 x 10712 | 232 x 1078 | 6.74 x 107
DIMACS1 | 1.84 x 10711 [ 6.07 x 1071 [ 5.09 x 1071* [ 1.27 x 1071 | 1.25 x 10~16
DIMACS2 | 0.00 x 1099 | 0.00 x 1099 | 0.00 x 109 | 0.00 x 10%° 3.11 x 1071
DIMACS3 | 9.09 x 10716 [ 1.09 x 10797 [ 1.52 x 1071 | 887 x 1073 | 875 x 10~
DIMACS4 | 2.39 x 10713 [ 0.00 x 10°° | 0.00 x 10°° | 0.00 x 10% 4.82 x 10712
DIMACS5 | 9.09 x 10712 [ 4.44 x 10719 [ 9.61 x 10799 | 1.47 x 1073 | 592 x 10716
DIMACS6 | 9.93 x 1071 [ 2.10 x 10719 [ 9.61 x 10799 | 7.08 x 107" | 4.19 x 1016

Time 90.46 13.05 6.02 12.91 158.09

Table 4.14: Performance measures for hard random Lovédsz theta function instances

The final test we consider is to solve some instances in SDPLIB (see Borchers [2]). Since these
instances are considered hard instances, we use block diagonal preconditioner without crossover.
In addition, LSQR will be used instead of LSMR and one of the stopping criteria is when the
number of LSQR iterations reaches the maximum limit, (set to be 5n(n+ 1)). We run our code for
all instances with n < 100, which include the set of control, hinf, gpp, mcp, qap, theta, and truss
instances. We report the main performance measure relZXnorm, and in addition, the number of
iterations, and the total computational time. Table ([I8]) shows the results for the set of control
instances.

The hardness of the control instances is due to the failure of strict complementary slackness.
For well-conditioned problems, the (infeasible) starting points are set to be simply Xo = Zy = I.
This controls the initial value of . Since we start with an infeasible solution, we would like to
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(SRSDpjag) | (TRSDpiag) | (TRSDMBDiag)

Tteration 23.90 21.00 21.00
RelZXnorm | 5.62 x 10714 | 3.26 x 10~ | 2.67 x 10~™
Relmineig | 2.23 x 1072 [ 951 x 107 | 6.74 x 10713
DIMACS1 | 9.89 x 1017 | 1.11 x 10~ 16 1.25 x 10~16
DIMACS2 | 5.76 x 10~ | 4.46 x 10~ 3.11 x 1071°
DIMACS3 [ 1.89 x 107™ [ 871 x 10~ | 875 x 10~1°
DIMACS4 | 1.59 x 10~ | 6.80 x 10712 4.82 x 10712
DIMACS5 | 1.73x 107 | 1.87 x 107" | 5.92 x 10716
DIMACS6 | 1.75 x 107 | 1.85 x 107 | 4.19 x 10716

Time 214.99 126.74 158.09

Table 4.15:

Performance measures for hard random Lovéasz theta function instances

SeDuMi CSDP SDPA SDPT3 (TRSD\iBDiag)

Tteration 20.20 16.10 16.00 21.40 16.30
RelZXnorm | 7.34 x 1079 | 8.33 x 1079 | 9.61 x 10798 | 6.76 x 10~ | 2.18 x 10~ ™
Relmineig | 3.54 x 1071 [ 3.69 x 107 [ 1.97 x 1072 | 1.24 x 10717 | 5.36 x 10713
DIMACSL | 1.78 x 10711 [ 1.86 x 1071* [ 228 x 1071 | 1.85 x 10713 | 1.23 x 1016
DIMACS2 | 0.00 x 1099 | 0.00 x 109 | 0.00 x 10°° | 0.00 x 10%° 4.02 x 10715
DIMACS3 | 821 x 10716 [3.38x 107 [ 1.55 x 1071* | 1.61 x 1072 | 870 x 10~
DIMACS4 | 2.51 x 10713 | 0.00 x 1099 | 0.00 x 109 | 0.00 x 10%° 3.18 x 10712
DIMACS5 | 1.57 x 10711 [ 1.35 x 10710 | 528 x 10799 | 2.92 x 10~ 13 1.31 x 107
DIMACS6 | 1.13x 10713 [ 891 x 10711 [ 528 x 10799 | 1.88 x 10713 | 5.44 x 10~16

Time 88.95 13.09 6.01 12.37 63.43

Table 4.16: Performance measures for easy random Lovasz theta function instances

(SRSDpjag) | (TRSDpiag) | (TRSDMBDiag)

Tteration 20.00 16.30 16.30
RelZXnorm | 9.22 x 10717 | 3.03 x 10~ 14 2.18 x 10714
Relmineig | 3.41 x 1077 | 1.72 x 1072 | 5.36 x 10~ 13
DIMACS1 | 1.35 x 10716 | 1.23 x 10~16 1.23 x 10°16
DIMACS2 | 248 x 10717 | 1.71 x 107 | 4.02 x 10~1°
DIMACS3 | 1.74 x 107" | 856 x 10~ | 870 x 10~
DIMACS4 | 241 x 107 | 1.26 x 10~ 1 3.18 x 10712
DIMACS5 | 1.91 x 1016 | 2.13 x 10~1° 1.31 x 1071
DIMACS6 | 2.67x 10717 [ 1.34 x 10° | 5.44 x 10716

Time 96.39 47.34 63.43

Table 4.17:

Performance measures for easy random Lovasz theta function instances
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(SRSDgpiag) SeDuMi CSDP SDPA SDPT3

controll 7.19 x 10711 1.24 x 10794 1.15 x 10796 1.54 x 10794 3.72 x 1076
(36,3.23) (29,0.57) (20,0.15) (28,0.14) (22,0.84)

control? 6.50 x 10707 9.01 x 10704 2.86 x 10797 1.13 x 1079 3.07 x 107%
(37,37.12) (30,0.48) (23,0.19) (30,0.43) (21,0.72)

controld 1.80 x 1079 4.10 x 10703 2.26 x 10796 2.53 x 107% 3.96 x 10704
(37,374.44) (32,1.43) (24,1.07) (35,2.50) (21,1.32)

control) 4.84 x 107% 4.82 x 10703 2.03 x 1079 1.45 x 1079 7.67 x 1079
(35,1370.18) (33,1.83) (24,2.83) (37,8.90) (21,2.68)

2.73 x 1079 2.08 x 10792 2.03 x 10796 5.61 x 10794 1.36 x 10794
control5 | 38 5950.32) (34, 4.48) (25,5.36) (38,19.58) (22,5.25)

control6 9.67 x 1079 3.70 x 10702 1.75 x 10794 1.31 x 10793 3.58 x 10704
(38,18923.17) (38,9.77) (61,30.64) (41,51.02) (23,10.10)

Table 4.18: Performance measures for control instances

reduce the residuals to zero quickly and this can be done if the step size is close to 1 in the first few
iterations. The step size is determined by the positive definiteness of the current solution. If we
start with X = Zy = I for these control instances, the code does not converge since the step size
becomes smaller and smaller and the iterations are very close to the boundary of the semidefinite
cone. In order to remedy this situation, we start with larger starting solutions, Xog = Zg = ¢ 1,
where oy > 0 and € is the main tolerance. The above results are with these new starting points
with a9 = 0.25. We can see that (SRSDpgpiag) performs well as compared to the other solvers,
but it does not scale well in terms of problem size since the values of m are small compared to
n(n+1)/2.

The next instance is gpp100 and the results are show in Table We show additional perfor-
mance measures, DIMACS]1 (primal feasiblity), DIMACS3 (dual feasiblity), and DIMACS5 (duality
gap), and also the Frobenius norm of the dual optimal Z. For this instance, the Gauss-Newton
direction Ay is extremely large and so is the dual solution Z. The dual feasibility performance
measure therefore is reduced significantly. These issues can be explained by the fact that Slater’s
condition almost fails for the primal problem. According to the alternative theorem, Slater’s condi-
tion for the primal problem fails when there exists a dual solution y such that A*y = 0, y # 0, and
b’y = 0. If this is the case, if y* is an optimal dual solution, then y* + o is also an dual optimal
solution for all & > 0. Therefore, if Slater’s condition almost fails for the primal problem, the set of
(dual) optimal solutions can be very large, which can explain why Z has such an extremely large
magnitude. In the next version of the code, we will consider some preprocessing routines to detect
and resolve the issue of Slater’s condition for the primal problem.

The two following tables, Table and EE2T] are for hinf instances. These instances appear
to have both issues that we mentioned above: stagnanation due to small step sizes, and Slater’s
condition almost fails for the primal problem. Since these are small instances, we can check Slater’s
condition for the primal problem by minimizing |b'y| subject to A*y = 0 and the additional
constraint €’y = 1 to make sure that y # 0. The optimal values of these optimization problems are
in the first columns. We can see they are indeed very small except for hinf9 and hinf2 instances.
For these instances, we use oy = 0.1 for most of them.
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(SRSDgpiag) SeDuMi CSDP SDPA SDPT3
6.97 x 10792 1.94 x 10703 1.27 x 10793 9.20 x 1079 1.58 x 1076
9ep100- 1 41 9414.50) (31,2.20) (19,0.56) (22,0.76) (18,0.70)
DIMACS1 | 2.46 x 1071 1.86 x 1076 1.27 x 10798 4.80 x 10710 1.50 x 10799
DIMACS3 | 5.30 x 10798 2,99 x 1079 4.38 x 10710 1.01 x 10~ 1.12 x 1071
DIMACS5 | 7.94 x107% | —1.08 x 1079 | —8.60 x 10710 | 2.08 x 10797 | —2.05 x 10 %
1Z]| 6.51 x 1078 1.71 x 109 7.89 x 10%° 2.88 x 10% 6.22 x 1074
Table 4.19: Performance measures for gpp100 instance
(SRSDgpiag) SeDuMi CSDP SDPA SDPT3
hinf1 5.13 x 10792 1.70 x 10792 1.37 x 10703 6.46 x 10793 2.32 x 1072
1.90 x 10710 (33,1.38) (21,0.22) (19,0.04) (15,0.05) (13,0.24)
hinf2 1.92 x 10794 1.35 x 10792 2.74 x 1079 | 3.15 x 1079 1.86 x 10794
4.16 x 1079 (26,1.10) (17,0.13) (61,0.06) (15,0.05) (15,0.30)
hinf3 3.13 x 10701 2.89 x 10701 7.22 x 1070 1.41 x 10793 6.08 x 10704
1.29 x 10710 (29,1.35) (18,0.12) (61,0.08) (13,0.05) (20,0.36)
hinf/ 7.67 x 10703 1.10 x 10792 1.79 x 10794 8.95 x 10704 2.06 x 10794
2.47 x 1079 (45,1.69) (31,0.34) (17,0.04) (15,0.05) (21,0.37)
hinf5 1.17 x 10701 7.64 x 10701 1.34 x 10792 4.89 x 10793 7.57 x 10703
5.39 x 10710 (50, 1.55) (18,0.15) (61,0.09) (14,0.05) (22,0.37)
hinf6 7.18 x 10701 3.78 x 10791 1.09 x 10701 4.82 x 10791 5.13 x 10792
2.28 x 1079 (50, 1.32) (22,0.25) (61,0.09) (21,0.07) (21,0.36)
hinf7 6.78 x 10792 1.90 x 10%9 1.95 x 10703 2.74 x 100 2.23 x 1072
4.08 x 1079 (26,1.96) (19,0.14) (61,0.08) (9,0.04) (19,0.33)
hinf8 2.25 x 10701 3.74 x 10791 5.01 x 10793 1.29 x 10701 4.15 x 10793
8.92 x 10710 (35,2.84) (21,0.29) (61,0.08) (14,0.05) (21,0.37)

28

Table 4.20: Performance measures for the first eight hinf instances




(SRSDgpiag) SeDuMi CSDP SDPA SDPT3
hinf9 9.46 x 1079 5.28 x 10703 1.23 x 1079 2.40 x 10799 6.99 x 10704
1.53 x 10792 (29,1.42) (21,0.21) (61,0.06) (23,0.08) (22,0.38)
hinf10 3.06 x 10701 2.96 x 10701 6.27 x 10793 2.55 x 10701 8.13 x 10701
4.26 x 10~ 1 (50,9.25) (25,0.40) (61,0.07) (28,0.05) (23,0.45)
hinf11 2.61 x 10791 3.23 x 10791 7.00 x 1079 1.87 x 10792 2.00 x 10701
7.10 x 10711 (50,5.85) (25,0.40) (61,0.10) (43,0.12) (24,0.56)
hinf12 2.29 x 100 5.34 x 1090 1.02 x 10% 9.02 x 10% 1.32 x 10°1
2.92 x 10~ (50, 3.99) (38,0.36) (33,0.07) (28,0.26) (55,1.40)
hinf13 3.88 x 10 1.19 x 1091 1.15 x 1091 5.63 x 100 6.56 x 100
4.42 x 10798 (27,13.59) (15,0.99) (61,0.52) (12,0.20) (30, 1.48)
hinf14 4.93 x 10792 3.89 x 10702 1.55 x 10792 1.88 x 10701 8.18 x 10792
4.69 x 107 (46, 32.00) (23,1.50) (61,0.75) (15,0.22) (28,1.50)
hinf15 7.39 x 10%0 6.51 x 100 7.08 x 10701 7.25 x 10%0 2.06 x 107
3.16 x 10797 (27,47.83) (16,0.53) (61,0.90) (13,0.26) (27,1.28)

Table 4.21: Performance measures for the remaining seven hinf instances

The performance measure for the Z X norm is quite large for all these instances (for all solvers),
except for the hinf9 instance where Slater’s condition for the primal problem can be considered
to be satisfied. In order to compare more thorougly, we again look at DIMACS1, DIMACS3, and
DIMACSS5. The two hardest instances are hinf12 and hinf5, which have optimal values with only
one or two signigicant digits (see Borchers [2]). The next two tables, Table and EE23] show the
results for these two instances.

(SRSDgpiag) SeDuMi CSDP SDPA SDPT3
hinf12 2.29 x 10%0 5.34 x 10 1.02 x 10°1 9.02 x 10% 1.32 x 10%1
2.92 x 10~ (50, 3.99) (38,0.36) (33,0.07) (28,0.26) (55, 1.40)
DIMACS1 1.35 x 10710 | 440x1072 | 733x107% | 143 x107% | 230x 10~
DIMACS3 2.67x10797 | 126x 10797 | 266 x107% | 428 x 1079 | 6.24 x 1076
DIMACS5 —9.96 x 107 | =331 x 1079 | —3.08 x 10792 | —5.56 x 10792 | —1.34 x 10=%

Table 4.22: Performance measures for hinf12 instance

For the hinf12 instance, the large magnitude of Z makes all the solvers have negative duality
gap. This can be explained by the fact that the dual feasibility error measure is quite large for all
solvers due to the large magnitude of the dual solutions. If we accept the primal feasiblity error
in the order of 107, SeDuMi and SDPT3 give the primal objective values of —3.14 x 107% and
—5.45x 1079 respectively. Our code (SRSDgpiag) gives the best objective value of —2.65 x 10793,
For hinf5, it is clear that our code (SRSDgpiag) performs better than other solvers based on primal
and dual feasibility and duality gap. With both primal and dual feasibility in the order of 10719,
the primal and dual objective value are —3.62208 x 10°2 and —3.62218 x 1092, respectively, which
implies the optimal value is —3.6221 x 10°? with five significant digits.

For mep100, thetal, theta2, trussi, truss3, and truss4 instances, our code (SRSDgpjag) can get
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(SRSDgpiag) SeDuMi CSDP SDPA SDPT3
hinf5 1.17 x 10701 7.64 x 10701 1.34 x 10702 4.89 x 10793 7.57 x 10703
5.39 x 10710 (50, 1.55) (18,0.15) (61,0.09) (14,0.05) (22,0.37)
DIMACS1 3.66 x 10710 2.87 x 1079 1.35 x 1079 8.65 x 10~% 1.37 x 107"
DIMACS3 4.55 x 10710 1.66 x 10~ 12 1.11 x 10797 5.30 x 10799 4.00 x 1079
DIMACS5 131 x107% | —4.07x 1079 | =855 x 1079 | 5.20 x 1079 | —4.26 x 107"

Table 4.23: Performance measures for hinf5 instance

to 10~ for the relative ZX norm while all other solvers reach the order of 107%?. The remaining
test is for the set of gap instances. We again observe the issue of Slater’s condition for the primal
problem which causes the Gauss-Newton direction Ay (and the dual solution Z) to have extremely
large magnitude. Table shows the results for these instances. Except for gapd, the relative
Z X norm error measures obtained from our code (SRSDpgpi,g) are quite large. However, if we
consider primal and dual feasibility and duality gap, it performs as well as other solvers if not
better. For example, Table shows these results for qap7 instance. If we allow primal and dual
feasibility to be in the order of 107 and 107%, we obtain the primal and dual objective values
are 4.248199 x 10°2 and 4.248196 x 102 for our code (SRSDgDpiag), which has only one significant
digit less than reported in Borchers [2].

(SRSDgpiag) SeDuMi CSDP SDPA SDPT3
qap5 2.72 x 10708 2.58 x 107% 7.92 x 10707 2.84 x 1079 4.51 x 10710
4.43 x 10~ 1 (45,15.64) (12,0.31) (14,0.08) (12,0.05) (12,0.56)
qap6 8.70 x 10703 5.00 x 10793 3.27 x 107% 2.04 x 10702 9.07 x 10796
6.74 x 10711 (34,51.21) (25,0.97) (16,0.19) (17,0.15) (18,1.47)
qap7 7.37 x 10793 1.69 x 10793 1.11 x 1079 1.18 x 10792 1.26 x 1079
2.12 x 10710 (36, 322.15) (23,1.24) (16,0.43) (16,0.46) (18,2.56)
qap8 9.87 x 10703 2.53 x 10793 9.89 x 1076 8.93 x 10774 8.06 x 10~%
1.17 x 1079 | (40, 2859.53) (27,3.09) (16,0.98) (21,1.19) (17,1.32)
qap9 2.01 x 10793 1.10 x 10793 3.21 x 10796 2.56 x 10793 5.62 x 1079
1.79 x 1079 (40,7116.94) (26, 6.09) (17,1.82) (13,1.44) (18,4.13)
Table 4.24: Performance measures for gap instances
(SRSDgpiag) SeDuMi CSDP SDPA SDPT3
qap? 7.37 x 10703 1.69 x 10793 1.11 x 1079 1.18 x 10792 1.26 x 1079
2.12 x 10710 (36, 322.15) (23,1.24) (16,0.43) (16,0.46) (18,2.56)
DIMACS1 773 x 1071 1.62 x 10797 | 336 x 10710 1.29 x 10797 | 521 x 10707
DIMACS3 4.91 x 10798 2.36 x 10~ 13 1.70 x 10708 1.72 x 10711 3.21 x 10799
DIMACS5 4.56 x 10797 | —2.86 x 10797 | —3.37 x 107 | 1.90 x 107%% | —1.88 x 10~

Table 4.25: Performance measures for gap7 instance

30




4.2 Concluding Remarks

We have presented a robust algorithm for SDP that is based on a matrix free, inexact Gauss-
Newton method. The method takes advantage of well posedness as well as sparsity. Our numerical
tests indicate that we get a reduction in the number of iterations (though each is generally more
expensive) and an improvement in the accuracy of solutions, compared to current public domain
software.

Though our algorithm is currently not competitive with regard to total solution time, it can be
used in comparison testing of other algorithms since it provides high accuracy solutions. Further
work on efficient preconditioning, scaling of the initial starting points, and parallelization is needed
to make the algorithm more competitive.
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Index

Mat, Bl

X,

Z,H

vec, B

Q; =sMat(Q(:, 7)), B

w condition number,

sMat, @

svec, @l )

S| :=(5*)*.,8

GRSDgpiag, block diagonal preconditioner,
SRSDgpiag, block diagonal preconditioner,
SRSDnpjag, diagonal preconditioner, [A
SRSD,, no preconditioner, [d

TRSDpja,, diagonal preconditioner, 23
TRSDwBDiag, multiple diagonal block preconditioner,

adjoint linear transformation,

barrier parameter,
barrier parameter, u,

central path, Bl
CQ), constraint qualification,
crossover technique, [0

DIMACS performance measures, 211
DSDP,

Jacobian, J, H

local convergence theorem,
Lovész theta number, TN, [4]

optimal block diagonal preconditioner,
path following,
primal-dual optimality conditions,

primal-dual SDP,
PSDP,

Slater constraint qualification,

TN, Lovész theta number, [
triangular number, t(n) = n(n+1)/2,H
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