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ABSTRACT
We study Semidefinite Programming, SDP, relaxations for
Sensor Network Localization, SNL, with anchors and with
noisy distance information. The main point of the paper
is to view SNL as a (nearest) Euclidean Distance Matrix,
EDM , completion problem and to show the advantages
for using this latter, well studied model. We first show that
the current popular SDP relaxation is equivalent to known
relaxations in the literature for EDM completions. The ex-
istence of anchors in the problem is not special. The set of
anchors simply corresponds to a given fixed clique for the
graph of the EDM problem. We next propose a method of
projection when a large clique or a dense subgraph is iden-
tified in the underlying graph. This projection reduces the
size, and improves the stability, of the relaxation. In ad-
dition, the projection/reduction procedure can be repeated
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for other given cliques of sensors or for sets of sensors, where
many distances are known. Thus, further size reduction can
be obtained.

Categories and Subject Descriptors
G.1 [Numerical Analysis]: Optimization

General Terms
Theory
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1. INTRODUCTION
We study the sensor network localization problem, SNL ,

with anchors. The anchors have fixed known locations and
the sensor-sensor and sensor-anchor distances are known
(approximately) if they are within a given (radio) range.
The problem is to approximate the positions of all the sen-
sors, given that we have only this partial information on the
distances. We use semidefinite programming, SDP , relax-
ations to find approximate solutions to this problem.

In the last few years, there has been an increased in-
terest in the SNL problem with anchors. In particular,
SDP relaxations have been introduced that are specific to
the problem with anchors. In this paper we emphasize that
the existence of anchors is not special. The SNL problem
with anchors can be modelled as a (nearest) Euclidean Dis-
tance Matrix, EDM , completion problem, a well studied
problem. There is no advantage to considering the anchors
separately to other sensors. The only property that distin-
guishes the anchors is that the corresponding set of nodes



yields a clique in the graph. This results in the failure of the
Slater constraint qualification for the SDP relaxation. We
then show that we can take advantage of this liability. We
can find the smallest face of the SDP cone that contains
the feasible set and project the problem onto this face.

This projection technique yields an equivalent smaller di-
mensional problem, where the Slater constraint qualification
holds. Thus the problem size is reduced and the problem sta-
bility is improved. In addition, by treating the anchors this
way, we show that other cliques of sensors or dense parts
of the graph can similarly result in a reduction in the size
of the problem. In fact, not treating other cliques this way
can result in instability, due to loss of the Slater constraint
qualification.

The geometry of EDM has been extensively studied in
the literature, e.g. [12, 9] and more recently in [2, 1] and the
references therein. The latter two references studied algo-
rithms based on SDP formulations of the EDM completion
problem.

The formulation of the SNL problem as a least squares
approximation is presented in Section 2. We continue in
Section 3 with background, notation, including information
on the linear transformations used in the model. The SDP
relaxations are presented in Section 4. This section contains
the details for the two main contributions of the paper: i.e.
(i) the connection of SNL with EDM , and (ii) the pro-
jection technique for cliques and dense sets of sensors.

2. SNL PROBLEM FORMULATION
Let the n unknown (sensor) points be p1, p2, . . . , pn ∈ R

r,
r the embedding dimension; and let the m known (anchor)
points be a1, a2, . . . , am ∈ R

r. Let XT = [p1, p2, . . . , pn],
and AT = [a1, a2, . . . , am]. We identify ai with pn+i, for
i = 1, . . . , m, and sometimes treat these as unknowns. We
now define

P T :=
“
XT AT

”
. (2.1)

Note that we can always translate all the sensors and anchors
so that the anchors are centered at the origin, i.e. AT ←
AT − 1

m
AT eeT yields AT e = 0. We can then translate them

all back at the end. In addition, we assume that there are
a sufficient number of anchors so that the problem cannot
be realized in a smaller embedding dimension. Therefore, to
avoid some special trivial cases, we assume the following.

Assumption 2.1. The number of sensors and anchors,
and the embedding dimension satisfy

n >> m > r, AT e = 0, and A is full column rank.

Now define (Ne,Nu,Nl), respectively, to be the index sets
of specified (distance values, upper bounds, lower bounds),
respectively, of the distances dij between pairs of nodes from
{pi}n

1 (sensors); and let (Me,Mu,Ml), denote the same for
distances between a node from {pi}n

1 (sensor) and a node
from {ak}m

1 (anchor). Define (the partial Euclidean Dis-
tance Matrix) E with elements

Eij =

8<
:

d2
ij if ij ∈ Ne ∪Me

‖pi − pj‖2 = ‖ai−n − aj−n‖2 if i, j > n
0 otherwise.

The underlying graph is G = (V, E), with node set V =
{1, . . . , m + n} and edge set E = Ne ∪Me ∪ {ij : i, j > n}.

Note that the subgraph induced by the anchors (the nodes
with j > n) is complete, i.e. the set of anchors forms a clique
in the graph. Similarly, we define the matrix of (squared)
upper distance bounds Ub and the matrix of (squared) lower
distance bounds Lb for ij ∈ Nu ∪Mu and Nl ∪Ml, respec-
tively.

We minimize the weighted least squares error.

min f1(P ) := 1
2

X
(i,j)∈Ne

(Wp)ij(‖pi − pj‖2 − Eij)
2

+ 1
2

X
(i,k)∈Me

(Wpa)ik(‖pi − ak‖2 − Eik)2

 
+ 1

2

X
i,j>n

(Wa)ij(‖pi − pj‖2 − Eij)
2

!

s.t. ‖pi − pj‖2 ≤ Ub
ij ∀(i, j) ∈ Nu

“
nu = |Nu|

2

”
‖pi − ak‖2 ≤ Ub

ik ∀(i, k) ∈ Mu

“
mu = |Mu|

2

”
‖pi − pj‖2 ≥ Lb

ij ∀(i, j) ∈ Nl

“
nl = |Nl|

2

”
‖pi − ak‖2 ≥ Lb

ik ∀(i, k) ∈ Ml

“
ml = |Ml|

2

”
`‖pi − pj‖2 = Eij ∀i, j > n

´
.

(2.2)
This is a hard problem to solve due to the nonconvex objec-
tive and constraints. We again included the anchor-anchor
distances within brackets both in the objective and con-
straints. This is to emphasize that we could treat them with
large weights in the objective or as holding exactly without
error in the constraints.

3. DISTANCE GEOMETRY
The geometry for EDM has been studied in e.g. [18, 13,

14, 20], and more recently, in e.g. [2, 1]. Further theoretical
properties can be found in e.g. [3, 11, 13, 14, 16, 17, 18,
17]. Since we emphasize that the EDM theory can be used
to solve the SNL , we now include an overview of the tools
needed for EDM . In particular, we show the relationships
between EDM and SDP .

3.1 Linear Transformations and Adjoints
Related to EDM

We work in spaces of real matrices, Ms×t, equipped with
the trace inner-product 〈A, B〉 = trace AT B and induced
Frobenius norm ‖A‖2

F = trace AT A. For a given B ∈ Sn,
the space of n×n real symmetric matrices, the linear trans-
formation diag (B) ∈ R

n denotes the diagonal of B; for
v ∈ R

n, the adjoint linear transformation is the diagonal
matrix diag ∗(v) = Diag (v) ∈ Sn. We now define two linear
operators on Sn:

De(B) := diag (B) eT + e diag (B)T ,
K(B) := De(B) − 2B,

(3.3)

where e is the vector of ones. By abuse of notation we allow
De to act on R

n:

De(v) = veT + evT , v ∈ R
n.

The linear operator K maps the cone of positive semidefinite
matrices (denoted SDP ) onto the cone of Euclidean dis-
tance matrices (denoted EDM ), i.e. K(SDP ) = EDM .



Let B = PP T . Then

Dij = ‖pi − pj‖2

= (diag (B)eT + ediag (B)T − 2B)ij

= (K(B))ij ,

i.e. the EDM D = (Dij) and the points pi in P are related
by D = K(B), see (3.3). This allows us to change problem
EDMC into a SDP problem.

3.2 Properties of the K Transformation

Lemma 3.1. ([1]) Define the linear operator on Sn by

offDiag (S) = S − Diag (diag (S)).

Let J := I − 1
n
eeT . Then, the following holds.

• The nullspace N (K) equals the range R(De).

• The range R(K) equals the hollow subspace of Sn, de-
noted SH := {D ∈ Sn : diag (D) = 0}.

• The Moore-Penrose generalized inverse

K†(D) = −1

2
J (offDiag (D)) J.

4. SDP RELAXATIONS OF SNL BASED ON
EDM MODEL

We first study the SDP relaxation used in the recent se-
ries of papers on SNL , e.g. [6, 4, 19, 5, 15]. (See (4.5)
and Section 4.1.3 below.) This relaxation starts by treat-
ing the anchors distinct from the sensors. We use a dif-
ferent derivation and model the problem based on classical
EDM theory, and show its equivalence with the current
SDP relaxation.

4.1 Connections from Current SDP Relaxation
to EDM

Let Y = XXT . Then the current SDP relaxation for the
feasibility problem for SNL uses

Y 
 XXT , or equivalently, Zs =

„
Ir XT

X Y

«

 0. (4.4)

This is in combination with the constraints

trace

„
0

ei − ej

«„
0

ei − ej

«T

Zs = Eij , ∀ij ∈ Ne

trace

„−ak

ei

«„−ak

ei

«T

Zs = Eij , ∀ij ∈ Me, i < j = n + k.

(4.5)

4.1.1 Reformulation using Matrices
We use the matrix lifting or linearization Ȳ := PP T =„
XXT XAT

AXT AAT

«
and Z := [I; P ][I; P ]T =

„
I P T

P Ȳ

«
, where

P defined in (2.1). The dimensions are:

X ∈ Mn×r; A ∈ Mm×r; P ∈ M(m+n)×r;
Ȳ ∈ Sm+n; Z ∈ Sm+n+r.

Adding the hard quadratic constraint Ȳ = PP T allows us
to replace the quartic objective function in (2.2) with a
quadratic function. We can now reformulate SNL using
matrix notation to get the equivalent EDM problem

min f2(Ȳ ) := 1
2
‖W ◦ (K(Ȳ ) − E)‖2

F

s.t. gu(Ȳ ) := Hu ◦ (K(Ȳ ) − Ūb) ≤ 0
gl(Ȳ ) := Hl ◦ (K(Ȳ ) − L̄b) ≥ 0

Ȳ − PP T = 0`K(Ȳ )22 = K(AAT )
´
,

(4.6)
where W ∈ Sn+m is the weight matrix having a positive
ij-element if (i, j) ∈ Ne ∪Me ∪{(ij) : i, j > n}, 0 otherwise.
Hu, Hl are 0–1 matrices where the ij-th element equals 1 if
an upper (resp. lower) bound exists; and it is 0 otherwise.
We include in brackets the constraint corresponding to the
clique formed by the anchors.

Remark 4.1. The function f2(Ȳ ) = f2(PP T ), and it is
clear that f2(PP T ) = f1(P ) in (2.2). Note that the func-
tions f2, gu, gl act only on Ȳ and the locations of the an-
chors and sensors is completely hiding in the hard, noncon-
vex quadratic constraint Ȳ = PP T . The problem (4.6) is a
linear least squares problem with nonlinear constraints. The
objective function is generally underdetermined. This can
result in ill-conditioning problems, e.g. [10]. Therefore, re-
ducing the number of variables helps with stability.

4.1.2 SDP Relaxation of the Hard Quadratic
Constraint

We now consider the hard quadratic constraint in (4.6)

Ȳ =

„
Ȳ11 Ȳ T

21

Ȳ21 AAT

«
= PP T =

„
XXT XAT

AXT AAT

«
, (4.7)

where P is defined in (2.1). We study the standard current
semidefinite relaxation in (4.5) with (4.4), or equivalently
with Ȳ 
 PP T . We show that this is equivalent to the sim-
pler Ȳ 
 0. We include details on problems and weaknesses
with the relaxation. We first present a couple of lemmas,
starting with the following well known result.

Lemma 4.1. Suppose that the partitioned symmetric ma-

trix

„
Y11 Y T

21

Y21 AAT

«

 0. Then Y T

21 = XAT , with X =

Y T
21A(AT A)−1.

In the recent literature, e.g. [7, 6, 15], it is common prac-
tice to relax the hard constraint (4.7) to a tractable semidefi-
nite constraint, Ȳ 
 PP T , or equivalently, Ȳ11 
 XXT with
Ȳ21 = AXT . The following lemma presents several charac-
terizations for the resulting feasible set.

Lemma 4.2. Let P, Ȳ be partitioned as in (2.1),(4.7),

P =

„
P1

P2

«
, Ȳ =

„
Ȳ11 Ȳ T

21

Ȳ21 Ȳ22

«
.

Define the semidefinite relaxation of the hard quadratic con-
straint (4.7) as:

G(P, Ȳ ) := PP T − Ȳ � 0, Ȳ22 = AAT , P2 = A. (4.8)

By abuse of notation, we allow G to act on spaces of different
dimensions. Then we get the following equivalent represen-
tations of the corresponding feasible set FG.

FG =
n

(P, Ȳ ) : G(P, Ȳ ) � 0, Ȳ22 = AAT , P2 = A
o

(4.8a)



FG =

8<
:(P, Ȳ ) :

G(X, Y ) � 0, Ȳ11 = Y, Ȳ21 = AXT ,

Ȳ22 = AAT , P =

„
X
A

« 9=
;

(4.8b)

FG =

8>>>>>><
>>>>>>:

(P, Ȳ ) :

Z =

„
Z11 ZT

21

Z21 Z22

«

 0,

Ȳ =

„
In 0
0 A

«
Z

„
In 0
0 A

«T

,

Z22 = I, X = ZT
21, P =

„
X
A

«

9>>>>>>=
>>>>>>;

(4.8c)

FG =

8<
:(P, Ȳ ) :

Ȳ 
 0, Ȳ22 = AAT ,

X = Ȳ T
21A(AT A)−1, P =

„
X
A

« 9=
; (4.8d)

Moreover, the function G is convex in the Löwner (semidef-
inite) partial order; and the feasible set FG is a closed convex
set.

Proof. Recall that the cone of positive semidefinite ma-
trices is self-polar. Let Q 
 0 and φQ(P ) = trace QPP T .
Convexity of G follows from positive semidefiniteness of the
Hessian ∇2φQ(P ) = I ⊗ Q, where ⊗ denotes the Kronecker
product.

In addition,

0 
 G(P, Ȳ ) = PP T − Ȳ =

„
XXT − Ȳ11 XAT − Ȳ T

21

AXT − Ȳ21 0

«

holds if and only if

0 
 G(X, Ȳ11) = XXT − Ȳ11, and AXT − Ȳ21 = 0.

This shows the equivalence with (4.8b). A Schur comple-
ment argument, with Ȳ11 = Y , shows the equivalence with„

Y X
XT Ir

«

 0, i.e. with the set in (4.8c). The equivalence

with (4.8d) follows from Lemma 4.1.

Lemma 4.2 shows that we can treat the set of anchors
as a set of sensors for which all the distances are known,
i.e. the set of corresponding nodes is a clique. The fact that
we have a clique and the diagonal m × m block AAT in Ȳ
is rank deficient, r < m, means that the Slater constraint
qualification, Ȳ � 0, cannot hold. Therefore, we can project
onto the minimal cone containing the feasible set and thus
reduce the size of the problem, see Lemma 4.2, (4.8c), i.e.
the variable Ȳ ∈ Sn+m is reduced in size to Z ∈ Sn+r. The
reduction can be done by using any point in the relative inte-
rior of the minimal cone, e.g. any feasible point of maximum
rank. The representation in (4.8c) illustrates this.

4.1.3 Current SDP Relaxation using Projection onto
Minimal Cone

The above reduction to Y in Lemma 4.2, (4.8b), allows
us to use the smaller dimensional semidefinite constrained
variable

Zs =

„
I XT

X Y

«

 0 ∈ Sn+m, Ȳ11 = Y, Ȳ21 = AXT .

(4.13)
This is what is introduced in e.g. [6].

Remark 4.2. Note that the mapping Zs = Zs(X, Y ) :
Mn×r × Sn → Sn+r is not onto. This means that the Ja-
cobian of the optimality conditions cannot be full rank, i.e.
this formulation introduces instability into the model. A mi-
nor modification corrects this, i.e. the I constraint is added
explicitly:

Z =

„
Z11 ZT

21

Z21 Z22

«

 0, Z11 = I, Ȳ11 = Z22, Ȳ21 = AZT

21.

4.1.4 SDP Formulation Using EDM
The equivalent representations of the feasible set given

in Lemma 4.2, in particular by (4.8c), show that SNL is
an EDM problem D = K(Ȳ ), with the additional upper
and lower bound constraints as well as the block constraint
D22 = K(AAT ), or equivalently, Ȳ22 = AAT .

We can now obtain an equivalent relaxation for SNL by
using the EDM completion problem (4.6) and replacing
the hard quadratic constraint with the simpler semidefinite
constraint Ȳ 
 0. We then observe that the Slater con-
straint qualification (strict feasibility) fails. Therefore, we
can project onto the minimal cone, i.e. onto the minimal
face of the SDP cone that contains the feasible set; see [8,
2]. Let

UA =

„
In 0
0 A

«
. (4.14)

We get an SDP relaxation of (4.6):

min f3(Z) := 1
2
‖W ◦ (K(UAZUT

A ) − E)‖2

F

subject to Hu ◦ (K(UAZUT
A ) − Ub) ≤ 0

Hl ◦ (K(UAZUT
A ) − Lb) ≥ 0

Z22 = Ir

Z 
 0.
(4.15)

Remark 4.3. Note that we do not substitute the constraint
on Z22 into Z, but leave it explicit. Though this does not
change the feasible set, it does change the stability and the
dual.

4.2 Clique Reductions using Minimal Cone
Projection

Now suppose that we have another clique of p > r sensors
where the exact distances are known and are used as con-
straints. Then every feasible matrix Ȳ = PP T that has a
diagonal rank deficient p × p block, which implies that the
Slater constraint qualification fails again.

We now see that we can again take advantage of the loss
of the Slater constraint qualification.

Lemma 4.3. Suppose that the hypotheses and definitions
from Lemma 4.2 hold; and suppose that there exists a set of
sensors, without loss of generality Sc := {pt+1, . . . , pn}, so
that the distances ‖pi − pj‖ are known for all t + 1 ≤ i, j ≤
n; i.e. the graph of the partial EDM has two cliques, one
clique corresponding to the set of known anchors, and the
other to the set of sensors Sc. Let P, Ȳ be partitioned as

P =

0
@P1

P2

P3

1
A =

„
X
A

«
, Ȳ =

0
@Ȳ11 Ȳ T

21 Ȳ T
31

Ȳ21 Ȳ22 Ȳ T
32

Ȳ31 Ȳ32 Ȳ33

1
A = PP T ,

where Pi = Ai, i = 2, 3, and A3 = A corresponds to the
known anchors while P2 = A2 corresponds to the clique of



sensors and X =

„
P1

P2

«
corresponds to all the sensors. Let

the EDM , E = K(Ȳ ), be correspondingly blocked

E =

0
@E1 · ·

· E2 ·
· · E3

1
A ,

so that E3 = K(AAT ) are the anchor-anchor squared dis-
tances, and E2 = K(P2P

T
2 ) are the squared distances be-

tween the sensors in the set Sc. Let

B = K†(E2).

Then the following hold.

1. Be = 0 and

Ȳ22 = B + ȳ2e
T + eȳT

2 
 0,
for some ȳ2 ∈ R(B) + αe, α ≥ 0, with rank (Ȳ22) ≤ r.

(4.16)

2. The feasible set FG in Lemma 4.2 can be formulated
as

FG =

8<
:(P, Ȳ ) : Z =

0
@Z11 ZT

21 ZT
31

Z21 Z22 ZT
32

Z31 Z32 Z33

1
A 
 0,

Ȳ =

0
@It 0 0

0 U2 0
0 0 A

1
AZ

0
@It 0 0

0 U2 0
0 0 A

1
A

T

,

Z33 = Ir, X =

„
ZT

31

U2Z
T
32

«
, P =

„
X
A

«ff
,

(4.17)

where B̂ := B+2eeT =
`
U2 Ū2

´„D2 0
0 0

«`
U2 Ū2

´T
is the orthogonal diagonalization of B̂, with D2 ∈ Sr2

+ ,
r2 ≤ r + 1.

Proof. We proceed just as we did in Lemma 4.2, i.e.
we reduce the problem by projecting onto a smaller face in
order to obtain the Slater constraint qualification.

The equation for Ȳ22 for some ȳ2, given in (4.16), follows
from the nullspace characterization in Lemma 3.1. More-
over, Ȳ22 = P2P

T
2 implies that rank (Y22) ≤ r, the embed-

ding dimension. And, Ȳ22 
 0, Be = 0 implies the inclusion
ȳ2 ∈ R(B) + αe, α ≥ 0. Moreover, we can shift P̄ T

2 =
P T

2 − 1
n−t

(P T
2 e)eT . Then for B = P̄2P̄

T
2 , we get Be = 0, i.e.

this satisfies B = K†(E2) and rank (B) ≤ r. Therefore, for
any Y = B + yeT + eyT 
 0, we must have y = αe, α ≥ 0.
Therefore, B̂ has the maximum rank, at most r + 1, among
all feasible matrices of the form 0 � Y ∈ B + N (K). B̂
determines the smallest face containing all such feasible Y .

Define the linear transformation H : R
n−t → Sn−t by

H(y) = Ȳ22 + yeT + eyT . Let L := Ȳ22 + R(De) and Fe

denote the smallest face of Sn−t
+ that contains L. Since B̂

is a feasible point of maximum rank, we get

B̂ = B + De(ŷ2) ∈ (L ∩ relintFe) .

Thus, we have

Fe = {U2ZUT
2 : Z ∈ Sr2

+ }
= {Y ∈ Sn−t

+ : trace Y (Ū2Ū
T
2 ) = 0}.

Finally, we expand0
@Ȳ11 Ȳ T

21 Ȳ T
31

Ȳ21 Ȳ22 Ȳ T
32

Ȳ31 Ȳ32 Ȳ33

1
A

=

0
@It 0 0

0 U2 0
0 0 A

1
A
0
@Z11 ZT

21 ZT
31

Z21 Z22 ZT
32

Z31 Z32 Ir

1
A
0
@It 0 0

0 U2 0
0 0 A

1
A

T

=

0
@ Z11 ZT

21U
T
2 ZT

31A
T

U2Z21 U2Z22U
T
2 U2Z

T
32A

T

AZ31 AZ32U
T
2 AAT

1
A .

We can apply Lemma 4.3 to further reduce the SDP
relaxation. Suppose there are a group of sensors for which
pairwise distances are all known. Without loss of generality,
we assume the of sensors to be {pt+1, . . . , pn}. Let E2, B =
K†(E2), and U2, be found using Lemma 4.3 and denote

U2A :=

0
@In 0 0

0 U2 0
0 0 A

1
A , (4.18)

In (4.15), we can replace UA with U2A and reach a reduced
SDP formulation. Furthermore, we may generalize to the
k clique cases for any positive integer k. We similarly define
each Ui, 2 ≤ i ≤ k, and define

UkA =

0
BBBBB@

In 0 · · · 0 0
0 U2 · · · 0 0
...

...
. . .

...
...

0 0 · · · Uk 0
0 0 · · · 0 A

1
CCCCCA , (4.19)

Then we can formulate a reduced SDP for k cliques:

min f4(Z) := 1
2
‖W ◦ (K(UkAZUT

kA) − E)‖2

F

s.t. Hu ◦ (K(UkAZUT
kA) − Ub) ≤ 0

Hl ◦ (K(UkAZUT
kA) − Lb) ≥ 0

Zkk = Ir

Z 
 0

(4.20)

where Zkk is the last r by r diagonal block of Z.
For a clique with re sensors, a Ui is constructed with re

rows and at most r+1 columns. This implies the dimension
of Z has been reduced by re − r − 1. So if r = 2, cliques
larger than a triangle help reduce the dimension of Z.

5. CONCLUDING REMARKS
In this paper, we have analyzed the well known SNL

problem from a new perspective. By considering the set
of anchors as a clique in the underlying graph, the SNL
problem can be studied using traditional EDM theory. Our
main contributions follow from this EDM approach:

1. The Slater constraint qualification can fail for cliques
and/or dense subgraphs in the underlying graph. If
this happens, then we can project the feasible set of the
SDP relaxation to the minimal cone. This projection
improves the stability and can also reduce the size of
the SDP significantly.



2. We used the �2 norm formulation instead of the �1
norm. This is a better fit for the data that we used.
However, the quadratic objective makes the problem
more difficult to solve.

6. REFERENCES
[1] S. AL-HOMIDAN and H. WOLKOWICZ.

Approximate and exact completion problems for
Euclidean distance matrices using semidefinite
programming. Linear Algebra Appl., 406:109–141,
2005.

[2] A. ALFAKIH, A. KHANDANI, and
H. WOLKOWICZ. Solving Euclidean distance matrix
completion problems via semidefinite programming.
Comput. Optim. Appl., 12(1-3):13–30, 1999.
Computational optimization—a tribute to Olvi
Mangasarian, Part I.

[3] M. BAKONYI and C. R. JOHNSON. The Euclidean
distance matrix completion problem. SIAM J. Matrix
Anal. Appl., 16(2):646–654, 1995.

[4] P. BISWAS, T. LIANG, K. TOH, T. WANG, and
Y. YE. Semidefinite programming approaches for
sensor network localization with noisy distance
measurements. IEEE Transactions on Automation
Science and Engineering, 2006. To appear.

[5] P. BISWAS, T. LIANG, K. TOH, and Y. YE. An SDP
based approach for anchor-free 3D graph realization.
Technical report, Operation Research, Stanford
University, Stanford, CA, 2005.

[6] P. BISWAS and Y. YE. Semidefinite programming for
ad hoc wireless sensor network localization. In
Information Processing In Sensor Networks,
Proceedings of the third international symposium on
Information processing in sensor networks, pages
46–54, Berkeley, Calif., 2004.

[7] P. BISWAS and Y. YE. A distributed method for
solving semidefinite programs arising from ad hoc
wireless sensor network localization. In Multiscale
optimization methods and applications, volume 82 of
Nonconvex Optim. Appl., pages 69–84. Springer, New
York, 2006.

[8] J. BORWEIN and H. WOLKOWICZ. Facial reduction
for a cone-convex programming problem. J. Austral.
Math. Soc. Ser. A, 30(3):369–380, 1980/81.

[9] G. M. CRIPPEN and T. F. HAVEL. Distance
geometry and molecular conformation. Research
Studies Press Ltd., Letchworth, 1988.

[10] J. ERIKSSON and M. GULLIKSSON. Local results
for the Gauss-Newton method on constrained
rank-deficient nonlinear least squares. Math. Comp.,
73(248):1865–1883 (electronic), 2004.

[11] R. FAREBROTHER. Three theorems with
applications to Euclidean distance matrices. Linear
Algebra Appl., 95:11–16, 1987.

[12] J. GOWER. Properties of Euclidean and
non-Euclidean distance matrices. Linear Algebra
Appl., 67:81–97, 1985.

[13] J. C. GOWER. Properties of Euclidean and
non-Euclidean distance matrices. Linear Algebra
Appl., 67:81–97, 1985.

[14] T. HAYDEN, J. WELLS, W.-M. LIU, and
P. TARAZAGA. The cone of distance matrices.
144:153–169, 1991.

[15] H. JIN. Scalable Sensor Localization Algorithms for
Wireless Sensor Networks. PhD thesis, Toronto
University, Toronto, Ontario, Canada, 2005.

[16] C. JOHNSON and P. TARAZAGA. Connections
between the real positive semidefinite and distance
matrix completion problems. Linear Algebra Appl.,
223/224:375–391, 1995. Special issue honoring
Miroslav Fiedler and Vlastimil Pták.

[17] M. LAURENT. A tour d’horizon on positive
semidefinite and Euclidean distance matrix completion
problems. In Topics in Semidefinite and Interior-Point
Methods, volume 18 of The Fields Institute for
Research in Mathematical Sciences, Communications
Series, pages 51–76, Providence, Rhode Island, 1998.
American Mathematical Society.

[18] I. SCHOENBERG. Remarks to Maurice Frechet’s
article: Sur la definition axiomatique d’une classe
d’espaces vectoriels distancies applicables
vectoriellement sur l’espace de Hilbert. Ann. Math.,
36:724–732, 1935.

[19] A. SO and Y. YE. Theory of semidefinite
programming for sensor network localization. Math.
Programming, to appear, 2006.

[20] W. TORGERSON. Multidimensional scaling. I.
Theory and method. Psychometrika, 17:401–419, 1952.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


