A Theorem on Fourier coefficients

Theorem. Let f in L(T) be such that
o [ is piecewise differentiable, i.e. f is differentiable on [—m, | except on a finite set of points,
o [/ (defined a.e.) is integrable: || f'|li = 5= ["_|f'| < oo, and
o [ is bounded, i.e. || f|loo < 00.

Then supycy |kek(f)] < oo.

Proof. We let —m = 51 < -+ < s < Sm41 = 7 contain the points at which f fails to be
differentiable. Then for any n in N we have
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Thus, given € > 0, let n be so that % < max;—q,., (SJ+1 - 3]) and % <e.

We remark that f(t) = limy, . n[f(t + 2) — f(t)] on its domain, so f’ is measurable. Also
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on the domain of f’. Hence, with our choice of n above, using first (1) then (f) and FTofC we have
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Since € can be choosen arbitrarily, we see that |kcg(f)] < [[f/|l1 + 2| f]loo < 0. O

Notice that this proof is the usual “divide and conquor” argument for estimating integrals.
Similar arguments were seen in the proofs of the Abstract Summability Kernel Theorem, Fejer’s
Theorem, the Localiasation Principle and Dini’s Theorem. Seems like a pretty good technique!

We recall that the condition supyez |kcg(f)| < oo was the main assumed condition of Hardy’s
Tauberian Theorem. Hence we see that
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In fact on any closed subinterval J of (JIL, (s, sj+1) we have uniform convergence on .J, i.e.

lim sup [sp(f,t) — f(t)| = 0.
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