Distribution of the number of spanning regular subgraphs in
random graphs

Pu Gao*
Max-Planck-Institut fir Informatik
janegao@mpi-inf.mpg.de

Abstract

In this paper, we examine the moments of the number of d-factors in G(n, p) for all p and d
satisfying d® = o(p?n). We also determine the limiting distribution of the number of d-factors
inside this range with further restriction that (1 — p)vdn — oo as n — oo.

1 Introduction

Studies of subgraphs in random graph spaces are one of the areas of major interest in random graph
theory. In the fundamental work [4] by Erdés and Rényi, various types of subgraphs, for instance,
trees and cycles of certain sizes, and general subgraphs of certain sizes or densities, are studied. A
general approach of determining the limiting distribution of subgraphs of fixed sizes in the binomial
model G(n,p) is investigated in [14, 15] by Rucinski, whereas the distributions of certain counts
of some types of subgraphs, also with fixed sizes, in the random d-regular graph space G(n,d) are
studied by Z. Gao and Wormald [5].

However, studying the distribution of subgraphs with larger size, in particular, the spanning
subgraphs, is much more difficult and there is no general approach. The commonly studied spanning
subgraphs include Hamilton cycles and spanning d-regular graphs (d-factors). In the binomial model
G(n,p) where p = Q(lnn/n), even though the expected number of Hamilton cycles (or perfect
matchings) grows fast as a function of n, it was unknown for a long time whether a Hamilton cycle
exists or not until the breakthrough by Pésa [13]. The result was further strengthened by Komlds
and Szemerédi [10] and Bollobds [2, pp. 239, Theorem 15]. The existence of a d-factor in G(n,p)
was investigated by Shamir and Upfal [18]. However, the distributions of the number of Hamilton
cycles and d-factors are not of usual types and have strong tails. These random variables have large
deviation (comparable to their expectation) whereas they are positive asymptotically almost surely
by the existence results for sufficiently large p.

The first breakthrough in determining the limiting distribution of spanning subgraphs is credited
to Robinson and Wormald’s work [16, 17] on showing that almost all regular graphs are Hamilto-
nian, using the small subgraph conditioning method. However, the distribution of the Hamilton
cycle counts in the random d-regular graph model G(n, d) was not clearly revealed in that paper. Its
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limiting distribution was first sorted out by Janson [7], which according to the author, is implicitly
hidden in the proof of Robinson and Wormald in [16, 17]. The limiting distribution is very unusual.
It can be expressed as the distribution of a variable whose logarithm is a linear combination of in-
finitely many independent Poisson variables. Janson [8] also determined the log-normal distribution
of the number of spanning trees, Hamilton cycles and 1-factors in G(n,p) by conditioning on the
number of edges. The proof used the decomposition and projection methods [9].

In this paper, we study the moments and the limiting distribution of X,, 4, the number of d-
factors in G(n, p). We prove that the distribution is asymptotically log-normal for a wide range of p
and d, via a completely different approach than in [8]. Indeed, we will apply the switching method
which allows us to estimate sharply the k-th moment of X,, 4 for all £ not growing too fast with
n. As we will discuss in Section 2, the k-th moment of the scaled variable X, 4/EX,, 4 grows so
fast as a function of k that the distribution cannot be uniquely determined by its (finite) moments.
However, the moment estimates coupled with the Z. Gao-Wormald theorem [6] enable us to prove
the limiting normality of X,, 4 in the particular case when d?(1 — p) = o(1), where the standard
deviation is relatively small compared to EX,, 4. To prove log-normality of X,, 4 in the other case
where liminf, .., d?(1 — p) > 0, we condition on the number of edges Y,, in G(n,p) and establish
the concentration of X, 4 in the random graph G(n, m) by the method of the second moment, and
then use the limiting normality of Y,.

Let g(n,d) denote the number of graphs on n vertices with degree sequence d. In particular,
let g(n,d) denote the number of d-regular graphs on n vertices. The following result is known from
McKay [11].

Theorem 1.1 Assume d = o(n'/3). Then

(dn)! d*—1
g(n,d) ~ 24n/2(dn /2)\(dl)" FOXP (_ 4 ) '

The restriction of d was further relaxed by McKay and Wormald in [12]. Clearly EX, ; =
g(n,d)p™/%. However, calculating the second moment of Xp.q is not trivial. We need to count
the number of pairs of d-regular graphs (M, M5), both on the same vertex set [n], according to
how the edge sets in M; and M, intersect. Brute-force counting is difficult for general d and high
moments. In this paper, we use the switching method, which is surprisingly powerful in calculating
the moments. This method was first introduced by McKay [11] to evaluate g(n,d). In this paper
the switchings are used in a different way but the basic ideas are the same.

2 Main results

Recall that G(n,p) denotes the probability space of random graphs on n vertices, in which each
edge between a pair of vertices occurs independently with probability p. Recall also that g(n,d)
denotes the number of d-regular graphs on n vertices and X, 4 denotes the number of d-factors in
G € G(n,p). Here both p = p(n) and d = d(n) are sequences indexed by n and we drop n from the
notation when there is no confusion. Define

d?(1 —
Hn,d = g(n7 d)pdn/27 ﬁn,d = exp <%) . (21)



In this paper, all the asymptotic notations refer to n — co. We say f(n, k) ~ g(n, k) uniformly
for all k£ (in certain range) if there exists a sequence, (a,) with a,, > 0 and a,, — 0 as n — oo such
that [f(n,k)/g(n, k) — 1| < a, for all k and n. We define uniform convergence in a similar way.
For a random variable Y, we let EY = E,(Y") denote the expectation of Y in G(n,p). We normally
drop p from the notation but we use it if we need to emphasise the value of p. We will prove the
following.

Theorem 2.1 Assume d* = o(p*n). Then in G(n,p),
E(X7 ) ~ BuaE(Xna)*.

Moreover, for any 0 < a < 7/8,

k
E(x!,) ~ BEB(X, )¢ = ( &%) g,

uniformly for all positive integers k such that k*d® = o(p*n) and (7/4 — 2a)Inn + klnp — oo as
n — oo.

We note here that the above theorem is likely to be true without the condition (7/4 — 2a) Inn+
kInp — oo, and it is possible to weaken or remove this condition by a more careful analysis in the
proof of Lemma 3.7 in Section 3. Since the current version is already strong enough to prove our
main results on the d-factor distributions, we do not make a further effort to extend the theorem
for a larger range of k. The proof of the theorem immediately yields the following proposition.

Proposition 2.2 For any integer k such that k*d® = o(n), the number of ordered k-tuples of
pairwise disjoint d-factors in K, is asymptotically g(n,d)* exp (—(g) d2/2).

n
as n — oo. Consider the case that 8 = lim,,_., 3,4 exists and 8 > 1. Let W denote the random

variable with log-normal distribution with parameters y = 0 and ¢ = In 3, i.e. In W is distributed
as N(0,In 3), the normal distribution with expectation 0 and variance In 3. It is easy to check
that EW* = 8¥°/2 for every fixed integer k > 0. However, since the log-normal distribution is not
uniquely determined by its moments, we can not claim that W, 4 — W in distribution, not even
the existence of the limit. Indeed, we will determine the limiting distribution of W, 4 (as below in
Theorem 2.5), using a different approach than calculating the moments. For more details on the
moment problem, readers can refer to [1, Theorem 30.1,30.2].

However, for a certain range of p where lim,,_,o, 3,4 = 1, we are able to determine the limiting
distribution of X, 4 using Theorem 2.1.

Let Wy.a = Xo.av/Bn.d/ tn.a- Theorem 2.1 implies that for any fixed integer & > 0, EW,’f’d — 6k;/2

Theorem 2.3 Assume that d*(1 — p) = o(1) and (1 — p)vV/dn — oo as n — oo. Let

)\n,d = ﬂn,d/ V ﬁn,d
Ond = Anady/(1—p)/2p.

Then (Xpn.a — And)/0na converges in distribution to the standard normal as n — 0.



Contrary to the large deviation of X, 4 in G(n,p), this random variable is concentrated around
its expectation in G(n, m).

Theorem 2.4 Consider the random graph G(n,m). Let N = (g) and p=m/N. Define

fina = g(n, d) (Z _ ZZ;Z) / (Z)

Assume d® = o(p*n). Then in G(n,m), we have EX, 4 = finq and
Xn,d/,an,d i L
as n — oo.

Using Theorem 2.4, we can prove the following main theorem which considers the case that the
assumption d?(1 — p) = o(1) in Theorem 2.3 is not satisfied.

Theorem 2.5 Consider the random graph G(n,p). Assume d® = o(p?n) and liminf, ., d*(n)(1 —
p(n)) > 0. Define

And = Hnd/\ Bnds

Sn,d = lnﬁn,d = d2(1 - p)/2p

Then In(X. ;/\
I (Xoa/An,a) L N(0,1), asn — co.
v/ Sn,d
3 Proofs

We first prove Theorem 2.3 assuming Theorem 2.1. We use the following theorem from Z. Gao and
Wormald [6] to show normality.

Theorem 3.1 Assume (y)n>1 and (0,)n>1 are sequences of reals such that o, /i, — 0 as n — oo.
Suppose that f(n) > 0 is a sequence of functions with f(n) — 0 as n — oo and (Xp)p>1 is a
sequence of random wvariables such that for some constants ¢ > ¢ > 0, for every n and for all
integers k in the range R, ==k € Z: cunfon, <k < p,/on},

ko2
k k n
BXE = (14 Sl kb onw (5.2 ).

for some f(n,k) with |f(n, k)| < f(n) for all k € R, and for all n. Then (X,, — w,)/on, converges
in distribution to the standard normal as n — oo.

Proof of Theorem 2.3. Apply Theorem 3.1 with X,, = X,, 4, tt, = Mg and 0, = 05, 4. In order
to show that (X, 4 — A4)/0nq converges to the standard normal, we only need to check that all



the hypotheses of Theorem 3.1 hold. Let ¢ = 1 — p. Since d?q = o(1) and ¢vdn — oo as n — oo,
we have (3, 4 — 1. We also have 0, 4/\.a = d\/q/2p = O(1/d?q) = o(1). Lastly, since

Mid _ (g /a72) ™ = O((dya) ),

On,d

the theorem is proved by showing that uniformly for all integers k < (d\/q) ",
EXS,d ~ AZ,d eXp(k’QUZ,d/Q)\%,d)- (3.1)

Since d?q = o(1) and qv/dn — oo as n — oo, we have p = Q(1) and /d?/n = o(d*q) = o(1), which
implies d* = o(p*n). Also, for all k < (d\/q)~", we have k'd® = o(p°n) and

Inn+kIn(l —¢) =Inn —O(kq) =Inn — O(\/q/d) — oo,

as n — co. Hence Theorem 2.1 with o = 3/8 implies that (3.1) holds for all £ < (d\/q)~'. 1

In order to prove Theorem 2.1, we need to compute the expected number of k-tuples (M, ..., My),
where each M; is a d-factor of G(n,p). To illustrate the idea of the proof, we first compute the
second moment (k = 2).

Let Fy(¢) denote the class of ordered pairs of graphs (M, M), where M; and M, are both
d-regular graphs on n vertices on the same vertex set [n] and share exactly ¢ common edges. Hence
the number of edges in each graph in Fy(¢) is dn—{. Let fy(¢) = |Fy(¢)|. We first show the following
lemma.

Lemma 3.2 Let « = 1/10. For all1 < ¢ < (1 —«)dn/2,

fa(0) d?
P ﬂ(l +O(l/dn + d/n)).

Proof. We define two types of switchings.

s-switching: Take an edge x that is contained in both M; and M. Label the end vertices of z
as ug and uj. Then take an edge y such that y € M; \ M, and label the end vertices of y as u; and
u). Then take an edge z € My \ M; and label its end vertices as uz and uj. An s-switching replaces
x and y by {uy,us} and {u),us} in My and replaces = and z by {u2,us3} and {u), uj} in My. An
s-switching is applicable on the chosen triple {x,y, 2} with the given labeling, only if

(a) all six vertices u; and ) for i = 1,2, 3 are distinct;

(b) all of {uy,us}, {u}, ub}, {ug, us}, {u), us} are not in M; U Mo.

inverse s-switching: Choose a pair of directed 2-paths (uq,us,us) and (u},us, us) such that
{uy, uo},{uf,ub} € My \ My and {us,us}, {ub,us} € My \ M;. The inverse s-switching replaces
{uy,us} and {u),ub} by {us,u)} and {ug,uy} in M; and replaces {us, us} and {u), ut} by {us, u)}
and {us,u} in Ms. The s-switching is applicable on the chosen pair of directed paths only if

(a”) all vertices uq, ug, ug, u}, uh, uy are distinct;

(b’) none of {uy,u}}, {uz, uy} and {ug, u4y} are contained in M; U M.



® —eo - -0
' I —
y 1 X 1Z <
é —+o -9
u; u, U U, U,  Us

Figure 1: s-switching and its inverse

An example of the s-switching and its inverse is shown in Figure 1 where the solid lines denote
edges in M; and the dashed lines denote edges in M.

For any g € F,;({), an s-switching converts g into a graph in Fy(¢ —1). For each such g, let N(g)
denote the number of ways to choose the three edges z, y and z and to label their end vertices so
that an s-switching can be applied. There are ¢ ways to choose x and two ways to label its end
vertices. For any chosen z, the number of ways to choose y (or z) is dn/2 — ¢ — O(d?*), where the
term ¢ + O(d?) counts all edges in M; N M, and all choices of y such that z and y are adjacent or
uy, ug are adjacent or uf, uj are adjacent. For each chosen y (or z), there are two ways to label its
end vertices.

N(g) = 86((dn/2 — 0+ O0(d)? + 0(d2n>) = 2dPn2(1 + O((/dn + d/n)),

where the error term O(d?n) acounts for the case when y and z are adjacent. On the other hand,
for any ¢’ € Fy(¢—1), an inverse s-switching converts ¢’ into a graph in Fy(¢). Let N'(¢') denote the
number of ways to choose the two directed 2-paths so that an inverse s-switching can be applied.
Every vertex is incident with d edges in M; and another d edges in M,, and so the number of directed
2-paths (uy,ug, u3) with {ui,us} € My and {us, u3} € My is approximately d*n. The only miscount
occurs when the vertex us is incident with an edge in MNM,. Hence N'(¢') = (d?n)*+O(d°n+d*nf),
where the error term O(d®n) accounts for all miscounts that violate constraints (a’) and (b’) while
the error term O(d®nf) accounts for the case that one of the two paths contains an edge in M; N Mo.
glearly, > geryoy N(9) = 2 yery@w1y N'(¢'). Moreover, for any ¢ < (1 —a)dn/2, dn/2 —{ = Q(dn).
0O,
fall) (d*n)? + O(d*n + d®nl) d?

fa(t —=1) 8€<(dn/2—€+O(d2))2+0(d2n)> - ﬂ(

1+0{/dn+d/n)). 1
Lemma 3.3 Let t > 0 be an integer. For any d = o(n'/®) and any degree sequence d such that
dn =327 di =t, g(n,d) < g(n,d)n~" exp(O(dn)).

Proof. The asymptotic value of g(n,d) was given in Theorem 1.1, whereas the asymptotic value
of g(n,d) was also given in [11]. But here we only use a crude upper bound as follows. For any
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degree sequence d with M = """ | d; being even,

M)
90 d) S S T it
For any real z > 0, define z! = HZL_I(;U — ). Since [[, d;! > ((M/n)!)", we have
M!
oo ) = SR
Thus,
g(n,d) _ (dn—1t)! d! " o tex N
< P () eplOt) =i exp(O(an).

Lemma 3.4 Let o =1/10 and let t, = 3" 14y gnjo [(£). Then In(t,/g(n,d)?) < —(1—a)dnlnn+
O(dn).

Proof. We count the number of (M;, My) such that both M; and M, are d-regular graphs on [n]
and they share at least (1 — a)dn/2 edges. There are g(n,d) ways to choose M;. Given any Mj,
there are at most 29%/2 ways to choose a set T of shared edges. Given any such T, the number of
ways to choose My such that T C M, is at most g(n, d)n~27 exp(O(dn)) by Lemma 3.3. Therefore,

tn < g(n,d)?29 2~ 0=2" exp(O(dn)) = g(n,d)*n= =" exp(O(dn)). 1
Lemma 3.5 Assume d® = o(p*n). Then Ey(X? ;) ~ Bnatts q-
Proof. As explained before, every graph in Fy({¢) contains dn — ¢ edges. So
dn/2 dn/2
2 dn—~¢ fd(g)
B0 = 3o g =3 0
By Lemma 3.2, for any 1 < ¢ < (9/10)dn/2,

Pt fa(0) d? 4
PO (0 1) 2pl

+O(l/dn + d/n)).

Hence, for any function w(n) that tends to infinity arbitrarily slowly as n tends to infinity, we have

pt fal)
p~ED fa(l = 1)

for all d*w(n)/p < ¢ < (9/10)dn/2. On the other hand,

= o(1),

dn/2 f(£>
P > 2 < g(n,d)*n MO exp(O(dn)),
£=(9/10)dn /2 p



by Lemma 3.4. Thus,

Ld w(n)/p|

B(X) ~ Y fd (g(n, dy>n= 9" exy(O(dn))
Lde(n)/p dgl
= p™f.(0) Z (L4 0(i(ifdn +d/n))) + O(g(n. d)2n /194" 631 (O(dn)))

_ dn 2 dtw(n)® = dw(n)
= p™ £4(0) exp(d®/2p) (1 +0 ( p2dn pn

)) + O(g(n, d)2n_(9/10)d” exp(O(dn))).

Since d® = o(p*n), we have
E, (X} ) ~ p™ f4(0) exp(d®/2p) + O(g(n, d)*n~ 1% exp(O(dn))). (3.2)
In particular, (3.2) holds for p = 1. Thus,
Ei (X)) ~ fa(0) exp(d®/2) + O(g(n, d)*n~ 1% exp(O(dn))) = fa(0) exp(d®/2) + o(g(n, d)?).

However, E1(X? ;) = X7 ; = g(n,d)*. Hence,

f4(0) ~ g(n, d)* exp(—d?/2).
Combining with (3.2), we have
E, (X} ) ~ p™g(n,d)” exp(—d®/2 + d*/2p) + O(g(n, d)*n~ 10" exp(O(dn))) ~ Bnapis 4

since n~ /104 exp(O(dn)) = o(p™). I
It follows right away that when d?(1—p) = o(1), the number of d-factors in G(n, p) is concentrated
around its expectation.

Corollary 3.6 Assume d*(1 —p) = o(1). Then for any ¢ > 0,

Pgnp) (| Xnd — pindl > €pina) = o(1).

Proof. By the definition of 3, 4 in (2.1), 8,4 = 1+0(1) when d*(1—p) = o(1). Hence the corollary
follows by Lemma 3.5 and Chebyshev’s inequality. 1

Now we extend the proof of Lemma 3.2 and 3.5 to show Theorem 2.1. We count the number
of k-tuples M = (M, ..., My), where each M; is a d-regular graph on the same vertex set [n].
Let H = (h;;)ij<x be a matrix and let Fly denote the set of M such that the number of edges
in M; that are shared by exactly j of the & graphs from M is h;;. For each 1 < ¢ < k, we
let x; = 25:2 hi;, denoting the number of edges in M; that are shared by some other M; with
j #i. Let Z% denote the set of (-dimensional vectors with each component a nonnegative integer.
Let J = {j = (jg, k) € ZETY 0 S i < kdnj2}. Given j = (ja,...,jk) € J, define
J1 = kdn/2 — S2F L iji. Let Fy(j) denote the set of M such that in UY_ M;, there are exactly j;
edges that are contained in exactly i of the k d-regular graphs in M. Let f4(j) = |Fa(j)|. Given
j € J, let H(J) == {H . Zjl = Z];:l hm, V 1 S ) S k‘} Then, Fd(J) = UHeH(j)FH-
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Similarly as in the proof where k£ = 2, it is hard to analyse the switchings when there is some
x; such that z; is close to dn/2. Therefore, we will restrict our analysis of switchings on a subset
of Fy(j) instead. Let 0 < a < 1 be an arbitrary constant. For any j € J, let H%(j) be the subset
of H(j) such that z; < (1 — a)dn/2 for all 1 < i < k. Let F¢(j) = UHGHa(j)FH. Analogous to
Lemma 3.4, we bound >, ; [Fu(j) \ Fji'(j)|- Recall that w,q = g(n, d)p

Lemma 3.7 Let 0 < o < 1 be an arbitrary constant and let

t_Z|Fd I\ FZG)I-

jeJ

Then
(ty/uf ) < _dn ((7/4 —2a)Inn + klnp) +O(dn).

Proof. By the definition of ¢,

tn —Z Z | Pl

Jje€J HeEH(G)\H>(j)

By the definition of H®(j), for any H € H(j) \ H*(j), there exists ¢ with z; > (1 — a)dn/2. We
first bound the number of all M with at least (1 — a)dn/2 edges of M; being shared by other M,,
for a fixed i. There are g(n,d) ways to choose M;. Colour the edges of M; with k colours so that
if an edge is in M; for j > 1 but not in any M, with ¢ < j, it receives colour j. Colour all edges
that are only contained in M; with colour 1. Given M;, there are k%/? ways to k-colour all edges in
M;. Let T be the set of edges with colour not equal to 1. For any given 7" with |T'| > (1 — a)dn/2,
the number of ways to choose the other k — 1 M, is at most g(n,d)*'n=1=%" exp(O(dn)) by
Lemma 3.3. Thus, for any fixed i, the number M with at least (1 — a)dn/2 edges of M, being
shared by other M, is at most g(n, d)kkd”/ 2p~(1=a)dn oxp(O(dn)). There are k choices for i and the
number of choices of j is at most (dn/2)*. Therefore,

tn < k(dn/2)*g(n, d)* k20~ 0= oxp(O(dn)) = g(n, d)* k20~ =9 oxp(O(dn)).

Thus,
d kd
In(t,/pk 4) < Tnlnk — (1 —a)dnlnn — Tnlnp + O(dn).

Since k*d® = o(p*n), we have k = o(n'/*). Thus, Ink < Inn/4. Then the conclusion of the lemma
follows. 1

Proof of Theorem 2.1. The case k = 1 is trivially true and the case k = 2 is true by Lemma 3.5.
Now consider an integer k > 3 such that k*d® = o(p*n) and (7/4 —2a)Inn+klnp — oo as n — oo.

We extend the s-switching into the s;-switching for any 2 < i < k as follows. Choose any edge
x that is contained in exactly ¢ of the k d-regular graphs in M. Label the two end vertices of x as u
and u'. Assume the i d-regular graphs that contain x are My, ..., M,,. Then pick another i edges
Y1, - - -, ¥i, such that for each 1 < j <4, y; is contained in M, but not other regular graphs in M.
Label the end vertices of every y; as u; and u}. An s;i-switching replaces x and y; by {u,u;} and
{u', v} in My, for every 1 < j <i. The s;-switching is applicable only if

(a) all vertices u, u’, uj, uj, for all 1 < j <7 are distinct;

9



(b) none of {u,u;}, {u',u}} for all 1 < j < are contained in any of the regular graphs in M.

Similarly we can extend the inverse s-switching to inverse s;-switching. We choose a star centered
at w where for j = 1,...,4, uu; is contained in My, but not other regular graphs in M. Similarly,
we choose another star centered at u’ where for j =1,...,14, v/ u; is contained in My, but not other
regular graphs in M. The inverse s;-switching replaces the edges in the two stars by {u, '} and
{uy,u} for all 1 < j <. The inverse s;-switching is applicable only if

(a”) all vertices u, u', uy, u} for 1 < j < are distinct;

(b’) Neither {u,u'} nor any of {u;,u}} for 1 < j < i is contained in any of the regular graphs in
M.

Figure 2 gives an example that illustrates the s3-switching and its inverse.

U, U, u, u U
o U o—eo-o0 U
4 ®
y | Z ‘w — >
] ] bl u' ] |-_- ;..l :é
u, u o u, u' o

Figure 2: s3-switching and its inverse

Fix any i > 2, let j = (j2,...,7:,0,...,0) and let j = (j2,...,75; — 1,0,...,0), where j; > 1.
Clearly an s;-switching converts an element g € Fy(j) to an element ¢’ € Fy(j’). We define N(g) and
N'(¢') similarly as in the proof of Lemma 3.2. An analogous argument gives that for any g € Fy(j),

Ji(dn/2)'2" > N(g) > ji(dn/2)"2"" — jii(dn/2)" 12+ Z Je+ 0O (ji(dn/Q)i_lzi : kd2)

2<(<i
= 2jd'n’ (1 —2 Y ji/dn+ O (k:d/n)) : (3.3)
2<I<i
where the second inequality holds because the number of ways to choose the i edges v, ..., y; such

that at least one of them is contained in more than one regular graph is at most i(dn/2)" "2 37, _,_. ji.
On the other hand, for any g € F¢(j) C Fu(j),

N(g) > j;2 (dn/z — (1 —a)dn/2 + O(de))i = Q(j:i(dn)"), (3.4)
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since in every M,, the number of edges that are shared by other regular graphs of M is at most
(1 — a)dn/2 by the definition of F(j).We also have the following observation.
Observation: For any 0 < (8 < (5 < 1, and any F}; such that Fc’lg1 ()< F C F’62( "), let F, be the
set of M that can be obtained from Fj by an inverse s;-switching. Then Fdﬁl( ) C Fy C FfZJrQ/d"(J).
Next, we estimate N'(¢'). For any ¢’ € Fy(j’), each vertex has degree at most kd since every
vertex is incident with d edges from every M; € M. There are (’;) ways to choose a set of i distinct
regular graphs My, , ..., My, from M and given each choice, there are approximately (dn)? ways to
choose the two stars. Thus,

N/ / — 5.\ 2 2i+1 i, . Ji—1 .
(¢') (2) ((dn) +O<kd n+dn-d 2&/@))

= (f) (d'n)? <1 +0 <k:d/n + 2;ijg/dn>) ,

where the error term O(kd*'n) accounts for the case when condition (a’) or (b’) is violated whereas
the error term O(d'n-d"~*Y",., ji) accounts for the case when one of the two stars contains an edge
that is commonly shared by at least two of the regular graphs in M. Then it follows that for
any ¢ > 2 and for any j € J with j = (j2,...,7:,0,...,0), j; > 1, and F$(j) not empty, by (3.3)
and (3.4),

Ll _ L L+O | kd/n+i Y j/dn
|Fc?(j27---7ji—1,0,...70)| 2]77,’2 Je .

2<4<i

where F” is the set of M that can be obtained from |F$(j2,...,5; — 1,0,...,0)| by an inverse
s;-switching. By our observation, F' O F$(ja,...,Ji,0,...,0). Thus, for any ¢ > 3 and j; > 1,

F¥( g9, ..., 9, —(i=1)j; i
o Jin 00 Ol W <1+0<kd/n+izjz/dn>>:o(l),

|Fc?(j27 s 7ji - 17 07 s 70)|p_(z_1)(Ji_1) o 2jinz_2pl_l

2<(<i
(3.5)
and for any j, > dn/Inn,
|FS(j, 0, ..., 0)[p~7 K2d? ‘ B
F5e — L0, . 0)p G0 = ggpp (1T O R/t dofdn)) = o(1). (36)
Given j € J, every graph in Fy(j) contains kdn/2 — Zf_Q(i — 1)j; > dn/2 edges. So
Xﬁd Z | Fy(j |pkdn/2 S G-1)i _ Z |F9(5) kdn/Q—Zfzz(i—l)ji +O(), (3.7)
jeJ jeJ
where 7, = Yye, [Fai) \ F5()lp"/2. By (3.5) and (3.6),
dn/2
E, (X, ) Z‘Fd G2, 0, -, 0)[p* 2772 4+ O (y,)
J2=0
dn/Inn
~ > |ES (2,0, 0)[pM R 4 O (). (3.8)
j2=0
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Next, we estimate |F$(j2,0,...,0)|. Define a sequence (Sy)¢>o as follows. Let Sy = F$(0,...,0).
For any ¢ > 1, let Sy be defined as the set of M that can be obtained from S,_; by an inverse s-
switching. Then by our observation above, for each ¢, F(¢,0,...,0) C S, C Fj“z/dn(ﬁ, 0,...,0).
Let s(€) = |Se| for all ¢ > 0. Since 0 < aw < 7/8, for any ¢ < dn/Inn, 0 < a+2¢/dn < 7/8. By (3.3)
and (3.4), for any ¢ < dn/Inn and any g € Sy,

r 1
N(Q) B 2jod*n?

(14 O (jo/dn + kd/n)) .

Then for any j, < dn/Inn,

= E\ 12
S(j;y%i—m—l) _ (223:; (1+ O (kd/n + j2/dn)) .

By noting that Sj, D F3(j2,0,...,0) for all jo > 0 and by (3.8), we have

dn/lnn

Ep(Xha) ~ Y s(ia)p" 2% + O().

Jo=0

Since (7/4 — 2a)Inn 4 klnp — oo as n — oo by our assumption, by Lemma 3.7, v, = o(pu, ;). Let
M = Kk*d*/p. Then since k*d® = o(p?n), we have Mkd = o(n) and M? = o(dn). Hence, for any
arbitrarily slowly growing function w(n), uniformly for all £ in this range,

dn/lnn Mw(n)
E,(XF) ~ D sGa)p P o(uk ) ~ pMP YT p s () + o(uh )
J2=0 J2=0

o) oofon (5
~ P25(0) exp ((’;) d?/zp) + ol ).

In particular, taking p = 1 in the above formula yields

g(n.d)* = Ex(X* ) ~ 5(0) exp ((’;) b /2) | (3.9)
o By Xk ~ e ( () /20 - 1)) = o)

Proof of Proposition 2.2. It follows directly from (3.9). 1
For any real = and any integer ¢ > 0, define the (-th falling factorial [z], to be J]'_ —o(x =),

Lemma 3.8 Let N = (3) and let p = m(n)/N, where 0 < m(n) < N. Then for any integer

¢ ={(n) >0 such that limsup,,_, . ¢(n)/m(n) <1

O )
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Moreover, if £ = Q(y/m), then

(Z _ ﬁ) / (g) = p'exp (—%g + 0(63/m2)) :

Proof.

() = e

1=0
m i i
= N &P (—— ty 7t O(z’2/m2)) (since limsup¢(n)/m(n) < 1)
i=0 n—oo
1—pl?—1¢
_ Lt _ 3/ 2
= p exp( N2 +O0(°/m ))

If we have further that ¢ = Q(y/m), then ¢/pN = O(£3/m?). 1

Proof of Theorem 2.4. The probability space considered in this proof is G(n,m). Let N = (’2‘)
and let p = m/N. We Apply Lemma 3.8 with £ = dn/2. Since d*> = o(p?n), we have £ = Q(\/m).

Thus,
. N—d’)’l,/Q N B dn/2 ]-_pd2n2 3,3 2
B, = g(n.0) () 51 () = gt exp (L 0@t

Following the notations above Lemma 3.2, we have

dn/2

EXZ, = ;fd<€>(ﬁiﬁi‘§2i5§)/ (i)

Let
a0 =10 () o =) /().
Since
N—(dn—0\,(N=(dn—-(+1)\ N—dnt( 1 .
(m—(dn—f))/(m—(dn—ﬁ—l—l)) C m—dn+/ _p(1+0(d /m)).
by Lemma 3.2, for any ¢ < (9/10)dn/2,
#(_@1) - ;—M (14 O(¢/dn + d/n + dn/m)).

We first bound 7, = Z€>(9/10)dn/2 ga(€). Since for any ¢ < dn/2, (ﬁigﬁzig) < (njj__;://;)), by
Lemma 3.4,

Y < g(n, d)*n~ OO oxp (O (dn))p™/? exp (—p—— + O(d3n3/m2)) : (3.10)
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Following the same approach as in Lemma 3.5, we obtain

d*w(n)/p ; : . ,
1 —p(dn)? d* i dd  idn
BX2, ~ 0+ fal0) exp (2 O(dp? (14o(E i, i
" T )eXp( pN 2 +OW/rm) —~  (2p)"! - dn * n N m
1—p(dn)* d? E(1-p) & &P
dn = e ~ dn 2 S 24 e a
Yo+ p™ fa(0) exp ( N 2 Tay) ot pTelnd)exp o T

= Tnt pdng(na d>2 exp(—d2(1 o p>/2p)7
as d* = o(p’n). By (3.10), v, = o(p?g(n, d)? exp(—d?(1 — p)/2p)). Thus,
EXZ,d ~ (EXn’d)Z,

since

X 1-pdn’ (1 - p)
2 dn 2 . — dn 2 .
(EXpq)” ~ p™g(n,d)” exp < N 4 p™g(n,d)” exp % .

By Theorem 1.1 and the assumption d® = o(p?n), we have EX,,; — 0o as n — oo. Then by
Chebychev’s inequality, for any € > 0,

P(|X,4/EXpa—1]>€¢)— 0, asn— oo.

Hence,
Xna/EXpa 5 1,

asn —oo. 1

Proof of Theorem 2.5. Let Y, denote the number of edges in G(n,p), then Y, ~ Bin(N,p).
Hence we have

Y, —pN = OP( p(1—p)N), (3.11)
where f(n) = Op(g(n)) for some g(n) > 0 means P(|f(n)| > Kg(n)) — 0 as K — oo and n — 0.
Similarly we use the notation f(n) = o,(g(n)) meaning that for every e > 0, P(|f(n)| > eg(n)) — 0
asn — 00. Since d® = o(p*n), we have d* = 0,(Y,;?n/N?) and thus d*n*/Y;? = 0,(1). By conditioning
on Y, and applying Theorem 2.4 and Lemma 3.8, we have

1Y, /N d®n?
Y/ ; ?,0. (3.12)

In X, 4(G(n,p)) —Ing(n,d) — d7n In(Y,,/N) +
By (3.11),

! _Q/Nf? — d2(14p_ p) (1 +0, (MJF m) +O(n‘1)>

_ d*(1—p)

where the equality above holds because d® = o(p?n). We also have
(Yo/N) = Inp(1 +Y,'\/(1=p)/pN) =Inp+ /(1 = p)/pNY,7 + Op((1 = p)/pN),  (3.14)
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where
Y, — pN

p(1—p)N
is the normalised variable of Y;,. Recall from (2.1) that y, 4 = g(n, d)p?™? and In 3, 4 = d*(1—p)/2p

and from the statement of Theorem 2.5 that A\, 4 = pna/+/Ona and s, 4 = In B4 = d*(1 — p)/2p.
Combining with (3.12)-(3.14), we have

*

n

In(Xp4/And) = v/Sma(l+ O 1))Y, 5 0. (3.15)
Since liminf,, .., d*(n)(1 — p(n)) > 0, we have s, 4 = Q(1). Thus (3.15) immediately yields

ln(Xn’d//\n,d)
vV Sn,d

Since Y,* 4, N(0,1), the theorem follows. 1

=Y"+0,(1).

Acknowledgement: I would like to thank Xavier Pérez Giménez for helpful discussions. It may be
worth mentioning here that we considered another (unpublished) approach for proving Theorem 2.5
by estimating the joint moments E(X,, 4Y7) for any fixed integer j and then extending the small
subgraph conditioning method in [16]. But due to some technical difficulties, that approach does
not work for p — 0 or d — oc.
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