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Abstract

Let G, q denote the uniformly random d-regular graph on n vertices. For any S C [n],
we obtain estimates of the probability that the subgraph of G, 4 induced by S is a given
graph H. The estimate gives an asymptotic formula for any d = o(n'/3), provided that
H does not contain almost all the edges of the random graph. The result is further
extended to the probability space of random graphs with a given degree sequence.

1 Introduction

Properties of subgraphs and induced subgraphs in random graph models have been inves-
tigated by various authors. Rucinski [12, 14] studied the distribution of the count of small
subgraphs in the standard random graph model G, ,, and conditions under which the distri-
bution converges to the normal distribution. He also studied properties of induced subgraphs
in [13].

Techniques for analysing the standard random graph model G, , often do not apply in the
random regular graph model G,, ;. We take the vertex set of the graph to be [n] in both these
models. For S C [n], let Gg denote the subgraph of G induced by S. For a graph H with
vertex set S, computing the probabilities P(Gg O H) and P(Gs = H) in G, , is trivial, but
computing them in G, 4 is not easy, especially when the degree d — oo as n — co. McKay [§]
estimated lower and upper bounds of P(Gs O H) in G, 4 when the degree sequence of H and
d satisfy certain conditions. These bounds are useful in estimating the asymptotic value of
P(Gs O H) when H is small or d is not too large. Z. Gao and the third author [6] proved
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that the distribution of the number of small subgraphs with certain restrictions (such as d not
growing too quickly) converges to the normal distribution in G, 4. No such results on induced
subgraphs have been derived, although the main results of [8] could be used as a basis for
obtaining results on induced subgraphs. However, this would require severe restrictions on
the size of the subgraphs, and seems unlikely to apply to subgraphs with more than n?/?3
vertices for any d.

On the other hand, for very dense regular graphs, Krivelevich, Sudakov and Wormald [7]
computed P(Gg = H) in G, g when nis odd, d = (n—1)/2 and |V (H)| = o(y/n). McKay [11]
has recently given a stronger result, for more general degree sequences and provided H has
less than n'*¢ edges for some € > 0.

An asymptotic formula of the probability that Gg = H or Gg 2 H in a random bipartite
graph with a specified degree sequence has been derived by Bender [2] when the maximum
degree is bounded. The result was extended further by Bollobas and McKay [4] and by
McKay [9] when the maximum degree goes to infinity slowly as n goes to infinity. Greenhill
and McKay [5] recently derived an asymptotic formula for the case when the random bipartite
graph is sufficiently dense and H is sparse enough.

For a vector d = (dy,...,d,) of nonnegative integers, let M = M(d) = >, d; and
let Gq denote the class of graphs with degree sequence d and the uniform distribution (so
Ga is a generalisation of G, 4). In this paper, we compute the probability that Gg = H in
Ga when dpax = o((M — 2m(H))Y*), where m(H) denotes the number of edges in H and
dmax = max{dy,...,d,}. The power of this result is that there is no major restriction on the
size or density of H. In Section 2, as a direct application of our main result, we compute the
probability that a given set of vertices in G, 4 is an independent set. Our results will also be
useful as a basic tool for studying the properties of induced subgraphs in the binomial random
graph G(n,p), such as the subgraph induced by the vertices of even degree, or odd degree.

A graph G is called a B-graph with vertex bipartition (L, R) if V(G) = LUR, and L is an
independent set of G. If the graph is not necessarily simple, i.e. loops and multiple edges are
allowed, we call it a B-multigraph instead. An edge in a B-graph or B-multigraph is called a
mixed edge if it has one end vertex in L and one in R, and a pure edge if both its end vertices
are in R. Given a nonnegative integer vector d, let G(L, R,d) be the set of B-graphs with
bipartition L and R and degree sequence d and let ¢g(L, R,d) = |G(L, R,d)|. By convention,
g(L,R,d) = 0 if d is not nonnegative.

Given a sequence d, let g(d) denote the number of graphs on vertex set [n] with degree
sequence d. Given S = [s] C [n], let H be a given graph on vertex set S with degree sequence
(ki)1<i<s- Let d’ be the integer vector defined by d; = d;—k; for i € S and d, = d; for i € [n]\S.
Then the number of graphs with degree sequence d and with Gg = H is ¢(S, [n] \ S,d’), and
so the probability that Gg = H in G, 4 equals g(S,[n]\ S,d")/g(d). So the study of induced
subgraphs leads directly to the question of counting B-graphs.

Given asequenced = (dy, ..., d,), let dyax = max{d;,7 € [n]} andlet My(d) = > "7, d;(d;—
1). Define p(d) to be My(d)/2M(d). The following theorem by McKay [9] gives an asymp-
totic formula for g(d) when d% = o(M(d)). (The restriction on dy., was relaxed further
by McKay and Wormald in [10], but to do so requires a few extra terms in the exponential
factor of the asymptotic formula, and is not needed for the purpose of this paper.)



Theorem 1.1 (McKay) Let d = (dy,...,d,) with >, d; even and dpax = o(M(d)Y*).
The number of graphs with degree sequence d is uniformly
M(d)!
QMD/2(M(d)/2) iz, di!

cexp (—p(d) — p(d)? + O(dhy /M (d)))
as n — oQ.

By “uniformly” in the above theorem we mean the constant implicit in O(.) is the same for
all choices of d as a function of n, for a given function implicit in the o(.) term. A special
case of Theorem 1.1 gives that the number of d-regular graphs on n vertices is asymptotically

(dn)! d*>—1
2dn/2(dn/2) () (_ 1 ) ’

when d = o(n'/?).

Our main result is an asymptotic formula for g(L, R, d), to an accuracy matching McKay’s
formula in Theorem 1.1. This is given in Section 2, together with its direct applications to
estimating P(Gs = H) in Gq, and some special cases are also given there. The proofs
use the switching method, first introduced by McKay [9], with refinements by McKay and
Wormald [10], and suitably modified for our purposes here. In Section 3 we use switchings to
estimate the ratios between probabilities defined by the counts of loops and various types of
multiple edges. In Section 4 we again use switchings to evaluate some variables appearing in
those estimates, and in Section 5 we use these to prove the main theorem.

2 Main results

Given a sequence d = (dy, ..., d,), our main goal in this paper is to estimate g(L, R,d). We
first define some notation. For any positive integer n, let [n] denote the set {1,2,...,n}. For
any S C L U R, define

Mi(d,S) = Zdi7 M(d, S) = Zdi(di - 1),

€S €S

(Ml (d7 R) — M, (d7 L))M2(d7 R)

o(d, L, R) = TYACN: , (2.1)
,ul(dv L7 R) A (Q(i\kjj()dM;;)(i L) ) (2‘2)
:u2(d7 L7 R) = :LLO(devR)Q' (23>

We drop the notations L and R from p;(d, L, R) for i = 0, 1,2 when the context is clear. Note
also that if M;(d, R) < M;(d, L), then g(L, R,d) is trivially 0, so we may assume that

My(d, R) > My(d, L). (2.4)

The following theorem, proved in Section 5, gives an asymptotic formula for g(L, R, d).
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Theorem 2.1 Let d = (dy,...,d,) with Y1, d; even, dmax = o(M(d)**) and M,;(d, R) >
M;i(d, L). Then uniformly over all L and d as n — oo,

M,(d, R)! —po(d)—p1(d)—pa2(d) d*
g(L,R,d) = (d, Rjte _ 140 | e ) )
QU@ 3 @) /2((My(d, B) — My(d, L)) /2) [y i M(d)

Applying Theorems 2.1 and 1.1 we directly get the following. Here d/ . denotes max{d},...,d.}.

Corollary 2.2 Letd = (dy,...,d,) with Y r_, d; even and dyayx = o(M(d)V/*). Let S = [ | C
[n], let H be a graph on vertex set S with degree sequence k = (ky, ..., ky), let h = 3"k
and let d' = (dy,...,d),) with d; = d; — k; fori € S and d, =d; fori ¢ S. Ifd’ < 0 for some
i € [n] or My(d',[n]\S) < My(d',S), then Pg,(S, H) = 0. Otherwise, if d, o(M(d")'/4),
then uniformly

max

Pg,(5,H) = exp (—uo(d’) — p(d) = pa(d) + p(d) + p(d)* + O ( dl‘g‘;’;) + ]dwnﬁﬁ)))
My(d, [n] \ )M (@SR (M (d) /2)!
AT AP TR | G
where p;(d’) = pi(d’, S, [n] \ S) fori=0, 1 and 2.

Proof. Recall that g(d) denote the number of graphs on vertex set [n| with degree sequence
d. We have

i=1

g(S,[n]\ 5, d)
Pg (S, H) = :
! (d)
The corollary now follows from the formulae for g(S,[n] \ S,d’) in Theorem 2.1 and ¢(d) in
Theorem 1.1. 1

Let Pg, ,(S, H) denote the probability that Gs = H for a random d-regular graph G.

=

Corollary 2.3 Given 0 < s < n, let S = [s] C [n], let H be a graph on vertex set S with
degree sequence k = (kq, ..., ks) with k; < d for all1 <1 <s, and put h = Z?Zl k;. Assume
d = o((n — 5)'/3). Then

2

Py (S, H) = exp (—uo(d’) () — o) + O (dn h)))

(dn — ds)!(dn/2)! ods—h/2 _*
“((dn — 2ds + 1) /2)!(dn)! g[d]ki :

where d; = d —k; fori € S and d, = d fori ¢ S, and u; is defined as in Corollary 2.2.

Proof. We apply Corollary 2.2. By the definition of u(d), we immediately get that pu(d) +
p(d)? = (d>—1)/4 when d is a constant sequence with each term d. We also have M (d) = dn,
M(d') =dn —h, My(d’,S) =ds — h, My(d’,[n]\ S) =dn —ds, and d,,,, < d. Moreover,

(A 4 &P d

max

= <
M(d’) “dn—h n—nh/d ~ n—s

since h < ds and d = o((n — s)'/3). 1
The formula in Corollary 2.3 easily simplifies if the graph H is not too large.

= o(1),
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Corollary 2.4 Let S, H, k and h be defined as in Corollary 2.3. If s > 1, d = o(n'/?),
s?d = o(n) and d*s = o(n), then

S

Pg, (S, H) = (14 O((d® + s*d + d’s)/n)) (dn) "> T [ [dl:

=1

i

Proof. Since d*s = o(n), we have h = O(ds) = o(n) and hence d*/(dn — h) = O(d*/n).
Similarly,

My(d’,n\[S]) = dn+O(ds), M;(d',S)=0(d's) (i =1,2), My(d',n\[S]) = d(d—1)(n—0(s))
and hence from (2.1)—(2.3),

po(d") = % +O(ds/n), w(d)=0 (d2s/n) , pp(d) =

Thus ig(d) + i (&) + io(d) = (d2 — 1)/4 + O(dPs/).
The corollary now follows upon applying Stirling’s formula in the form n! = v/27n(n/e)"(1+
O(n™1)) to obtain

(dn — ds)!(dn/2)12%—h/2 s dn\ ~? (1 — s/n)in—ds
((dn — 2ds + h)2 /22)!(dn)! - <1 +0 (5)) (?) (1— 25/;& + h/dn)(dn=2ds+h)/2

= (dn)™"? (1+0(%1>). |

Another interesting special case is when H is empty.

(d—1)*

1 + O(d*s/n).

Corollary 2.5 Assume d = o(n'/3). Then for any S C [n] with s = |S| < n/2,

(dn — ds)!(dn/2)!2%
((dn — 2ds)/2)!(dn)!’

Pg, (S is independent) = (1 + O(d”/n)) exp (f(d, )

where § = 6(n) = s/n, and
d(d—1)(6d —2+9)

f(dvé):_

4(1—96)2
Proof. This is a simple application of Corollary 2.3 with h = 0, noting that
d—1)(n—2s d—1)%s d—1)%(n — 2s)?
poo D29 @1Ps 12
2(n —s) 2(n —s) 4(n — s)

Note that if d(n — 2s) — oo, then the probability that S is independent under the conditions
in Corollary 2.5 can be further simplified using Stirling’s formula to

— _§\1-4 dn
(1+0(d*/n) + O(1/(dn — 2ds))) 1/ 11_ 255 <<1 (_1 25)6()125)/2> exp (f(d,d)).




3 The main switchings

We can use the pairing model to generate B-graphs with the vertex partition L U R and the
degree sequence d = {dy, ..., d,}. Consider n buckets representing the n vertices. Let bucket
1 contain d; points. Take a random pairing of these points. We say a pairing is restricted
if no pair has both ends in buckets representing vertices in L. Let M(L, R,d) be the class
of all restricted pairings. Every such pairing corresponds to a B-multigraph by contracting
all points in each bucket to form a vertex. In the rest of the paper, a bucket in a pairing
is also called a vertex. Recall that an edge is pure if both of its end vertices are in R. A
pair in a pairing is called a mized (pure) pair if it corresponds to a mixed (pure) edge in
the corresponding B-multigraph. Thus, in a restricted pairing, each pair is either mixed or
pure. Note that any simple B-graph corresponds to [[;_, d;! restricted pairings in M(L, R, d).
Hence, all simple B-graphs occur with the same probability in the pairing model.

The main goal of this section is to compute the probability that a B-multigraph generated
by the pairing model is simple. We say that {{uy,u}}, {ua, ub}, {us, us}} is a triple pair if u,
ug, ug are in one vertex and u}, uj, u; are in another vertex. We call the two vertices involved
the end wvertices of the triple pair. If the end vertices are in L and R respectively, the triple
pair is called a mized triple pair, and otherwise it is pure. Given a random restricted pairing,
let 77 and T, be the number of mixed and pure triple pairs respectively. In this section,
there is only one degree sequence d referred to, so we drop the notation d from M (d) and
M;(d, L), M;(d, R), u;(d) for simplicity. Since M;(R) > M;(L) by assumption (2.4), we have
M;i(R) > M/2.

We often use the fact that for any positive even integer m, if U(m) denotes the number
of pairings of m points, then

m/2—1

m!
U(m) = 11 (m—2i—1)zm.

Lemma 3.1 E(T}) = O(d: . /M) and E(Ty) = O(d* . /M).

Proof. For any two vertices ¢ € L and j € R, we compute the probability that there is
a triple pair with end vertices ¢ and j. There are (Cf;) ways to choose three points from the
vertex ¢ and (‘f,f) ways to choose three points from the vertex j. There are 6 ways to match
the six chosen points to form a triple pair. The probability for the three particular pairs to
occur is
[Mi(R) = 3|an 1)-sU (Mi(R) — My(L))
(M1 (R)] oy (U (M (R) — My(L))

(noting that M;(R) > M;(L) implies M;(R) — oo). This is because the number of ways
to match the remaining M;(R) — 3 points in L to points in R, except for the three chosen
points in the vertex j, is [M;(R) — 3| (1)—3, and the number of matchings of the remaining
Mi(R) — M;y(L) points in R is U(M;(R) — My(L)), whilst the total number of restricted

~ Ml(R)_3



pairings is [M;(R)]a, 1)U (M1 (R) — My (L)). Hence we have

SR oo((2e) (57))

_ 0 (dfnalejng)Ml(R)) _0 (djT;X> ’

where the second equality uses M/2 < M;(R) < M.
A similar argument gives

w2 ()0)sno{(5) ()

dfnale(R>2 dfnax
RACHEIRIERR

A pair {u,u'} is called a loop if u and «’ are contained in the same vertex and two pairs
{uy,u}}, {ug, ub} are called a double pair if u,, uy are in one vertex and uf, uj are in another
vertex. We call two loops that contain points from a common vertex a double loop. Let I be
the number of double loops. The proof of the following is a simple modification of the proof
of the previous lemma, so is omitted.

Lemma 3.2 E(/) =O(d3, /M). 1

Lemmas 3.1 and 3.2 show that a.a.s. there are no triple pairs or double loops in a random
restricted pairing, under the assumption d2 . = o(M(d)). So we only need to consider single
loops (i.e. without another loop at the same vertex) and double pairs. In a restricted pairing,
there are two types of double pairs. One is that u;, us are contained in a vertex in L and u],
ul, are contained in a vertex in R. The other is that all of uy, ug, w} and u), are contained in
vertices in R. We call the former type mized and the latter type pure.

Let By, B; and Bs be the numbers of single loops, mixed double pairs and pure double pairs
respectively. We first compute the expected value of B; for i = 0, 1,2. Recall from (2.1)—(2.3)
that

(Mi(R) — My (L)) M>(R) My (R)M,(L) 5
fo = 2M; (R)? Y VA0 ) PR )

Lemma 3.3 Fori=0,1,2 we have EB; = O(u;). If dpax = o( M'/3) and M,(R) — My(L) —
o0, then, more precisely, EB; ~ u; fori=0 and 1, and EBy = (1 + o(1))ua + o(1).

Proof. Using small modifications of the proof of Lemma 3.1, we immediately get
3 (di) [My(R) = 2]an, (1)U (M (R) — My(L) — 2)
S \2 [My(B)]ar, (1)U (M (R) — My(L))

[di]2 O (Mi(R) — Mi(L))
2.5 M, (R)?

EB,

= O(o);

i€ER



EB, = ZZz(di) (%’) [My(R) — 2]as,(1)—2U(Mi(R) — Mi(L))

icL jER 2)\2 My (R)]ay (nyU (M (R) — My (L))
MELAE pp gy =

o i\ (d;\ [Mi(R) — 4]ar, )U(Mi(R) — My (L) — 4)
B = 2332(2) (2) (B, U E(B) = M1 (L))
_ 1 di\ (di\ [Mi(R) — 4],y U(Mi(R) — My (L) — 4)
> 22(2) () V(B a0y UV (R) — V()
1 d;\ (d;\ [My(R) = 4]a, 1y U(My(R) — My (L) — 4)
244 2(5) () o) 3
_ My(R)?O((My(R) = My(L))*) O(s) — o,

where a = O(d3 /M) is nonnegative. This gives the first part of the lemma.
If furthermore dyay = o(M'/3) and M;(R) — M;(L) — oo, then all the O(.) terms in the
displayed equations above can be replaced by (1 + o(1))(.). The lemma follows. 1

Corollary 3.4 Ifd = o(M) and My(R) = O(d3 ), then the probability that there exists

max max

a loop or a double pair is O(dL . /M).

Proof. Ifdl, = o(M)and My(R) = O(d3,,), then EBy = O(My(R)/M;(R)) = O(d3 . /M);

max

EB; = O(My(L)d3,./M?) = O(d /M) (since Ms(L)/M;i(R) < My(L)/Mi(L) < dmax);

max

EB, = O(d8 . /M?) = o(d?,, . /M). The result follows by the first moment principle. I

We will need to prescribe some upper bounds on the likely values of the random variables
of interest. Define
n(L) = My(L)/Mi(L), n(R)= My(R)/M(R)

and let
ko = max{In M,8n(L),8n(R)}, ki = ky = max{ln M, 8n(L)* 8n(R)*} (i=1,2). (3.2)
Clearly n(L) = O(dmax) and n(R) = O(dmax)-

Lemma 3.5 If d}, = o(M), then P(B; > k;) = O(M™") fori=0,1,2.

Proof. For any h = o(v/ M), the probability that there exist h single loops is bounded above
by the h-th factorial moment of By. Following the same pattern of proof as for Lemma 3.1,



this is at most

(d)) [My(R) — 2R, (1)U (My(R) — My(L) — 2h)

S\ \ 2 (ML ()]s, ) U (My (R) = My (L))
My(R)" [My(R) = 2h]asy () UMy (R) = My (L) — 2h)
A [My(B) a0y U (M (R) — Mi(L))
_ My(R)" [Tiy (Ma(R) — Ml(L) —2i) _ My(R)" (My(R) — My(L))" (3.3)
2 p)! T2 (My(R) — i) —  2hhl (14 0(1))My(R)*’ '

where the last inequality above holds because M;(R) = ©(M) and h = o(v/ M), which yields
HQh Y(My(R) — i) ~ My(R)?". Hence the probability that h loops exist is at most

My (R)"

Similarly we have that for any h = o(v/ M), the probability that there exist h mixed double
pairs is at most

1 ie (M (R) — 20 as, (1)-onU (My (R) — My (L))
h! ey zheLZgl ..... JnER (H 2< ) ( )> [Ml(R)]Ml(L)U(Ml(R) — Mi(L))
< (1 o) PRI ap )2 < (14 o (L) (3.4)

where the factor 1/h! accounts for the multiple counting caused by the h! ways to order the
h double pairs. Similarly, the probability that there exist h pure double pairs is at most

1 5 () = A Wl E) =1
M, 2 (HQ( )( )) M) sy UV (R) — My (L)
o

B 5eees IhERJ1,.--s Jn€R

s<1+o<1>>M§i],f!) (Mluf\}l_(éﬁh@)) £<1+o<1>>( Qh))- (3.5)

Note that n(L) and n(R) are both bounded above by dy.x. By the definition of k; in (3.2),
ki=0O(n M+d2,,) fori =0,1,2. Since di.. = o(M), we therefore have k; = o(v/M). Hence

max ) max

P(By > k) = O (%]{?)k) -0 ((1%)”4) =0(M™),

Ne)



Lemma 3.6 Assuming d*. = o(M),

max

(i) if My(R) = O(d>, + d,. In® M), then with probability 1 — O(d, /M), By < dyax and
B; < d?,, fori=1,2;

max

(ZZ) Zf Ml (R) - MI(L> O<d;1nax + dr2nax
Ay and By < d?

max 7

In® M), then with probability 1 — O(d%,./M), By <

(iii) if Ma(L) = O(d5, + d

max max

In® M), then with probability 1 — O(d%,. /M), B, < d>

max

Proof. These statements follow easily, after some simple estimations, from (3.3), (3.4)
and (3.5). As the proofs are similar for the three cases, we only provide the proof of By < dpax
with probability 1 — O(d4,./M) in case (i).

Suppose My(R) = O(d®,,, + d3, In* M). Then n(R) = O((d>,, + d°,, In* M)/M). We
only need to show that E([Byn/h!) = O(dL, /M) for h = dyax + 1. By (3.3),

O + B I M)\ ot
B(Bolu, 1/ (doe + 1)) = 0(( ( >)

dmax M

4 2 2 dmax+1
= O((C dmax_l_dmaxln M) )7
M

for some constant C' > 0. Clearly, this is O(dL,. /M) for any dpa, > 1.

We now redefine the values k; as follows. Let (o, (1 and (, be (large) constants specified
later (at the beginning of Section 5). If My(R) < (o(d}, Do +d3 . In* M), use ko = dpyay and
ki = d?,, for i = 1 and 2; if My(R) — M,(L) < ¢y (d*,, + d2,. In* M), use ky = dpax, and

if My(L) < G(dB, +d3, In* M), use ky = d?

ky = d2 D With the modified values, we
have the following immediately from the previous two results.

max? max"*

Corollary 3.7 If d},. = o(M), then P(B; > k;) = O(d},./M) fori=0,1,2.

max

Define Cy, 1, 1, be the class of restricted pairings in M(L, R,d) that contains Iy loops, [y
mixed double pairs, [y pure double pairs and no double loops or triple pairs. Also, let P(d)
be the probability that a random pairing P € M(L, R,d) corresponds to a simple B-graph.

The following corollary is obtained from Lemmas 3.1 and 3.2 and Corollary 3.7 by noting
that the sum of |Cy, 4, 1,| over all ly, 1,15 is the total number of pairings with 73 =T, =1 = 0.

Corollary 3.8
1 (1+ O(d,./M) ZO i: 3 Lol 1Cio 11,15
P(d) o lo=01,=015=0 o0l

With this corollary in mind, in the rest of the paper when considering |C, , 1,| we implicitly
assume that 0 < [; < k; for : = 0,1 and 2.

Given a restricted pairing P, we say the ordered pair of pairs ((ug,u}), (uz,u))) forms a
directed 2-path in P if u} and uy lie in the same vertex and the three vertices where u;, u}

10



and u4 lie in respectively are all distinct. We then say that the two pairs (uq, u}) and (ug, ub)
are adjacent. For instance, the ordered pair of pairs ((1,2),(3,4)) forms a directed 2-path
in the four examples in Figure 1. Note that a directed 2-path in a pairing corresponds to a
directed 2-path in the corresponding B-multigraph. Let v denote the vertex that contains u)
and us. We say the directed 2-path ((uy,u)), (ug, uh)) in P is simple if neither of {u, )} and
{ug,ub} is contained in a double pair and there is no loop at v.

There are four types of directed 2-paths in which we are interested in this paper. These
2-paths will be used later to define our switching operations. Those with all vertices lying
in R are of type 1. A directed 2-path ((a,b), (c,d)) is of type 2 if a lies in a vertex in L and
the other points all lie in vertices in R, type 3 if a and d are in vertices in L and the vertex
containing b and c is in R, and type 4 if a and d lie in vertices in R and the vertex containing
b and cis in L.

Given a restricted pairing P, let ¢ be the number of pure pairs in P. Then

t = (Mi(R) — Mi(L))/2. (3.6)

Let A;(P) denote the number of simple directed 2-paths of type i in P, for i = 1,2,3,4, and
let
&i<l0, ll, lg) = E(AZ(P) | P S 610’11712). (37)

We drop P from the notation A;(P) if the context is clear. Clearly A4(P) =3, di(d;i—1) —
O(l1dmax) = Mo(L) — O(lidmax) for any P € Cy, 4, 1, since the number of non-simple directed
2-paths of type 4 is bounded by O(l1dmax)-

The switching operations we are going to use are ideologically similar to the switching
operations used by McKay and Wormald [10]. Although those switchings cannot be applied
here because they do not preserve the property of the pairings being restricted, they can easily
be adjusted and adapted to our current needs. The main twist is that there are a number of
alternative switchings available to use, and we need to specify which ones should be used, and
for what values of the parameters, to achieve the desired result. The following two switching
operations are used to prove Lemma 3.9. These switchings are designed so that the number
of loops decreases by exactly 1 after the operation is applied.

(a) Ly-switching: take a loop {2,3} and two pure pairs {1,5}, {4,6} such that the six points
are located in the five distinct vertices as drawn in Figure 2. Replace the three pairs

{2,3},{1,5},{4,6} by {1,2},{3,4}, {5,6}.

(b) La-switching: take a loop {2,3} and two mixed pairs {1,5}, {4,6} such that the six
points are located in the five distinct vertices as drawn in Figure 3. Replace the three
pairs {2,3},{1,5},{4,6} by {1,2},{3,4},{5,6}.

For any switching operation that converts a pairing P; to another pairing P, we call the
operation that converts P, to P; the inverse of that switching. Thus, the inverse Li-switching
can be defined as follows. Take a 2-directed path (not necessarily simple) ((1,2),(3,4)) of
type 1 and a pure pair {5,6} such that the points 1, 2, 4, 5 and 6 lie in five distinct vertices.
Replace {1,2}, {3,4} and {5,6} by {2,3}, {1,5} and {4,6}. The inverse Lo-switching can be
defined in the same way.
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Figure 1: four different types of 2-paths

The following lemma estimates the ratio |Cy, ,1,|/|Clo—1,1,,1,| by counting ways to perform
certain Li-switchings and their inverses. We express the present results in terms of the
numbers a;(lo, 11, 12), defined in (3.7), whose estimation we postpone until later.

Lemma 3.9 Assumely > 1. Let a; = a1(lo — 1,11, 12) and az = az(lo — 1,11,13). Then

(i) :  Ift>1,

|Cl() I l2| aq 9
= 1 d lo+15)/t
1Clo— 1,1 1| 4lot( + O((drax + lo + 12) /1)),

() :  IfMy(L)>1andt>1,

C 1,02 ta
!c‘l J = o (2 O /ML) + (B 1o+ 12) )
0—1,01,02

Proof. Let P € Cy,1, and we consider the number of L;-switching operations that convert
P to some P’ € Cj,_1,,,. For the purpose of counting, we label the points in the pairs that
are under consideration as shown in Figure 2. So for any pair under consideration, we will
incorporate in our counting the number of ways we can label the points in the pair. Let
N denote the number of ways to choose the pairs and label the points in them so that an
L,-switching can be applied to these pairs, which converts P to some P’ € Cj,—1,, 1, Without
creating any new loops or double pairs. This implies that the switching operations counted by
N destroy only one loop and there is no simultaneous creation or destruction of other loops
or double pairs.

12



Figure 2: Li-switching and its inverse

Figure 3: Lo-switching and its inverse

We first give a rough count of N, that includes some forbidden cases (due to creating
double pairs, etc) and then estimate the error. There are [y ways to choose a loop ey and
t(t—1) ways to choose (ey, e3), an ordered pair of two distinct pure pairs. For any chosen loop
eg, there are two ways to distinguish the two end points to label the points 2 and 3 as shown
in Figure 2. For each of the other pairs, there are two ways to label its two endpoints, as 1
and 5, or 4 and 6, as the case may be. Hence a rough estimation of N is 8lyt(t — 1), including
the count of some forbidden choices of ey, e; and ey, which we estimate next. Let the vertices
that contain points 2, 1,5, 6,4 be denoted by vg, v1, vo, v3, v4 respectively as shown in Figure 2.
The only possible exclusions caused by invalid choices in the above are the following:

(a) the loop e is adjacent to e; or eq, or e; is adjacent to ey, in which case, the L;-switching
is not applicable since the definition of the Li-switching excludes cases where the edges
are adjacent because it requires the end vertices to be distinct;

13



(b) there exists a pair between {vg, v1}, or {vg, v4}, or {vs,v3} in P, in which case there will
be more double pairs created when the Lq-switching is applied;

(c) the pair e or e5 is a loop or is contained in a double pair, in which case a loop or double
pair is simultaneously destroyed.

First we show that the number of exclusions from case (a) is O(lptdmax). The number of
pairs of (eg, e;) is at most [yt. For any given ey and e;, the number of ways to choose a pair
es such that ey is adjacent to eg or e is at most 2d,,.x since both ey and e; are adjacent to at
most dyax pairs. Hence the number of triples of (e, €1, €2) such that es is adjacent to either
ep or e is at most 2lptdyay. By symmetry, the number of triples of (eg, ey, e3) such that e; is
adjacent to either eg or es is also at most 2lytd,... Hence the number of exclusions from case
(a) is O(lptdmax)-

Next we show that the number of exclusions from case (b) is O(lptd2,,..). As just explained,
the number of pairs of (eg, e;) is at most lpt. For any given eq and e;, the number of ways
to choose a pair e; such that vs is adjacent to vy or vy is adjacent to vy is at most Qdfnax,
since both ey and e; have at most d?__edges that are of distance 2 away. Hence the number
of triples (e, €1, €2) such that vz is adjacent to vy or vy is adjacent to vy is O(lptd?,.). By
symmetry, the number of triples (eg, €1, €2) such that vs is adjacent to vy or vy is adjacent to
vy is O(lptd?,,). Hence the number of exclusions from case (b) is O(lptd? . ).

Now we show that the number of exclusions from case (c) is O(I3t + lotly). The number
of ways to choose e, e, es such that e; or ey is a loop is at most 2l%t and the number of
ways to choose these three pairs such that e; or e is contained in a double pair is at most
2 - It - 215 = O(lptly). Hence the number of exclusions from case (c) is O(I3t + lytly).

Thus, the number of exclusions in the calculation of N is O(lgtd?,, + I3t + lptly). So
N = 8lpt*(1 + O(d?,./t + (Io + 12)/1)).

Now choose an arbitrary pairing P’ € Cj;—14,4,- Let N’ be the number of ways to choose
the pairs and label points in them so that an inverse L;-switching operation can be applied
to these pairs such that P’ is converted to some P € Cy,,, 1, without destroying any loops
or double pairs. To apply this operation we need to choose e, €], €5, such that (ep,e)) is
a simple directed 2-path of type 1 and e} is a pure pair. We consider the directed 2-path
(€p, €)) because it automatically gives a unique way of distinguishing vertices vy, vy and vy
and labelling points as 1, 2, 3 and 4 in Figure 2. There are A;(P’) simple directed 2-paths
of type 1, and hence A;(P’) ways to choose the points as 1, 2, 3 and 4. The number of ways
to choose a pure pair €, is t and so there are 2t ways to fix the vertices vy, v3 and the points

{5,6}. The only possible exclusions to the above choices are listed the following cases.

(a) There exists a pair between {vy, v2} or {vs,v4} in P’, since then at least one double pair
will be created if the inverse L;-switching is applied.

(b) The pair €, is a loop, in which case the inverse L;-switching is not applicable, or €} is
contained in a double pair, in which case a double pair is destroyed after the application
of the inverse L;-switching.

(c¢) The pair €, is adjacent to the 2-path or is contained in the 2-path, in which case the
inverse L-switching operation is not applicable.

14



The number of exclusions from case (a) is O(A;(P')d2,,.) and the numbers of exclusions

from case (b) and (¢) are O(A1(P")lg + A1(P")ly) and O(A;(P’)dmax) respectively.
Thus, the number of exclusions from case (a)—(d) is O(A;(P')d? ., + A1 (P)lo+ A1 (P)ly).

So -
E(N') = E(2A41t(1+0(d o /t+ (lo+12) /1)) | P' € Cromry 1n) = 2a1t(1+O0(d2 . /t+(lo+12) /t)).

Next we count the pairs of (P, P’) such that P € Cyy 4, 1,, P € Ciy—1.4,.1,, and P’ is obtained
by applying an L;-switching to P, which destroys only one loop without creating any new
loops or double pairs. (Since the parameters [; and [y are unchanged, no double pairs can
be destroyed.) Then the number of such pairs of pairings equals both |Cy,,, 1,|E(N) and
|Clo—1,l1,l2|E(N/)' ThuS>

|Clo,ll,l2|
1Clo—1,01 05| 4lot
This proves part (i) of Lemma 3.9. Analogously we can deduce the following by analysing the
Ly-switching and its inverse.

= (14 O/t + (lo + 1) /1))

1Clo 2| _ 2taz + O(d2 ,a3) + O(lopas + lras)
1Clo—1,0105 | 2lg My (L)? + O(dZ,, My (L)l + lo My (L)1)
tCLg

= e +O(d2, /ML) + & Jt+ (Lo + 1)/t + 1 /My (L))).

Then we obtain part (ii) of Lemma 3.9. 1

We use the following two switching operations to prove Lemma 3.10. These switchings
are designed to reduce the number of mixed double pairs by exactly one.

(a) D;-switching: take a mixed double pair {{3,4},{5,6}} and also two pure pairs {1,2}
and {7,8} such that the eight points are located in the six distinct vertices as shown in
Figure 4. Replace the four pairs by {1,3},{5,7},{2,4}, {6, 8}.

(b) Dy-switching: take a mixed double pair {{3,4},{5,6}} and also two mixed pairs {1,2}
and {7,8} such that the eight points are located in the six distinct vertices as shown in
Figure 5. Replace the four pairs by {1,4},{6,7},{2,3}, {5, 8}.

The inverse switchings are defined analogously to the earlier ones. For instance, the
inverse D-switching is defined as follows. Take a directed 2-path ((1,3), (5,7)) of type 4 and
a directed 2-path ((2,4), (6,8)) of type 1 such that the eight points are located in six distinct
vertices as shown in Figure 4. Replace these four pairs by {1,2}, {3,4}, {5,6} and {7, 8}.

Lemma 3.10 Assume l; > 1. Let ay = a1(0,1; — 1,13) and ag = a3(0,l; — 1,15). Then
(1) Ift>1and My(L) > 1,

C M.
Connl _ MalL)a <1*+~c><<dimxgkz1dnwx>/ﬂ4a< )4 (o + ) 1)):
\00,11—1,12\ 81112

Cl2 az M.
éﬁLﬂwzmﬁﬁ&;“+O“ﬁm+thﬂ> (A + i) [Ma (L)),
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Figure 4: D;-switching and its inverse

Proof. For a given pairing P € Cyy, 1,, let N be the number of ways to choose the pairs
and label the points in them so that a D;-switching can be applied to these pairs such that
P is converted to some P’ € Cyy,—14, without creating any new loops and double pairs. In
order to apply a Dj-switching operation, we need to choose a mixed double pair {e, ex} and
an ordered pair of distinct pure pairs (es,e4). The number of ways to choose {ej, e} is [
in Cyy, 1, and hence the number of ways to label the points as 3,4,5,6 is 2/;. The number
of ways to choose the ordered pair of pure pairs (e3, ey) is t(t — 1). For any chosen (es, e4),
there are 4 ways to label points as 1,2,7,8. Let the vertices that contain points 3,4,1,2,7,8
be vy, v9, v3, vy, U5, Vg as shown in Figure 4. Hence a rough count of N is 8/;¢(t — 1) including
the count of a few forbidden choices of eq, e, €3, €4, which are listed as follows.

(a) The pair e; is adjacent to ez or ey, or ez is adjacent to ey, in which case the D;-switching
is not applicable.

(b) There exists a pair between {vy, v3}, or {ve, v4}, or {ve, v6}, or {v1,v5} in P, since another
double pair will be created after the D;-switching is applied.

(c¢) The pair ez or e, is contained in a double pair, since another double pair is destroyed
after the D;-switching is applied.

The numbers of forbidden choices of ey, ey, e3,e4 coming from case (a), (b) and (c) are
O(litdymay), O(litd2,.) and O(ltly) respectively. So N = 811t%(1 + O(d2,,./t + l2/1)).

For a given pairing P’ € Cys,—1,,, let N’ be the number of ways to choose the pairs and
label the points in them so that an inverse D;-switching operation can be applied to these
pairs which converts P’ to some P € Cy,, 1, without destroying any loops or double pairs
simultaneously. In order to apply such an operation, we need to choose two simple directed
2-paths, one of type 1 and the other of type 4. There are A;(P’) simple directed 2-paths of
type 1, each of which gives a way of labelling points as 2,4, 6,8, and there are A4(P’) simple

directed 2-paths of type 4, each of which gives a way of labelling points as 1,3,5,7. Hence
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Figure 5: Dy-switching and its inverse

a rough count of N is A;(P’)A4(P’) including the counts of a few forbidden choices of such
two 2-paths which are listed in the following two cases.

(a) If we have v; = v;, for ¢ € {3,5} and j € {2,4,6}, then the operation is not applicable.

(b) If there already exists a pair between {vy,vo}, or {vs, vs}, or {vs,v6} in P’, then more
than one double pair will be created in this case if the inverse D;-switching is applied.

Note that since these two directed 2-paths are both simple, there is no destruction of double
pairs when the inverse D;-switching is applied. The numbers of forbidden choices of the two
directed 2-paths from case (a) and (b) are respectively O(A;(P")d2,.) and O(A(P")d3.,.).
So E(N') = E(Al(P’)A4(P’) | P’ € COJI,UQ) + O(ad3 ) = a1 (My(L) — O(l1dmax))(1 +
O(d3 . /My(L))). Since [; > 1, we have My(L) > 1. Hence

Contal  _ arMa(L)(1 + O(dya/M2(L)) + O(l1dimax/M>(L)))
Cou—1,52 81112(1 4+ O(d3,./t) + O(l2/t))
a; My(L) 3 2
- W(l + O(dmax/MQ(L) + dmax/t + l2/t + lldmaX/MQ(L)))7

and this shows part (i) of Lemma 3.10. Similarly we can obtain part (i) by analysing the
Ds-switching and its inverse. 1

The following two switching operations, designed to reduce the number of pure double
pairs by exactly one, are used for the next lemma.

(a) Ds-switching: take a pure double pair {{1,2},{3,4}} and also two pure pairs {5,6} and
{7,8} such that the eight points are located in the six distinct vertices as shown in
Figure 6. Replace the four pairs by {1,5},{2,6},{3,7}, {4, 8}.

17



Figure 6: Ds-switching and its inverse

(a) Dg4-switching: take a pure double pair {{1,2},{3,4}} and also four mixed pairs {5,6},
{7,8},{9,10}, {11, 12} such that the twelve points are located in the ten distinct vertices
as shown in Figure 7. Replace the six pairs by {6,10},{8,12},{1,5},{3,9},{2, 11},

(4,7},

Figure 7: D,-switching and its inverse

The inverse switchings are defined in the obvious way. For example, for the inverse of the
Ds-switching, take two directed paths of type 1, ((5,1),(3,7)) and ((6,2), (4,8)), such that
the eight points are located in six distinct vertices as shown in Figure 6. Replace these four

pairs by {5,6}, {1,2}, {3,4}, {7,8}.
Define bi(l(), ll, lg) = E(Al<7)>2 ‘ P e Clo,h,lz) for i =1 and 3.
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Lemma 3.11 Assume ly > 1. Fori=1,3, let b; = b;(0,0,ly — 1) for short. Then
(¢0):  Ift>1andb >1,
1Co,0,1, | b1 2 3
2 — 14+ 0((d ly)/t+d bi)).
‘CO,O,ZQ—1| 16l2t2< + (( max T 2)/ + maxal/ 1))
1Co.0.15| t%bs

= 1 d; by + 2 /My (L) + (2 + 12) /7).
|C0,O,l2—1| lng(L)4( +O( maxa3/ 3+ max/ 1( )+( max T 2)/ ))

Proof. For a given pairing P € Cy,,, let N be the number of ways to choose the pairs and
label the points in them so that a Dsz-switching operation can be applied, which converts P
to some P’ € Cp,4,—1 Without creating any loops and double pairs simultaneously. In order to
apply a Ds-switching operation, we need to choose a pure double pair {e;, es} and an ordered
pair of distinct pure pairs (es, e4). The number of ways to choose {ey, e} is Iy in Cypy, and
there are four ways to label the points as 1,2, 3,4 for any chosen double pair. The number
of ways to choose an ordered pair of two pure pairs (es, e4) is t(¢ — 1) and hence the number
of ways to label the points as 5,6,7,8 is 4¢(t — 1). Hence a rough count of N is 16[5t(t — 1)

including the counts of forbidden choices of pairs ey, ..., es which we estimate next. Let the
vertices that contain points 1,2,5,6,7,8 be vy, vy, v3,v4, V5,06 as shown in Figure 6. The
forbidden choices of the pairs ey, ..., e4 are listed in the following three cases.

(a) When e; is adjacent to ez or ey or when e3 is adjacent to ey, then the Ds-switching is
not applicable.

(b) If there exists a pair between {vy,v3}, or {ve, v4}, or {vy,v5}, or {ve, v6} in P, then more
double pairs will be created after the application of the switching operation.

(c) If e3 or ey is contained in a double pair, then another double pair would be destroyed
after the application of the switching operation.

The numbers of forbidden choices of ey, . .., e, coming from (a),(b) and (c) are O(latdmax),
O(lytd?,.) and O(I3t) respectively. So N = 161,t*(1 + O(d?,,./t + l2/1)).

For any pairing P’ € Cpo4,-1, let N’ be the number of ways to choose the pairs and
label the points in them so that an inverse D3-switching can be applied to these pairs, which
converts P’ to some P € Cyp,, without simultaneously destroying any loops or double pairs.
In order to apply such an operation, we need to choose an ordered pair of distinct simple
directed 2-paths of type 1. The number of ways to do that is A;(P’)(A;(P’) — 1). So the
number of ways to label the points 1,2, ..., 8 is A;(P’)(A;(P’")—1), which gives a rough count
of N’. The forbidden choices of the two paths whose counts should be excluded from N’ are

listed in the following cases.

(a) The two paths share some common vertex or common pair. In this case the inverse
D3-switching is not applicable.

(b) There exists a pair between {vy,va} or {vs,vs} or {vs, v} in P’. In this case, more double
pairs will be created after the inverse Ds-switching operation is applied.
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The numbers of ways to choose the ordered pair of 2-paths in case (a) and (b) are O(A;(P')d?,.)
and O(A;(P")d3 ) respectively. Thus, E(N') = b;(1+ O(d3, a1/b1)).
Hence
Copl b
1Co04—1] 1615t

Similarly by analysing the D4-switching and its inverse, we obtain Lemma 3.11(ii). 1

(1 + O(d?nax/t + df’naxal/bl + lz/t))

4 More switchings to estimate a’s and 0’s

The lemmas in the previous section give ratios of the sizes of ‘adjacent’ classes C; ;, but
those estimates are in terms of a;(ly,l1,1l2) (i = 1,2,3) defined in (3.7), b; (i = 1,3) defined
just before Lemma 3.11, and ¢ defined in (3.6). In this section, we use further switchings to
estimate the values of these variables. The following two switchings are used for a;.

(a) Sy-switching: Take a mixed pair and label the points in it by {1,2} as shown in Figure 8.
Take a simple directed 2-path that is vertex disjoint from the chosen mixed pair. Label
the points by 3,4, 5,6. Replace these three pairs by {2,3}, {1,4} and {5,6}.

L R L R

Figure 8: Si-switching and its inverse

(b) Sy switching: Take a pure pair {5,6} and a simple directed 2-path ((1,2),(3,4)) such
that the six points are located in five distinct vertices shown as in Figure 9. Replace
these three pairs by {1,2}, {3,5} and {4, 6}.

The inverse switchings are defined in the obvious way. Recall that we often abbreviate
A;(P), defined just after (3.6), to A;.
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L R L R

Figure 9: Sy-switching and its inverse

Lemma 4.1 Given ly, I and Iy, let £ = lg+ 1y + l. Suppose d . = o(M) and { = o(M).
Then

(i)« if Mi(L) < M/4 and My(R) > 1,

ar(loy Iy, 1) = AR = MDPMAR) (62 )/t 4 (Ul + o) [ M(R))):

M, (R)?
(i) : if Mi(L) > M/4 and My(R) > 1,
ol 1) = LTI (4 O+ /ML) + (e ) V(D)

Proof. Let a; = a;(lo,l1,l) for i = 1,2,3. We use the Sj-switching to compute the ratio
a1 /as and the Sy-switching to compute the ratio ag/as. We count the ordered pairs of pairings
(P,P’) such that both P and P’ are from Cy,, ;,, and P’ is obtained from P by applying an
S1-switching to P without any creation or destruction of loops or double pairs. Let N; denote
the number of such ordered pairs of pairings.
We first prove part (i). Assume M;(L) < M/4. For any P € Cj,4,1,, the number of
S1-switching operations that can be applied to it is
AlMl(L) + O(A1d2

max

AL = A My (L) (1 Y O(d,, /M(L) + 1, /Ml(L))). (4.1)

For any P € Cj,1,.,, the number of inverse S;-switching operations that can be applied to it
is

Ag 20+ O(Ao2 . + Aol + 1)) = Az 2 (14 O ft + (o +B)/1)). (42)

The total number of S;-switching operations that can be applied to pairings in Cy j, 4, is

> APIMUL) (1+O(( 1) /ML) ) = ar M (L) (1 O(( 0+ /M (L)) ) (Cr g 1

PECig,1y,15
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and the total number of inverse S;-switching operations that can be applied to pairings in
Cio.tr 1> 18

> Aa(P) 214 Ot + (lo + 1)/1)) = az - 24 (14 O(d2,/t + £/)) Cii 1

Peclohh

These two numbers are both equal to N;. Hence

Z_j - Mlz—(tL)(lJrO(diaX/terfnax/MﬂL)+€/M1(L)+€/t)) (43)
M, (L)

= S (14 O+ /1) + Ol(d + 0)/1).

Similarly, by the Se-switching and its inverse we get

as My (L)

B = S Ot B ML) + /ML) + /1)) (14)
= M O+ 0/) + O+ 0)/1)
Hence
@ = a (M;—iL)(l +O((d2 + 0/1)) + O, +€)/t)) ,
= a <%f)(1+0((d§m+£>/t>)+0((d3nax+£>/t)> .

Recall that di. = o(M) and ¢ = o(M). Since M;(L) < M/4, we have t = Q(M) and

My (L)/t <1 (indeed we only need that M;(L)/t is bounded) and so

as = a; ((Ml(L))2 (1 + O((dRy + E)/t)) + O((dRy + E)/t)) .

2t
Hence
a1 + 2az + az = a; (1 + (2 M;iL) + (M;(tL))Q) (1 + O((d2,, + E)/t)) +O((d2, + E)/t))
— o ((1 + M;—Sf)) 2 (14 O+ O/1)) + (2 + E)/t))
s <1 + M;—(f)f (1+O((d2 + 0)/1)). (4.5)

For any pairing P € Cy,, 1,, the number of simple directed 2-paths in P is Y., p di(d; —
1) — O(ldmax + lod?,,), since the number of non-simple directed 2-paths is bounded by

max
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O(lod?,, + lidmax + lodmax) = O(ldmax + lod?,.). On the other hand, the number of sim-
ple directed 2-paths in P is A; + 245 + Az + A4, since 2A, counts the number of directed
2-paths of type 2 and the opposite direction. Then

Ay 4245+ Ag + My(L) = O(lidiax) = Y dild; — 1) — Ol + lods,y.).

i€ LUR

Thus,
AL+ 245+ Az = My(R) 4+ OUdpay +lod2,,,) = Ma(R)(1+O((bdmax +lod>,,, ) /M2(R))). (4.6)
Combining this with (4.5), we have

_ (M4(R) — My(L)*My(R)

I, (R)? (14 O/t + €/t + (Cldinax + lody) /Mo (R)),

which proves part (i).
Next we show part (ii). Assume M;(L) > M /4. We observe that (4.3) also gives

2 Mf(tL) (14 O((@2, + 0)/M1(1))) + O((d2, 0 + 0)/Mi (L)),
and (4.4) gives
as 2t

2 e (14 O+ /M (L)) + O((2 + O /My (L)),

Since M;(L) > M /4, we have t/M;(L) < 1 (so t/M;(L) is bounded). Calculation similar to
part (i) yields

a+ 2 +a; = as (1+%)2(1+O((dfnax+£)/M1(L)))

(
= Mz(R)(1 + O((dmax + lodpa) /Ma(R))).

Hence

M, (L)*My(R)

M, (R (14 O + ) /My (L) + (€dmax + lod) /Ma(R))).

as =

This proves part (ii) of the lemma. 1

Recall the definition of b;(lg,l1,l2) above Lemma 3.11. We next estimate these using
simple modifications of the S;-switchings for i« = 1,3. (Note: in this lemma, our abbreviation
b; contains no shift of index, whilst it did in Lemma 3.11.)

Lemma 4.2 Fori =1 3, let a; = ai(lo,ll,lg) and bz = bi(lo,lljlg), and let { = l() + ll + lg.
Assume My(R) > 1, d:, = o(M) and £ = o(M). Then

max

(1) if Mi(L) < M/4, by = af(1+ O((dpax + )/t + (Uina + lodiax + div) /Ma(R)));
(i) :  if My(L) > M/A4,
by = a3(1 + O((dax + 0)/Mi(L) + (ldmax + lodpax + diya) /Ma(R))).
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Proof. For 1 <i <5, let X;(P) denote the number of ordered pairs of vertex disjoint simple
2-paths in P where the first path has type j; and the second has type h;, with (ji, k) = (1,1),
(jg,hg) = (3,3), (jg,h'g,) = (1,2), <j4,h,4) = (1,3), and (j5,h5) = (2,3) We dI‘Op P from the
notation X;(P) when the context is clear.

The S3-switching, as illustrated in Figure 10, is a slight modification of the S;-switching.
To apply it, we need to choose a mixed pair and two simple 2-paths of type 1 such that they
are pairwise disjoint. To apply its inverse, we need to choose a pure pair and two simple
2-paths of type 2 and 1 respectively such that they are pairwise disjoint. Compared with
the Si-switching, the S3-switching requires an additional simple directed 2-path of type 1.
However, the pairs in the extra 2-path remain after the S3-switching is applied since they are
vertex-disjoint from the pairs that are removed. The S;-switching, as illustrated in Figure 11,
is a similar modification of the Sy-switching.

We will first estimate E(X;(P) | P € Ciyu1,) for @ € [5] and then use this to estimate
by and b3. Following the analogous argument as in Lemma 4.1, we can estimate the ratio
E(X35(P) | P € Ciyuyio)/E(X1(P) | P € Ciyuy0,) by counting the ordered pairs of pairings
(P, P’) such that P, P" € Cy,,,., and P’ is obtained by applying an Ss-operation to P without
any creation or destruction of loops or double pairs. Then the number of such S3-switching
operations that can be applied to P is X;M;(L) + O(X,d?,. + Xil1). The number of such
inverse Ss-operations that can be applied to P is 2tX3 + O(X3d?,, + X3(lp + [2)). So the
ratio E(X35(P) | P € Cipuy0.)/E(X1(P) | P € Ciypy1,) equals the right hand side of (4.3).
Similar analysis of the Sj-switching and its inverse shows that the ratio E(X,(P) | P €
Cio s o)/ E(X3(P) | P € Ciyuy.0,) equals the right hand side of (4.4).

Figure 10: Ss-switching and its inverse

On the other hand, by (4.6), for any P € Ciy 1, 1,5 A1(P) 4+ 2A2(P) + A3(P) = Ma(R)(1 +
O((Udmax + lod?,,.)/M>(R))). Thus,

E(A} | P € Ciypyan) + 2E(A1 Ay | P € Crynyny) + E(A1A3 | P €Cynnn)
=E(A; (A +24,+ A3) | P €Ciyiyin)
=E(A, | P € Cpyuyt) Ma(R)(1 + O((ldmax + lod?,,..) /M2(R)))
= a1(lo, Iy, l2) My (R) (1 + O((bdmax + lod2,,. ) /Ma(R))). (4.7)
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Figure 11: Sy-switching and its inverse

We also have

X, = A} + O(A &2

max

), Xz = A1A;+ O(Ad?

max

), Xy = A A; + O(Ad?

max) ?

(4.8)

where the error terms in (4.8) account for the number of ordered pairs of simple 2-directed
paths that are not vertex disjoint. Let a; = ay(lo,l1,l2). Taking the conditional expectation
on both sides of each equation in (4.8), we obtain

E(Xl | P e CloJl,lz) = E(A% | P e Clo,h,lz) + O(ald2 )7

max

E(X3 | P e Cl07l17l2) = E(AIAQ | P e Clo7l17l2) + O(aldilax)v
E(Xy|P€Cons) = E(A1As|P € Copp)+ Olads,,).

Combining this with (4.7) we have

E(Xl | P e Clo,l1,lg> + 2E<X3 | P e 610,51712) + E(X4 ’ P e szll,lg)
= a1 Ma(R) (1 + O((ldmax + lodiay + di) /Ma(R))).

So part (i) follows from an argument similar to that used for Lemma 4.1 and (4.8). Similarly,
by analysing two switching operations similar to those of S3-switching and S;-switching, ex-
cept that the extra 2-path is of type 3, we can show that the ratio E(X5 | P € Cyuy1,)/E(Xy |
P € Ciyuy.0,) €quals the right hand side of (4.3), and E(Xy | P € Ciy4y.0,)/E(X5 | P € Cipi10)
equals the right hand side of (4.4). By the fact that

X5 = AgAs + O(Asd?,)), Xu4= A1As+O(Asd,,), Xo= A2+ 0(Asd,,),

max max max
and

E<X2 ‘ P e Cloth) + 2E<X5 | P e 610711712) + E(X4 ’ P e Clo,ll,lz)

= ag(lo, 11, b)) Ma(R) (1 4 O((Udax + lodi oy + dna) /Ma(R))),

together with Lemma 4.1(ii), part (ii) follows from an argument similar to that in part (i)
and the proof of Lemma 4.1(ii). &

25



5 Synthesis

We are now ready to substitute the values of the variables a; and b; determined in Section 4
in the ratios determined in Section 3, and from there to prove the main theorem. The
reader should not be surprised at how the separate cases combine to give the same resulting
formulae with the desired error terms; the definitions of the cases and the choices of switchings
for each case were carefully designed to achieve this. Before we proceed to the next lemma
and the proof of Theorem 2.1, we specify the values of (;, i = 0, 1,2, first introduced above
Corollary 3.7.

Choose (; sufficiently large such that the following conditions hold:

2 1 M 2 In M d3 2 InM
(dmax + ln M) (dmax + n dmax + n 5 max + dmax n 5 ) < ]_7 (51)
M Cl( max + d12nax In M) <0( max + d?nax In M)
d2 o+ 1In M d .+ dmax In M d3. .+ dmax In M
d2 + l M max max max 4 max max < 17 52
( e ! ) ( M CQ( max + d?nax 1112 M) CO( max + d?nax 1I12 M) ) ( )
d? 2 +InM A3+ dpax In M
d2 1 M max max max max 1. 5.3
(e man) (5 (B + B D) ol + 10 M>> )

This completes the definition of k; above Corollary 3.7. Note that by the definition of k;, we
always have kg = O(dpax +In M) and k; = O(d?,, +1In M) for i = 1,2.

Lemma 5.1 Assume di,. = o(M) and { = ly+ 1y + Iy = o(M). Assume My(R)/d3 . is
sufficiently large. Then

(Z) ’C|Cl0 I, l2| | /;’0 ( ( + max + lO + l2 (ll + l2>]dwmz<ixR‘)i‘ lodgnax)> , lO 2 17
lo—1,l1,l2 0 2
.. |CO l1, lzl /1/1 ( ( + ll + l2 d3 + lldmax (ll + l2) max)>
ii +0 max + max + ’ l > 1;
) ol 1 V(L) M(R) 1

. ’CO 0 l2| ,u2 d + 12 l2dmax + d3
1 O maX max l > 1.
(i7) ‘Coo lo— 1‘ l2 * * My(R) 2=

Proof. Clearly 0 < M;(L)/M < 1/2 since M;(R) > M;(L). We discuss two cases according
to the ratio My(L)/M.

Case 1: My(L)/M < 1/4.

Here ¢, which was defined as (M;(R)—M;(L))/2,is ©(M). By part (i) of Lemmas 3.9-3.11
and 4.1-4.2, and recalling (2.1)—(2.3), we obtain the following, with some of the bounds on
error terms explained below.

Chonisl 1o (14 o (s Tl l (b la) e+ lodiyay
|CZO*1,11712| ZO M MZ(R> ’
|C0,11,12| _ ﬂ (1 +0 (d?nax + l2 + d?nax + lldmax (ll + l2>dmaX>) :
1Cots 1,5 h M My(L) M;(R)
‘CO 0,l2 | 2 < (d2 + l2 dS l2dmax + d2 ) )
Uy — —e 1 + O max —I— maX + max .
1Co,0,5—1] l M by My (R)
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For the second equation, note that error terms involving ly do not appear since [y = 0, and
similarly ly = [ = 0 for the third equation.
Case 2: 1/4 < My(L)/M < 1/2.

Here M;(L) = ©(M). By part (ii) of Lemmas 3.9-3.11 and 4.1-4.2, we obtain the follow-
ing, with some error terms explained below.

1Cio 1.1, _ Ho (1 L0 (dilax +1 n Qo T 1o+ 1o (I + lo)dmax + lod?nax)) 7
1Clo—1,01,05 | lo M t M, (R)

Conl 1 (1 Lo (d?nax + 1 N B A ldm (L + 12)dmax>)
1Coty—1.,] Iy M M,(L) M, (R) ’

1Co,0,0,| _ M2 (1 L0 (d?nax + A + 1o 4 d?nax as | lodmax + d?nax))
1Co,0,12-1] ly M t b3 Msy(R)

Parts (i) and (ii) follow by combining the two cases. To complete the proof of part (iii),
we show that a;/b; = O(My(R)™') when M;(L) < M/4 and a3/by = O(My(R)™') when
My(L) > M/4.

First consider Ml(L) < M /4. Considering a; /by, we have the following two cases.

Case A: My(R) < (o(d,, + d3, . In> M). Then ky = d2,, according to its redefinition af-
ter Lemma 3.6. Since My(R)/d3 . can be made arbitrarily large by the present lemma’s
assumption, the error terms lodpay/Mo(R) and d2. /M>(R) in Lemmas 4.1(i) and 4.2(i) are

max

sufficiently small, e.g. smaller than 1/2. Tt follows that a; = Q(My(R)) and b; = ©(a?), and
SO al/bl = O(MQ(R)_l)
Case B: My(R) > (o(d? In* M). Then for any ly < ky = O(d?,, +InM), as
defined in (3.2), the error terms in Lemmas 4.1(i) and 4.2(i) are arbitrarily small. Thus
a; = Q(M(R)), by = O(a?), and a; /by = O(My(R)™!).

On the other hand, assuming M;(L) > M/4, a similar argument shows that as/bs =
O(MQ(R)fl) |
Proof of Theorem 2.1. Recall that P(d) denotes the probability that a random pairing P €
M(L, R,d) corresponds to a simple B-graph, and U(m) denotes the number m!/((m/2)!2™/2)
of pairings of m points. The total number of pairings in M(L, R, d) is thus [M;(R)] s, () U (M1 (R)—
M;(L)). Since each simple B-graph corresponds to [[}"_, d;! pairings in M(L, R,d), we have
M, (R)'P(d)

200V (M () — Mi(L)/2) T &

and it only remains to show that P(d) = e #o—#1—#2(1 4+ O(dL _/M)).

If My(R) = O(d3,,), we have yu; = O(d:, /M) for i = 0,1,2. Then by Corollary 3.4,
P(d) =1-0(d%, /M) and we are done. So we may assume

M (R) [ dyy. > (5.4)

for any fixed (large) C. (Note we assume throughout that dpy., > 0 since otherwise there is
nothing to prove.) By Corollary 3.8, it is enough to show

+ d2

max max

9(L,R,d) =

k1 ko

ko
Z Z Z |Cl0 l1, l2| - |C0 00|6M0+M1+H2(1 + O( maX/M)) (55)

l2=011=01p=0

27



Iterating the ratio in Lemma 5.1(i), for any fixed Iy < ko, I} < k; and Iy < ko, we get

Clotuts| _ 10
||Cl(()hll 7ll || N ILZLOO' (14 O+ lo + 1)/t + 11 /M + (11 + L) dipax + lodfnax)/M2(R)))l0 - (5.6)
301502 :

First we sum over /. Here we assume ¢ > 1, since otherwise By = 0, which will trivially
give the desired conclusion (5.10) stated below. Recalling the definition (3.2) of k; and its
redefinition after Corollary 3.6, we have kg = O(dpax + In M) and for i = 1,2, k; = O(d2,,, +
In M). Consider the following two cases.

Case 1: My(R) < Co(d>,, +d3, . In* M) or 2t < ¢ (d4 In? M).

Here, by the redefinition of k;, we have kg = dyax and ky = d2,, so (lop+1)/t = O(d?,,../t) and
(I +12)dmax+lodr2nax>/M2( ) = O((d3 . +11dmax) /M2 (R)). Recalling also the definition (2.1)

of yg as tMy(R)/M;(R)?, and noting M;(R) = Q(M) and My(R) = O(dya M), we have from
Lemma 5.1(i) that for 1 <[y < ko and all relevant [ and I,

+d;

max max

C 1
| lo,l1,12| (,UO —|—O< maX/M+dmaxl1/M))
Clo il Do
Hence (bounding d3_ by di .. for consistency with the later argument),

Z |Cl0 l1, 12| _ Z (/L0+O( ax/M+dmaXl /M))

5.7
1Co,t, 15 | lo! (5.7

lo=0

Note that for any = = o(1),

0 2))lo o0 0 fo x))bo ko+1
5 W: 5 (O(po)) l;r (O@)) = (0(0)"™ (ko + 1)1 + O(x), (5.8)

using 1o = o(ko), which is implied by po = O((d2,,, + d3, . In*> M)/M) = 0(dyay). As in this

max max
case kg = dpax > 1, by Stirling’s formula, we obtain

() (8 o oo

dm ax

Combining (5.7)-(5.9) and setting x = di, /M + duyaxli /M, we obtain

ko

C
Z ||Cl§,ll1,ll2|‘ = exp (MO + O( ax/M + dmaxll/M)) + O((dfnax + dmaxll)/M)
lo=0 170l

= eXp(,UO)( + O(d4 ax/ M + dmaxll/M))

+ d?

Case 2: My(R) > Co(d2,, + d3,,. In* M) and 2t > (i (d,, + d?, In* M).
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Here ko = O(In M +dyax), ki = O(In M +d2,,..) for : = 1,2. By the choice of {5 and ¢; in (5.1)
and (5.2), we find that lo((d?,, + lo + 1)/t + 11 /M + ((l1 + la)dmax + lod?,,,) /Ma(R)) = O(1)
provided I; < k; for i = 0,1,2. So, from (5.6),

kZO Cronssl ZOI 1 exp(O(lg (a2, /t + (lo + 1)/t + 11 /M + )
lo=0 ’60711712’ lo—0 lo!
kO kU lo 2
IU’O 0 dmax + l2 ll (ll + l2)dmax
= O PO g [ —max ~ =2 L
lo=0 lo! ! (lozo lo! < t i M " M;(R)

ko 1o 2
Ho 2 1 dmax )
+0 —1; ( + )
(Z lo! M>(R) )
Note also that kg > 8n(R) > 1640, and kg > In M. So

Z NO. _ ( koéi?) 0) _ O((e/16)k0) _ O(M_l).

=ko+1

Also, of course, ZZOZO(MSO/ZO!)ZO < ppet® and ZZOZO(MéO/ZO!)ZS < (2 + po)et. So we have

‘CZO l1 12‘ MO < <d2 + l2 ll (ll + ZQ)dmax + d3 ))
— — O + O eMO _max = "4 + = + max
Z Cosvt (M) £ V(R

ofem ()

Now using
po/t = My(R)/Mi(R)* = O(dmax/M),
pa/t = O(My(R)*t/Mi(R)") = O(dy,./ M),
po = O(Mz(R)/M) = O(dmax),
polmax/M2(R) = O(tdya/M?) = O(dyy /M),
Wi/ Ma(R) = O(t*Ma(R)dy, /M) = O(dy,0c /M),
we obtain

ko
IClotninl (4 b)dmax | Ay
k) ) — 1 .
Z e + O i + i
0

lo—0 ’60711712|

Combining the two cases, we have (for [; and [5 in the appropriate range)

ko .,
Iy +lo)dmax  dyax
E Cro,tr12] = 1Co,1u 12| €xP(120) (1 +0 << . ]\2) += )) : (5.10)

lop=0
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We will next sum this expression over [;. By Lemma 5.1(ii), for any fixed [ < k; and
ly < ko,

Conial _ 1t (1 Lo (d;ax thtl | At bl (0t lg)dmax>)ll
Coon| 1! M My(L) My(R)

(5.11)

Case 1: My(R) < (o(d2,, + d3

max

and summing over 0 < [y < k; we obtain

In? M) or My(L) < Go(dP,, + d?

max

In? M). Then k; = d?

max’

kl k:() kl )
(ll + l2)dmax d
Z Z |Cl0,l1,l2| = Z |CO,l1,l2|€MO (1 + O ( + max
l1:0 lo:O 11:0 M M
k
1 ZQdmax d4
- Z 1Co,0,15]€"° (1 +0 ( + max))
11=0 M M

% 1 + O dr2nax + l2 + d?nax + lzdmax + d?nax " i
= M My (L) My(R) N

. botmax + d4 \ ) o= (i1 + O (d o + b2, ) /M))"
= |Co70’12|6“ (1 +0 (T)) Z l1' )

11=0

using (5.10), (5.11) and

H1 = O(MQ(L)MQ(R)/M2) == O(d2 ), ll S kl - d2

max max*
Similar to the summation over [y in case 1, we obtain

k1 ko

l d?nax + dfnax
> 1Cinil = exp(po + 1) Co0.| <1 +0 <2T>) . (5.12)

11=01p=0

Case 2: My(R) > (o(d2,, + d3, In* M) and My(L) > (o(d®,, + d3 ..
choice of (y and (3 in (5.1) and (5.3), for any I; < kq, Iy < ko,

l di’lax + ll + lQ d?nax + lldmax (ll + l2)dmax
1 M Ma(L) My(R)

In? M). Then by the

is bounded. Estimating error terms similar to Case 2 of the earlier summation over [y, we
obtain the same result (5.12).
For summing over [y, the argument is similar, and the final result is (5.5) as required. B
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