Euﬁ"?ma‘rl’on andh %‘del.v}(

1\ ReducTn‘ons. exTen&bns, cmo{ PUH‘)OJ‘CaTJm

Lef X.Y be Yegisfers with @sscaled CES X ad . Tegpedlively
Suppose that (X.Y) has a stafe Qe Pxey )
e individuad  Clales of X.Y o give by

O% = Tyle)  ad €= Tra(e)

and We Call Thew The veduted  Stifss on X ond Y
or the Yeductons of € % Xand Y

Def ( Exfensins) :

let e D) be a shie .
Then, a ¢lafe Q€ D(XeyY) I (alled on exlensi, of T

H 0= Trylo)

Eg For 2 sfe Tebl®), T®3 is an exlension of T For dny EDY)

DE‘F LP‘”“ﬁC&Tkns) :
let QeD\X) be a skfe
A Pure sTde P=uu* s calld a Mfﬂm-ﬁvn of 0

F 0= Tryl@) = Tryluu*).
In the case. UeX®Y s also Calld @ pwrficaTon.

A purificifon 15 @ Speciofl type of exlensin Using a pure STafe.




The QKMCest of Feduclions, exlensions, andk PW:“F: Calions  OIe na.‘/'w’aﬂ/
extended lo  Ppasitive Semidlefinfe opcfa'l&r:

E( purifications of posiTive Semiolefin Te operafors )
LBT Pe hsX).
I there exists a Vedor UEXRY  Such That P-= 'ﬁy (u.w‘)/
W (or Uwr) 15 called a PWFﬂ‘Cﬁén o P

Eﬂ K= - @z.
=2, Ca® € s o P‘r?'f'n'CaTron of :u'k--'-'zea&t-
acy, aEZ
dim)
Ej 0= 1_Z|. Py itk + & spechil oetomposifon of (e D().
Al

Then, i & Jow) isus purificafion of (-

* Exisfence of purrﬁ‘cif’.en
Thml
let X aod Y be CES, ad Jef Pe Rs(X).
Then, there exisTs a Pur-“ﬂ‘co[rlbn uexey of P
i oand oy i dinlé) Z Tank(p)




To show Thml, We will use The -}Lllow,v obserVaTion.
Lem1

Let Pe Rosl®). The Followng are  equivalert

[ There exst a parfiaton UeX0Y of P

2. There exisle on operfir A€ L(YX) such flot P= A4

lzroo-f- Sec 2.4 or F2023 lecfure 1.5
U=>2) Swpse that a parrfiction (}u of P exgs that is, P=Tryluu®)

Recall fhe Vee function, (Vec: LX) > Xoy, VeclEua) = aves)
Sinte Vec is bjjeclive, there eXists AeLlYX) Such that U=VeclA)
Sinte  P= Tryluwr) = Try|veclAved A)¥ ) = AAT =0
Al QT@
We have Slodement 2.
\2">U S“PPS% hat  A€LWY%X) with P=AA¥ exsks.
Define. U= VeclA). By b9, u Sewes &5 a punficaten of P



Now, let's show Thml &

Prof of Thm1 Theory of Quucatum Lnbrmalin Uextbeok ) Pl

Suppase thatf a purfication U Jof P exisfs.
87 Lﬁhl, Ae LX) with [ P= AAT exsls.

fank (P) = Yank (AAF) = Yank(A) < dim(Y).

On The ofher ham{, 5‘()9?056 That rﬂnk(,P)S dﬁhw}
let Y= runk (P). and Contidler a sPcch,Q de(mPOSITbn

r
P= E-N‘ik’w , Whare YAR20  kel2~
Aiw, Ay Orfherormad Veclors on X.

Sinte. Yank (P)< dim () We can Chesse an ofhoonmal Vechrs
3"32:“‘/ ¢ € Y.
Then, the Of’eral'or A= éﬁi}@: S’a'ﬁb’ﬁ‘es F'-‘ AA¥.

By Llew1, @ purficaton U of P exisTe
(Adwly, We can fake U= Vecla) by fhe prof of Low 1)

Thml implies That o punfication olvars exds if ¢ 15 Sufficenty lgpe.
Gort

let Xad J be CES with dimk)> din(X).

For any Pe RslX), thaore exsts a purcfication Lle XY of P.

{

FW“ n‘g ')roo*P, ObSQrVE Ebm\o&)? VZ‘"\((P_) v Pe RAS(')\)




* Unifary equivalence  of Fund?n‘ca”nans

Thwm 2
let X and Y be CES, and let W e Xoy

Assune that  Tryluwr) = Try (v v™).
There exisfs a uni Tary opera‘kr Ue UY) such that U= (IxoU) W

plof

Pefine P = Tryluu®) = Trylvv?) e RelX).
LQT A Be qu\) be Luhl'({uc) lfnear OPefaT&rs Such That
U= VeelA)  oud U = Vec(R).

AAY = Tryluwt) = P = Try lUv) = BRY.
“ YunklA) = rank(p) = fank(B) =

et P= é‘,')\kirixf be & Specfral dlecomposiTion-

Site AAT= P= BBY We (an Choose Strgdar\aﬁ'ue | deocr»pa&%ns

A= ZIAdt od B ZVmAE

USing  Sme orthonormal  Sefs o VecTors {3““‘,&-3 and 1%, .20

Now, Take a W"Tﬂl‘f opefalor Ve UUD such That VZk Jk Tor all k
For QXAMP(Q We Cap Tc(‘(e \/ i

Where dri v ddel) amd ZRi~ Zdnly  Qre aMiTwnaJ VecTors
So that {3\,““.&7&%{3)3 otndk {Z(,“chLm.S are  orfhonorma| baSes  of J .

Tke U=V Then (1x0u)u = (122V) Ve A) 2 Ve |AV) = veel8) = -
Al ©
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®

A funclion that quailifies the Similan'ty of Two quanfum STales

Defr et X be o CES, ad lef P.@e Rel®
The gn‘delffz between P ond Q is odefred as

FP) = PRI, = T[{Faf ]

9’3’, - FP.e) = Fa.p) Hr w PQE PslX).
» Fluws, g) = Juau 4 any WEX and omy Q-
- F\Mu*,vv’) = | uv>| ﬁ,r oy U, reX.

Prop | ( multiplicstivity ) .

let Xiand X2 be CES, and et P.@,€ Rs\X) and Pa,eRs ()

Then,  F(PoR, @eg..) = ER ) EP.e.) :

_prof
FPer.@oQ.) = |{Pep: Jama.l,
= ) (Ve dr)Wee )|,
= o |°‘J-l;2\'54"1

= ed@ Il 1R Jaall,

-~ FKPI»Q—!) F\.PJ..Q:) il




* Characlerizdlions of the ‘Ffole’l‘ry FincTron
Py ﬁlm3 \ Uhlmann's _ Theorem )
let X bea CES, and let P @ eRs(X)
let Y be «a CES with dimY) 2 'MX{kaP), ranl:Lan,
ond lef Ue X®Y be a purficafion of P = Exionce of U is ok by Thwl
Then, FIP.Q) = max {I(unnl P vexsy, Tylve®) = 9),
_Preof

Since dhm\8) 2 Max { urk(p). Yank(g) ) There exst A add B €LY.X)
Such that  ATA = Tlimp) and BB= Tinis).

TanklP) Vaslel )
For exan.yle, leT P-‘ é ')\p hﬁ : Q,= é "Lkéﬁ\#: be @crj’rd danmqu;Tth

Td‘e Sefs of orthonarmal VecTors on a -{Za,“'-. Zrank[P)s ond (W'.‘w Wﬂ'*‘ws
Yark\P) Jankl@.)

Define A= é Zede  oand B= k%n Wi

Since  Try \Vee\JPA") vee ($PAT)*) = JPA*AP = P

ond Try (Vec NQBO) vec U@ 8Y*) = BB & = &,

Vec\JPA) and Ve WGBY) are purificafions of P and Q, YespecTiualy.

By Thm2, ther exsls UeuUld) such that
w= (120 U) vec JPA*) = Vec \JPAUT).

thihr'y, al\y PWP‘PI‘CaTobn v Q’XQ\\I O'F a/ Can be wrtfen Qs
U= WxoV) vee JRB*) = VecWQBF V')

Usihg Some Ve ULY) |

\ l_\',_‘ "’A "’\ “.‘;’}“,_ \\‘ \ L’_,.‘J)‘ . —‘,\ 15 a f ) 1 “V,L“ (IO ) ] ol ] D) an \ ATV y Wy ;



(Yr”"’ of Thm 3, Gm’f’A) @

" ax {l(u.v>l Fvexey , Tylve®) = 9). =v2a:\v )I(ku‘m‘u’), veo (BEV')>|

= max | <FAUT @BV |
Veuly)

max | U7, AVPIG,B*> |
Veuly)

= |AlP&a e,
Since Tlwmp) = AA , Tin)= BB, IAs, IBL. €1, andk

INPIQ i = W TTimee> JP (@ Thimesl; = || AAJP @ BB I
< |A e N AVPYQBE 1l 1B oo
< || Alrfe B* I,
< AN NP Il BN
<l dal,

“ NAPRIR B, = [IPyall, and
max {Ku,wl vexey, Tylwev®) =@ J= AR B |l - Pl - F(Pa) 5

In foct, by appropr.aleky dws."g an oplimal U~ in The SlaTement of Thm3,
We have LUD,Q)” UV




ObS ‘ For all dehsify OfeTaI:ra 0.3, 0<FR3)=1
FR 3)=-1 i ad only it P=3, and.
FR23) =0 if ad anly it @3-0

Prop 2
let X be a CES, aud let Pov, Pe. Qi Gpe s \X)

k k k
Men, F(Z0 265) 2 ZFB.o)

_prof
Let Ybe a CES with dim(¥) > dim(%)

By Thm3, We can choose  purificafims wu; \u.;v‘ W Uh €KY
of PPy P Qi Qe with Ay = FLG, Q).
let 2= (f/ , wd define WV EXoYRZ  as

W= ﬁudo €  ad U diwoe
‘ I

Sinte Try oo Unr) = i - Try ") - Z B
Tryoz (‘U"U’) éQ.a
WV ore puricodions ot de p é d ( Y“F“T"'f

&=

B Thm3, i[;‘, éQa)> | <wvs|

= |i<u‘,u;>\

- 1Ereap| - 2ran
Lor2

FAAQ+ UM Q, A3 + 1= 23, ) 2 AF@.30 + U-A) Fl@.3)
TFW‘ all Qu?a,j,,}ael)\')\) ard, 0&7\5 | .




®

Thm 4
let X be a CES, ond. et PGLG Pas().  The Set of PSilie “deaite
Ve OPe'r“TOB on ‘K
e FiPe) = it {—(PY)* Lax'y: Ye PAL')\))
_Proof
The Pr‘"f‘ Consists of 3 SToPs.
O P-a FE P
L this (ase, We Show TrU’)' I»F{1<P1>+ PY7> YePA(m}
ObServe thet i ik
< 3T+ 270 - ).
By Tﬂl"ra Y= 1x
T}M. It suffices To Shew KXx) 2 TrW)

For this parpose, we  show z‘(P,Y)* 5‘(?,.‘(") 2 TP P all YePAX).

..‘
O})Se)-Ve, that \(;:{

7 (1 -Y5)" e Rol).

Byt
TP 1) 20 ad s Lepror 4ty 2 <P TR



(Prod of T4, contd)
@ P aePdlx)
Define R = |(Fadp  and

2= RIpyp R"i,

We. have <R,2> = <R,R“*"JFYJE>R'5I S = <4PYY
L 5 |
and <K: Z-I> = < R‘ R:.F"%qu‘z RI >
= KPERPE, Y > = <ar™
Falp |

Sinte P.REPAN, There 15 a ohe- T -ohe CorreSfbnde»Co
belween Y and Z, ond Wwhen Y Ybn}zs over ol
PosiTive o{cﬁm’fe OPethr.s, So does Z.

St [ Lepyy '-(QP(")]’ inf [-'-<R.z>+l<R,%">]
Ye R [i 2 Zenlly (= s

: Trkp) = FKP;Q)
Sﬁzp@




(Prof o8 Thm%, Contil )
@ General Case (P.@eRslx) )
lef €>0 be an arbiTmy PO&Tv've real fumber.

We hae 1 A 1 »
2 P+ g <RI < g (el O g Greds, T

Sinte Tl THY") > 0. Preds Qeedh € AL,
&
Toking the infimem over all e PAX), by Sep@ y

inf [l(Pﬁr)f‘«LT >] < FlPret, @relx)

Yeplw
Since, (¥¥%x) holds for all &>o,
C‘*Sfdef"g The Conﬁlu.‘t, of The ‘Ffde"‘fy, (HP,GL)=WFELI|I)
I il , 1 ¥ £ ; Jd
\(eﬁ\«)[f&@“‘ 7 &Y >] F(Pe) @

i\ Toke the fme¢ ¢->0

Ohﬁ\e ofher hanol ‘JOOr Ony Ye Pd\x) and Any £70,
<Peldx Y S+ 5(62-6@]«,{') FkP"ﬁI'X, Qtedx) .

By TQFMJ ¢->0 on bath Sl'des, by Cmﬁnuhy of 3%9“77 ard imer-{’l‘dd/ﬂf,
5|<P,Y >+ é<a.‘r"> > F(Pa>
" By Takng the Infimum over ol e PAN,

o [Leprse
o3P gy ] e -0

O wd @ visld the desired expression. 7



C0r2 &A‘beﬁ'f’s Tbmh)
let X be o CES, and Jef Pee Poslx).

Then, F(P.a)” = l'hP{<PfY><Q,r'> arePAm}
B P<0 o =0, FP=0 mid \¥r5xx)=0.

b, the slotement Tn’v.-aﬂy holds.
In fhe %ll.w..g, We assume P*0O ad QX0

a+b
> Nab € 5= fovall a,b>0-
By The aritimelic - geomelivc mean inequality, Can be showm by Wa-{5)"20

\l(P:T)(GLF(“) < §'<Pﬂ> +‘L2 & "%r Qny Ye PA(x).

3 B)‘ Th"\q/

2
X ) I
= Inf [ p;ﬁ@"-g] < Inf ‘:k——(?ﬁh*‘(@r‘f‘? ]
Yepdixy < Yetd\n - 2 )

Inf L ~
me [ P>+ it >D

= Flpa)?



(Pro? of Gor2, entid)
On the other hand, observe That

Nty = Jaewxa,uv‘% Jor ay PEPAR) andl X0

For ok= % <P = <@, 1)'> = J<P.Y><Qnr“>
‘ J 2

FOr this Choice of & ,  The arithmefic ean anol The g.m'fnc, mean

of <PoY> and <@L )7> bewm [ Pr &b20
L& e?“a'. (E:a-;_b Jf:f- a=b )

N Jprs@ry = ;t<P,¢Y>+ j-(a. w'> = F(Pa)

= e [ a2 Flpa)?
e Rl [(PT)(GL,‘I >] P

2

In Texﬂnwkl Qnother Fer of Thm4 is ake Shown,
Which makes use of  Sem; definife programming [ spP).
Infat, T3 ond T4 are Felaled by the propty Called
- STrng ooality"  which & an imporTant Concept of SDP.



1 Fud.s— Van de G\YarP Jhequalify |

A Yelufior between the fidelty ond fhe Olimce inchuced by The Tiace torm
We first S Bho Bllowgg Techneal Jomna
Lem 2

let X be o CES, ad let Po e hs®).
Ther, I P-@ 1, 2 INP-Valy
Ploof.

Consdlor @ spedfral Olecampos fion JP-@{?%JJQ* .

o
-Gk - Z Ik 0

gy . | lazo
Define. 1y ::i?&a»k%) N, d:hre Sign\A) = { -1 tawj) |
Then, (G- Gy - Ulp-Va) = &%ﬁ"él%ﬁ*. @

Usrg the idetity  A-B*= 5 [\A~B)\A«a) + ARl | -@
IP-all > |F{P-eul |

® \EWF-@W@NL & Te[UP+ Ja)\F-@u) |
)
= Tl Ghent
2|4 A - A faA |

o = 1AWP-@oaf | = |4 |
> 2 y)?

=l
& WeP-&l,




Thm& U:ucLS‘Van de Great )
let X be a CES, and et @, 3 GVQ,L&), be sTufes.

Then, - 5lle-3l <Fle.3) sﬁ- Zle-317
Preof
Ficst, We Show the Jeft-side Iheqm\"fy.
Obsene that |\o-FIIF = T[We- 5] = T-[0+3 -G - e |

= 2 - 9T [k3]= 2-2F@3).

Since 1Q-30 2 Io- 317 by Llem2,
We have [l0-3)|, > 9- 2FQ.3), which is equvalest To the desod inpqualty,

Nﬂd/ We Show, The Yfahf'&dg lh&{wdr{j
Let S be a CES with dim()= o), and ke purfigadins U, v-6KoY
of € wd 3 saefyrg |UI=FQ3), (Ol ad Twn3)

By the maroTonicity of The Trace horm,
10-3 1 < luwt- vzl - @

Also, the Trace Morm of fhe Oifference of Two pare shles 1s ewdualed Os
lwt -l = 2}~k = 2 [)-FR3 -@

B)‘ d)r@/

FR.3) < [ |- Lieap
©3)= |- zhe3| :



