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e.g. if s = ++++, we make no correction and decode.

ZZI11I

Z1Z11
Z11zZl
The actual error can be: Zll1z
FEEEL XXXXX, ZEEEL L ZENL L zZiL etz 11z, + what they generate multiplicatively.

l.e: 32 possible errors with only I/Z, 32 possible errors with only X/Y.

() 11111 and any even weight Z error gives a logical |.

(2) any odd weight Z error gives a logical Z.

(3) any X/Y type error with even weight #Y's gives a logical X.
(4) any X/Y type error with odd weight #Y's gives a logical Y.

Pr(s=++++) = prob of no X/Y + prob of no I/Z = (1-29/3)"5 + (2g9/3)"5 = 0.50924

(n-C-k) := (n-choose-k)

Pr(1) = (1-q)*5 + (5-C-2) (1-q)*3 * (q/3)"2 + (5-C-4) (1-q)*1 * (q/3)"4 = 0.37127
Pr(2) = (5-C-1) (1-q)"4 * (q/3) + (5-C-3) (1-0)"2 * (q/3)"3 + (q/3)"5 = 0.13794

Pr(3) = (29/3)5[ 1 + (5-C-2) + (5-C-4) ] = 0.000016
Pr(4) = (29/3)"5 [ (5-C-1) + (5-C-3) + (5-C-5) ] = 0.000016

The decoded channel is a random Pauli channel with

gx = gy = 0.000016/0.50924 = 0.0000315
gz = 0.27088, gi = 0.72906

H(q) = 0.84373 < 1.



e.g. if s = -+++, mostly likely error IXIll. Bob reverts it and decodes. ZZI111
Z1Z11

The set of possible errors is IXIll * set of errors giving the ++++ syndrome. % : : IZZI

Q) IXH* (111l and any even weight Z error) gives a logical |.

(2) IXII1 * (any odd weight Z error) gives a logical Z.

(3) IXII * (any X/Y type error with even weight #Y's) gives a logical X.

(4) IXIlI * (any X/Y type error with odd weight #Y's) gives a logical Y.

Q): X * (i, 2z, 121, 1ZI1ZI1, 1Z11Z, 6 cases of 2 Z's not on 2nd qubit,
Z1ZZ7Z, 4 cases of 4Z's one of which is on 2nd qubit)
(2): IXHI* (1Z11, 4 cases of 1Z's not on 2nd qubit, 6 cases of 3Z's involving 2nd qubit,
4 cases of 3Z's not involing 2nd qubit, ZZZZZ7)
(3): IXII * (XXXXX,6 cases of 3X's and 2Y's with X on 2nd qubit, 4 cases with Y on 2nd qubit
YXYYY, 4 cases of 1X not on 2nd qubit)
(4): IXHI* (XYXXX, 4 cases of 1Y not on 2nd qubit,
6 cases of 2X's & 3Y's with Y on 2nd qubit, 4 cases with X on 2nd qubit, YYYYY)

Pr(s=+-++) = 0.0738

Pr(1) = pr(lerror) + 4 * pr(2errors) + 6 * pr(3errors) + pr(5errors) + 4 * pr(4errors) = 0.0368
Pr(2) = pr(lerror) + 4 * pr(2errors) + 6 * pr(3errors) + 4 * pr(4errors) + pr(5errors) = 0.0368
Pr(3) = pr(4errors) + 6 * pr(4errors) + 4 * pr(5errors) + pr(4errors) + 4 * pr(5errors) = 0.00011
Pr(4) = pr(5errors) + 4 * pr(4errors) + 6 * pr(5errors) + 4 * pr(4errors) + pr(5errors) = 0.00011



The decoded channel is a random Pauli channel with
gi =gz = 0.0368/0.0738 = 0.4985
gx = qy = 0.00011/0.0738 = 0.0015 H(g) = 1.0295 > 1.
By symmetry, the 5 syndromes -+++, +-++, ++-+, +++-, ---- are similar to the above.

Repeating for all 16 syndromes ...

The average H(q) over all syndromes .
=0.50924 * 0.84373 + 0.0738 * 1.0295 * 5 + ... ( mvu\\A ﬁwﬂ )
The same code results in average\H(q) <1 }Jp until g = 0.1904.

Reference: Shor-Smolin 9604006.
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