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Theorem: superdense coding (Bennett-Wiesner 93)

Suppose Alice and Bob share the state 
and Alice can send an s-dimensional quantum 
system to Bob.  Then, Alice can communicate t=s
messages to Bob!

What operations he/she is allowed to do ?

How to think about quantum protocols:

Before Alice sends C to Bob, she can apply any 
operation on AC that depends on v.  C depends
on A and v, and C can be A itself.  

After Bob receives C from Alice, he can apply any 
operation on AC that does not depend on v. 
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Proof: for simplicity, first consider s=2. 

Suppose Alice & Bob share the state 

Recall the Pauli matrices: 

so that Alice (Bob) holds the first (second) qubit. 
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Suppose Alice wants to communicate a message v 
from the set 

If her message is v, she applies to A.

The shared state         on AB is transformed by 



These 4 states are mutually orthogonal, forming 
the "Bell basis".  Note that Alice operates on a 2-dim 
system A, but the shared state on AB traverses to  
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These 4 states are mutually orthogonal, forming 
the "Bell basis".  Note that Alice operates on a 2-dim 
system A, but the shared state on AB tranverses to 
1 out of 4 possible distinguishable (ortho) states.  

If Alice sends C=A to Bob, he has AB in the state

He can measure AB along the Bell basis to find v !  

For

= = = =
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Communication protocol: 

A

B

Initial state shared
between Alice and 
Bob. Alice is holding
system A; Bob is 
holding system B.  

If Alice wants to 
communicate "v"
   {0,x,y,z} to Bob
she applies 

Alice 
sends system C=A
    to Bob (2-dim).

Having both
systems A & B,
Bob measures
along the Bell 
basis. 
Outcome is v
with certainty.  (4 possibilities)

1 2

3

4

qubit A.
to 



Thoughts:

1. Entanglement enables the operation on a 2-dim 
    system to map the shared state over 4 dimensions.  

2. Bob has a 4-dim system (AB) after the channel 
    transmission, so superdense coding is consistent 
    with Holevo's bound.  

3. Is there a catch?  Does Alice also need to prepare 
    the entangled state in AB and send B to Bob before 
    superdense coding so altogether she sends 4 dims?  

Not really.  Bob can prepare the entangled state in 
AB and send A to Alice instead, or a common friend 
Charlie can prepare the entangled state and send 
A to Alice and B to Bob.  

SD turns entanglement or back quantum comm into 
increased forward classical communication !! 



Theorem: superdense coding (Bennett-Wiesner 93)

Suppose Alice and Bob share the state 
and Alice can send an s-dimensional quantum 
system to Bob.  Then, Alice can communicate t=s
messages to Bob!

s-dim quantum state = log s qubits
s  classical messages = 2 log s bits
max entangled state of local dim s = log s "ebits"

Converting the units of various resources:

Dividing everything by log s, on average, 
SD coding uses 1 ebit and sends 1 qubit 
to communicate 2 bits (doubling the rate).  



What if Alice wants to communicate a quantum 
state to Bob by sending only classical data?  

to Bob.

Case (ii): Alice is given the state to be communicated 
              (she runs Qedex, usual setting)

For simplicity, she wants to communicate a qubit

Case (i): Alice knows a,b (she authors the message) 

She can send approximations of a and b to Bob.  
For Bob to decode a qubit closer and closer to
she has to send more and more bits.  

She does not know a,b, and cannot know more than 
1 bit of information about them by Holevo's bound. 

Can't comm quantum states by sending classical data.



Free entanglement is like free love 
-- it changes the world.  

Charles Bennett, Cambridge, 1999



Teleportation

Alice can communicate a qubit to Bob 
if (1) she can send 2 classical bits to Bob, and 
   (2) they share the ebit

Which party has what quantum system ?  

Which party has what classical/quantum information ?

What operations he/she is allowed to do ?

How to think about quantum protocols:



Teleportation

Alice can communicate a qubit to Bob 
if (1) she can send 2 classical bits to Bob, and 
   (2) they share the ebit

Schematic diagram to be completed:

M

A

B D

C

Black: Alice's
Red: Bob's
Blue: classical
message from
Alice to Bob

meas 
indep
of 

indep of
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If Alice measures MA along the Bell basis, each 
outcome k    {0,x,y,z} occurs with prob 1/4, and
postmeasurement state is 



If Alice measures MA along the Bell basis, each 
outcome k    {0,x,y,z} occurs with prob 1/4, and
postmeasurement state is 

 he can apply       to B, turningIf Alice sends k to Bob,
to



Schematic diagram:

M

A

B D
C

k

Bell
meas

Teleportation

Alice can communicate a qubit to Bob 
if (1) she can send 2 classical bits to Bob, and 
   (2) they share the ebit

Black: Alice's
Red: Bob's
Blue: classical
message from
Alice to Bob



Exercise: verify the following specific implementation

M

A

B
D

H
v

w

Here, k is given by 2 bits (v,w). Note also

Teleportation

Alice can communicate a qubit to Bob 
if (1) she can send 2 classical bits to Bob, and 
   (2) they share the ebit
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