CO781 / QIC 890:
Theory of Quantum Communication
Topic 3, part 3

Joint Typicality

Classical communication through noisy classical channel
Shannon's noisy channel coding theorem

Proving the capacity expression for classical channels
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Recall from last lecture:
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Proving tl ity 1l
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Here, the upper bound (converse) on the capacity matches the lower
bound achieved by codes -- so we know the capacity expression.



o ‘ any
DT rect Lg;;y\fyﬂ—cov—(w\ - %X/\Y(X\ :

£ [ Neeld | 48 el I (M n) wles Cn 5t
le Llog ™ > Tx:Y) —dn , dn>o

ppvor  Pe ((n)™> O

x Shannon: no reed . FAd thege cadeg

LM.T&AJ, \d“; %V"-TL Cn b"} a:(av‘JOW\ i)VvéPSS

(1) Main step of the proof
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Then = 3 Tk —Pe [ 2) - @ (3) From Cn, "expunge" the bad
codewords to reduce error ..

Will see detail, and why rate unchanged!



Step (1)1 | (averaged over codes, and codewords in each code)
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e.g., binary input, p(0) = 0.7, p(1) = 0.3, n =100, M = 1024.
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channel uses if Alice's message is |
1024

AN

each entry = 0 with prob 0.7
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"Joint typicality decoding" is suboptimal compared to maximum

likelihood decoding, but asymptotically still capacity achieving
and easier to analyse.



In the above procedure, what is the probability of error?
Averaged over the choice of code Cn:
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So, for this fixed i, there is an error if
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Averaged over the choice of the code and channel noise,
assuming ci YN jointly typical, and for any value of i.

Putting (a) and (b) together, for any i,
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Now, average over both the code and i:
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Finally, choosing our parameters for part (1):
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which completes the direct coding half of the capacity theorem.



Remarks:
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Proving tl ity 1
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Here, the upper bound (converse) on the capacity matches the lower
bound achieved by codes -- so we know the capacity expression.



Some terminologies:

Statement: A implies B

0N

Converse of statement Contrapositive of statement
B implies A not-B implies not-A

Direct coding theorem: if £ < mav T(x:r) then R achievable
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Converse to the direct coding theorem:
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Proof of converse: if R achievable, then £ < mav TOXT)
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The following holds from definition:
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We now prove the first of these 3 inequalities:
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We now prove the first of these 3 inequalities:
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We now prove the second of these 3 inequalities: T (y,.:{")
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From H11, if A->B->C is a Markov chain, then, I(A:B) >= I(A:C).

Note also from the proof of H11 that A->B->C is a Markov chain
iff I(A:C|B)=0 iff C->B->A is a Markov chain, so, I(C:B) >= [(C:A).
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We now prove the third of these 3 inequalities: T ( ¢a(ua):Y")
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We now prove the third of these 3 inequalities: T ( ¢. (W) : ")
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We now prove the third of these 3 inequalities: T ( ¢. (W, : ")
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This completes the proof of the converse, and also the capacity theorem.

NB. Back classical communication from Bob to Alice does not affect
the proof of the converse, so, the same upper bound for the rate holds;
compared to the direct coding theorem WITHOUT the back comm, it
shows that classical "feedback" does not increase capacity (though it
may reduce code complexity etc). e.g., erasure channel.



