CO781 /QIC 890:

Theory of Quantum Communication

Topics 5, part 1

Transmitting quantum data through a quantum channels

- the various inequivalent error definitions
- the coherent information

Copyright: Debbie Leung, University of Waterloo, 2020
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Def: given a quantum channel N, R>0 is an achievable rate

if ¥Yn, 3 (M,n)-code transmitting M-dim quantum states

. -d.
with n uses of N, M= 'Zh(R ), error €n, st. &n, €n = 0.

Def: quantum capacity Q(N) = supremum over achievable rates

How to define en !
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the defs are not equivalent
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But all 4 error definitions give the SAME Q(N) !!
9809010 (Barnum, Knill, Nielsen), 0311037 (Kretschmann, (R) Werner)

Idea similar to expunging the worse half of the codewords in the
classical case -- here take a good subspace with reduced dim.

Very convenient -- use weak definition when proving a rate is
achievable, use stronge definition when using the protocol.



Recall:

C(N) = Sup X ()

\

r-shot Holevo info for N: an optimization involving input ensemble
for r uses of N (and entropic functions)

Will see:

A(N) = SuP Q' (N)

\

r-shot coherent info for N: an optimization involving input for r uses
of N (and entropy functions)



_DLI{_:_ {,ﬂlr'u: feaT In 5' Jr-'”' A .]‘ndq*ﬁnm s Tale
LT ! @ e 4 Stabic on RR
T.CRYB), :=  |SIR) ~ S(RR)]

The above is the coherent info from R to B. Note R, B not symmetric.

What the coherent info represents (clearer in Church of Larger HS):
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coh info = 1/2 * (how much more R is corr with B than with E in QMI)
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Properties of coherent information Ic(R>B) := S(B) - S(RB)

1. Invariant under local unitaries (on R, B, or E separately)
2. Invariant under attaching / discarding LOCAL PURE states.

3. Non-increasing under local operations (TCP maps) on B.
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Properties of coherent information Ic(R>B) := S(B) - S(RB)

4. Can be increasing or decreasing under local operation of R
In particular, under discarding of a subsystem of R.

Let R = R1 R2. Discarding R2 means sending R2 to E.

R, 18 R, 78
%
R2
E purifies Prus R2 E purifies pre

Conceptually, the "environment" contains everything not in
the 2 systems for which we calculate the coherent info ...
so anything discarded goes to the environment.
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Properties of coherent information Ic(R>B) := S(B) - S(RB)
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Useful both for the continuity of Q(N) and for proving the converse.



Properties of coherent information Ic(R>B) := S(B) - S(RB)

6. If B = B1 X, where X is a classical system
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X >C R B,

D D =

B X T L RO il @ b g, < Vg By,

J1

Ske

I

Hx) + T peo Sl g )

S e = Hmx+ Eecwg(gx 6\\

LT(ROR), = Se =Ses = T pox) [S(6xs) - SChers)]

—

N’

IC(R>E')6)¢

So, if Bob holds classical info, the coherent info is an average
over his classical label.



Coherent info of a quantum channel:
For channel; 5N s
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Def (1-shot coherent info of N):

RV (N) = max T C(RYB)
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1/2 of max difference (over input) between S(R:B) & S(R:E)
made possible by 1 use of N
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Def (r-shot coherent info of N):
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