CO781 / QIC 890:

Theory of Quantum Communication

Topic 5, part 2

Transmitting quantum data through a quantum channels

- the proof of the LSD theorem outline
- the decoupling approach (exact)

- the decoupling approach (approx)

- the decoupling condition (1-shot)

- the direct coding theorem for the LSD theorem

- typicality for the direct coding theorem
- the decoupling condition (applied to direct coding theorem)

«{-oinj

- the converse
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Last time: R

For any input PA purified to |Y)gp ¥ \F_
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Def (1-shot coherent info of N):
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The LSD thm: Q(N) = sup Q" (N)
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The LSD thm:

Q(N) = sup Q7 (N)
I
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direct coding thm

\

converse

/

lid channel use, typicality,
choice of random codes &
performance bound

\

continuity

monotonicity

decoupling condition (1-shot)

approximate decoupling
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decoupling approach (exact)

Uhlmann's thm
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Decouplin r (exact case)

C \ Shorthands: ¥ = [¥)}{¥|
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Decoupling approach (exact case)

C \ Shorthands: ¥ = |¥){V|
195 ¢ D ||y ¢ OF = try [¢)y|
— 'V not to F_
C F_ mean same { ¥ C_ trCD (el
YonC&F Ly = try. ly)vl

tripartite pure state on CDF
that arises from a pure state on CC' by splitting C' into DF

e.9., s/ = J—J_;_’QOO){’ (uy) AL /\/h)
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* If tracing out D uncorrelates CF, can rotate D to uncorrelate the purification

CD\DLF



Decoupling approach (exact case)
Shorthands: ¥ = [¥)XV¥]|

C
195 ¢ D ¥ ¢ CF = try ly)y|
C' v

F
N Y = trp YNy

F
¢ C

= trop IYXvl
Lemma: if v¢F = vCo¢f
then 4 isometry Y: D= D1 D2,

lcp®Yp ¥ = 1¥) & P)y,¢ Where Y = ¥F,

C v 1
195 ( b | v —Dg v

C' v — | _>I[s>
Interpretation: If env F is uncorrelated with reference C,
C is reference to C' then, the output D can be decoded to

channel V takes input C' recover the state on CC' (now on CD1),
to output D & env F. reverting the noisy quantum channel.



Decouplin r (exact case)

\ Shorthands: ¥ = [YX{V]

C
) D i ¢ F = trp [e)yl
c LY

F
= ‘VC= trep 'YXV
Y U= trge WXyl

Lemma: if v¢F = vCg ¢f
then 4 isometry Y: D= D1 D2,
lcF®Yp V) = 19, @16 . where R = ¢,

Proof: Consider 2 possible purifications of \VCF
) coe and |‘P>CD|® |F>D1F

any 2 purifications are related by an isometry between
the purifying systems, so, I : 0 = p,d, so that

ICF ®YD vy = N>CD.® IF>D1F



Decoupling approach (approximate case via Uhlmann's thm)

Recall Uhlmann's theorem:

For two states f) & on the same system, their fidelity
F(f,g\ = MuX [<mlv)]

where |vY is any fixed purification of ¢

and the max is over all possible purifications (n> of P



Decoupling approach (approximate case via Uhlmann's thm)
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Lemma: if || v¢F — Lepf, s e

then { isometry Y: D= D1 D2,

&  easily converted
F( lcE® Yp ), |°‘>co.® lf >D1F) 2 | 2 totrace distance

Proof: v~ Cepf|l, s € 3 F(vF,Copf) > -£

Nielsen & Chuang 1st Ed (9.109)



Decoupling approach (approximate case via Uhlmann's thm)
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Lemma: if |¢“T— .Ce sf s €
then 4 isometry Y: D= D1 D2,

FlIcreYp ), [0 ® 1) o) 2 - 5

Proof: |~ uCepf|l, s € 3 F(v¢F, Copf) > -£

// Uhlmann's Thm
max over {m)

that purifies y*F \ </\M 10,8 |F>D1F | &

Let Uf\") attain the max. Any 2 purifications of \VCFare related by
an isometry on the purifying system. ‘' |¥), "> both purify wCF,

Y D> 0Dy IM*) = Tpd Yp (¥, Subinto & proves the lemma.



Decoupling approach (approximate case via Uhlmann's thm)

C
19> ¢ D W)
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Lemma: if | v“T— .Ce (5F |, S €
then 4 isometry Y: D- D1 D2,

Fllcr@Yp Ivd, 10 p @15y ) 2 (-

=3
22

Note that with the approx, we do not demand oL € = Y <

this formulation is more convenient later.
Also, the above is very similar to setting o = ¥ ¢
since, by monotonicity of trace distance under partial tracing:

l¢F_uCopfl, s e > v i€, se



The LSD thm: Q(N) = sup Q' (N)
I

/

direct coding thm

lid channel use, typicality,
choice of random codes &
performance bound

decoupling condition (1-shot)

approximate decoupling

/ \

\

converse

[

continuity monotonicity

we now find a situation
<— that results in the approx
decoupling of C and F

decoupling approach (exact) | | Uhlmann's thm




Decoupling condition (1-shot):

T U j|_c_|p_S_

C
S|
i LC' V - \ \ 18) soc

e unitary P: projector onto the
ly) on C first |S| dims of C
\V

Let (%)= ‘Tg—'[ PU Y)Y (a vector not normalized, on SDF)

Theorem: if U chosen according to the Haar measure,

then E | /&SF—T\SWFHI < IS 1Rl (n )’

not normalized max mixed state on S



Want | - oyt || < Is[® (61t (T[]
R

not normalized max mixed state on S

Proof:
(1) replace 1-norm by 2-norm, using Cauchy-Schwartz ineg

[€7 - wlovr ]l < isiFiert |67 - niewr |,

Elaborate (1):

CS ineq: Z\)Li{ ML[ < J\Z_‘ X;t jgﬂ;‘

For any hermitian dxd matrix M, let {x:} = eigenvalues of M
let y; = 1 for all j

Then ML= 2 1G] = Z (el 1Yl S j;x;lj;ﬂ; = Ml T



want E || €7 oyt < [s|T 01T (T [0))]
/o

not normalized max mixed state on S

Proof:
(1) replace 1-norm by 2-norm, using Cauchy-Schwartz ineg

H 6™ - T\SQ\PF“( S ISEeE || €7 - o vf Hl

(2) use concavity of square root

R R N e

Elaborate (2): [
N

JOV{ oti. Xy ~ m




want € 57 e, < 15 1 1)
[\

not normalized max mixed state on S

Proof:
(1) replace 1-norm by 2-norm, using Cauchy-Schwartz ineg

|87 - mfovr ||, s iRl [| €7~ ot

(2) use concavity of square root
R R E T PR

(3) expand

” 6 -~ oy ”i = Tr (§SF— TTSQ\PF)(gSF— T\SQ\PF)




Elaborate (3):

| €7 - novf “;D: = Te (gs\:— T\S@\PF)(gsF— T\S@\yF)

S¥ \ %
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Useful fact on partial trace:
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not trace preserving, so, reduced sflate on F need not be preserved
S| ’ Solution: we later average
¥ D \ the above expression over
c V unitary \§> <He the choice of U.
F 4 oncC

£k fe WP e = mtewE Egr
¥ W ) W
next page: H\:—\&‘Pz‘\":

NG 35EF
so same conclusion with E-over-U.



55 = L pusT) v Wrp o)

Ec¢r _ E \el CE [+ note P is indep of U so
U §7 = -WS sl <P MQDIF\ ¥ QA ) we can take the E-U inside

= fr GP0T) E(UeTYvT o1 (Po1y

so everything is fine !



Elaborate (3):

| €7 - nloyr \\i = Tr (gSF— T‘SQ\PF)(EF— o
= 1 (87) - 2 felrfer) e
M~ —
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Want E || 6 eyt || < IS[F IR (T[]
[\

not normalized max mixed state on S

Proof:
(1) replace 1-norm by 2-norm, using Cauchy-Schwartz ineg

| €7 - nfow® || < isrFiert | €7 - nevf |,

(2) use concavity of square root

R R Y PO T
(3) expand || £ - novf | = 1 (£7)- & e (YF)

@Qt \% “ gSF_ T\SQ\PF“i _ %Tf (gSFj?_—~ l%[]«-rwﬂ?—

(4) evaluate \E - (gSF)



Elaborate (4):
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A neat trick: S 2
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swapping S1 F1 with S2 F2
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Elaborate (4):
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Elaborate (4):
HE 1t (gSFY ~ \5 TWS\F\ o &&S‘F'Q gSﬂ%) (zs.sz © zﬁﬁ)
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cyclic prop of trace
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E & tr commute VY indep of U multiply and simplify
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neat trick
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Want E | £ - miopr || < [S[¥ RI% T[4*)])°
got:
(1) replace 1-norm by 2-norm, using Cauchy-Schwartz ineq

|87 - mfowr || s iRl || €7~ wlowt

(2) use concavity of square root
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(4) evaluate ‘:E»(—r (gSF) S 1—((_‘: (WcF)z + \_|3T _(_r (\[/F)L
together:
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@ expand [ igur 2 = 1, (7)o te
(4) evaluate \ET’ (gs‘:jz < fe (ch)z +TIST—[_W e

from (3)&(4): ;‘dep of U

ElsT-werr | = E (67) - Hoelyer
C Fee () 3 R - L ey
= fee () = (Tle)

returning to previous page:
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Decoupling condition (1-shot):

T U qup_i

C
S|
) [\__C' v — \ \ 18) coc

= unitary P: projector onto the
[V> on C first |S| dims of C
\\)

Let (%)= ‘ng‘—’( PU YY) (a vector not normalized, on SDF)

Theorem: if U chosen according to the Haar measure,
then E [ &~ oyt || < [S[¥ 1F1% T[4*)])°
[\

not normalized max mixed state on S

Purple part generates a random code for channel V, code dim [S].
If the RHS of Theorem is small, using decoupling (approx), there
exists U (or a code) s.t. V can be inverted by some Y on D.

Thur: make RHS of theorem small in (M,n) code for LSD thm.



