CO781 / QIC 890:

Theory of Quantum Communication

Topic 5, part 3

Transmitting quantum data through a quantum channels

- the proof of the LSD theorem outline

- the decoupling approach (exact)

- the decoupling approach (approx)

- the decoupling condition (1-shot)

- the direct coding theorem for the LSD theorem

- typicality for the direct coding theorem
- the decoupling condition (applied to direct coding theorem)

Tue

- the converse
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Last time

Decoupling approach (approximate case via Uhlmann's thm)
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Decoupling condition (1-shot):
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The LSD thm: Q(N) = sup Q' (N)
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direct coding thm

lid channel use, typicality,
choice of random codes &
performance bound
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decoupling approach (exact) | | Uhlmann's thm




Direct coding theorem: For any channel N, any input, the 1-shot
coherent info is an achievable rate for entanglement generation

First define (M,n) codes :
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NB. If claim holds, can decode R" to get log |R| ebits on R and some B1.



Proof of claim:
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Proof of claim:
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(2) the state to be shown decoupled
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decoupling condition from Tue
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Proof of claim:
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(2) the state to be shown decoupled
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In a fantansy word (for proving things):
trimming 8" E™ to suppress RHS in the decoupling condition
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Compare A with T
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Recall the analysis of the TTS (transmit typical space) protocol for
entanglement dilution in topic-2-3.pdf (p3-5):
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Proof of claim:
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Lemma: W random operator on finite Hilbert space, £ W'w € T, X hermitian.
Then, € [Wx W[, < Ix],.
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Lemma: W random operator on finite Hilbert space, & wW'w ¢ T, X hermitian.
Then, € |wx W, < I x],.
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Proof of claim:

0 | e ], < 2| e

\

|

) A” e v JTT\FI;T\ PR
L\/@n B” ‘§>RB“E" not normalized
N
£ g H/>

\ KREV\-—TTR® r[[;_r\ “\

S S A S A R RS e |
—_——— > —— 2 Y—— -
Eoge By g g = [ +5 -0 s e
previous page + (T1) by (T2) by (T1)
(3) together, \g \\ '{kREn_TrReb nE" \\ < 2LE l\ ERE“—"TR‘@ n=" \\\
M <ue 4 ll?ﬂ——’m:&/)_\\/ 0

(4) |, 0 for some U



Using approximate decoupling approach: 3 Y = R" = § B2
Approx:
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Using approximate decoupling approach: 3 = R"= 8 %2
Approx:
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So, the TCP map from R' to B1 has Choi-state close to MES.
R' can be trimmed to a smaller good code for transmitting quantum data.



Direct coding theorem: For any channel N, any input, the 1-shot
coherent info is an achievable rate for entanglement generation

and for transmitting quantum data ...

Now optimize over 1-use input gives a code that achieves the
1-shot coherent info for the channel N.

The r-shot coherent information is also achievable:
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optimize over r-use input, rate = r-shot coherent info of N



The LSD thm: Q(N) = sup Q" (N)
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Converse:
Suppose there is a sequence of (M,n) codes:
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This completes the proof for the LSD theorem.

Next week:
Degradable channels, erasure channel
Nonadditivity of coherent information, depolarizing channel

Next next week:
Superactivation
Recent bounds

Mention correction to last lecture.






