CO781 / QIC 890:
Theory of Quantum Communication

Topic 5, part 5

Consequences of the LSD theorem
-- so what IS the quantum capacity of a quantum channel?

* what we know (degradable channels, e.q., erasure channel)

-- bounds (continuity, 1-shot) Tue

* what we know we don't know Today
(nonadditivity of coherent info -- depolarizing channel)
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How to evaluate the coherent information for any arbitrary channel?



Example: mixed Pauli channel (on a qubit)

Nalp) = 9o Pt QXpXt QYpY +qs2p2
where O<qv z_ii:I,WLOG 103%1211.)1 ﬁbs

If g2=0 (a mixture of at most 2 Pauli's & equiv to dephasing channel)

then the channel is always degradable.

If g2>0 (a mixture of at least 3 Pauli's)
then the channel is NOT degradable.
One simple reason:

Recall antidegradable channel has no capacity.
When q2>0, Q"’(N:{) > 0 so Ni cannot be degradable.

(L,Watrous 1510.01366)



Example: mixed Pauli channel (on a qubit)

N’sﬁ(/” = Qo+t @ XPX+ pYpY +922p2  input A, output B

Consider the input Yoy = 75 (100)+ (1)) Bell
Lot [¥,y =T8X (4., (427 =T8Y (4,5, 1¥sy= 182 |Ye) basis
I®N§ ([¥o2<Y,ol) = Z 90 14<til - S0 S(RB) = 36

fre ToN (1¥0<Yl) = =, 1 S(B) = 1.

So, QM(N;;) - max I(R>B)
() IGN-i(I‘I’)(‘Yl)

z i I(K>B)I®N-¢(|\|ro><%|) = [-HE) '\{— H(g) <

I(K>B)19N¢(|oo)<ool) = 0 other wise

Extensive numerics and continuity results strongly indicates that
Yo7 is optimal for coherent info, but no analytical proof is known.



Special case: depolarizing channel (on a qubit)

N%(/U )p+i(XﬁX+YﬁY+Z/Jz) iInput A, output B
= (I-39) p+ 4 Z(XpX +YpY t2p2 4P )¢
= (=P P+ PL  where Piﬁ%

Isometric extension:

if o in |1>, swap the sys labelled by x's

A v B
E1l
- Je 8
fixed initial 1 F 2RO
pure state for J E2

the isometry

J%:(|oo>+m))< E3

We now use the symmetry of the depolarizing channel to prove that
Y, Y 1S optimal.



Let ¥ ., an optimal state for the 1-shot coherent info, so, by def,

Q"(N,) = L(R>B) = Sp =S

ToN, (1¥)<¥1) © x|
R \ = Se - Se (local unitaries on
< lWvXavl B, E don't change
A Y, B coh info)
ol
T oy +Jp 1) 0 S
% E2
7= (100Y 4 1) < E3
A v/ B A v X B
[FF 4610 )| E1l > ldw [ oy 43510 ! El 7 ldw
z (100)+ 1) Y = = (100)+ (1)) VIS »
r \100 tl [ 0 {1
" < E3 " < E3




Let ¥ 7, @an optimal state for the 1-shot coherent info, so, by def,

Q"(N,) = I(R> - Sp =S
N, B)IeN,,(m«rl) = 0F axal
R \ = Se - S (local unitaries don't
< [WvX4vl  change coh info)
A Y. B
ol
T7p loy +d5 10y s El $ >
¢ E2
= (100Y 4+ 1) < =
A 5 TVl B N ANENE g B, B
oLy
IHp [0y 455 1) . = I IEDEAAY . El [l
% EZ Vi =~ E2
L (Joo)+ (0 f_(loo)+(||))<
7= (lo0)+1 ))< vi E3 = E3 |

transpose trick



Let [¥ 7.5 an optimal state for the 1-shot coherent info, so, by def,

Q"' (N,) = I(R> = Se-S
( 9‘) 2 Io N, (1Yy<vyl) = ; (WXL
R \ = Sp - Se (local unitaries don't
< lWvXdvl  change coh info)
= Sp — Se ldyw Xdyyl l0CAlUNItaries on't

[ oy 435 0 . E1 7 [ change coh info)

X E2 so, WV [Y 7, IS also optimal
7= (100Y+ 1) < E3

R ) < " R
<A> % B A % B

V 4 V 7
ol
[ | EL MO e , SR
J  E2 J  E2
= ( A = (loo)+ (n
& (looy+ (i) < v E3 7 (loo)+ 1) < E3 |

transpose trick drop V- T and add W from LHS



Let ¥ 7, @an optimal state for the 1-shot coherent info, so, by def,

«)
= L(RY = Sp —
QTN = TR B)IeN,‘(W)(‘rl) > X4 |

Se — Se (local unitaries don't
[WvXavl  change coh info)

I

Se — Se ldyw Xyl (lOCal unitaries don't
change coh info)

I

so, WQ V Y, is also optimal

If 1¥7:a has Schmidt decomposition [l 1) 1f) + 1E (e 140
choose W to rotate (&% to 1Y , V to rotate i to 1Y
so the optimal state WV (Y7 = Jrl 1Y (o) + TX (1011 = 16D

Ex: ToN, (el = (Ip) [ Fd oo ™) + {lu 0:, ® L
0 o 0 0 o d
0 00 O
SRS + 1 so0S(B)-S(RB) = A ()
ToN, (1e)xel) o = [—4 o] + 9 -Il- bruteforce calculus
gives max at L=+



Special case: depolarizing channel (on a qubit)

N%(/ﬂ = (1=9) p + %(X/JX FYPY 4 zﬁ%) input A, output B

Q"(N,) = iI(WB)IoN%(wox%l) = [=HEY  Af HE) <

I(K>B)IBN%(|OO)<OO|) = 0 0'Hq€rw-|§€,
where ?t U1 % 13 43 H(g) = Wg) + g log 3

1.0
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Summary so far:
For mixed Pauli channels, the MES gives a lower bound on the 1-shot
coherent info (conjectured optimal),

For depolarizing channel, the MES can be proved optimal, so, we
know the 1-shot information.

Next: pick g > g*, show that 3-shot coherent info is positive.



Theorem: the coherent information is non-additive in general.
In particular, for some q,

QU) (NS() -0, &(2)(y\l%§ S0
Proof sketch:

(1) we pick g > 0.18931 (when g = 0.18931, H(j{) = 1.0001)

(2) pick the 3-use input T{“{ {\‘))R 1000) e T 100 ‘“‘Rmc\;]

(3) the coh info is (4) operations on Bob's side cannot
evaluated on increase coh info, so, coh info of
R ¥re8.8, lower bounds that of €.
B perform
’:\; Nl 7 SRt . X if s1=s2=1
Ny |— Ng X LITHNS
A3 A2 N A [l s1
No*‘ — A3 i o ql‘l\ p—
Ng — i -




(4) operations on Bob's side cannot increase coh info, so, coh info of
¥Yre.8.8, lower bounds that of €.
R

\
Xif sl=s2=1
Al Ng X]— 7 URBB.S,
[ s1
s DA e R
No*’ W) 7 — J
1o
LR DAL AN, (6) Since Bob has a classical
system (B2B3), coh info is
(5) rephrase Y : weighted average over sl s2.
R
)
l“\’o)< Xifsl=s2=1 51 3& (NSC)
A qu f(sl > I(R>\?\@7.ES)K
Py N S —
\0> N % ~ f(|\ — i P(f\gw_) I(R)@\)X
10) — N —o—1AI= \$4 ‘ 552
w J

show for each sl s2, this is equal to

some Nh}Su(L SO To(RYB) = \—H[—zsﬁw_s



Detail for (5)
Yo Xifsl=s2=1
l )< :

™ — Bl

105 ———{Ng |— -6 ,I'/I\i

10) ——Ng | —o—IAF=

w — S/
claim: some N 3

Nlpr = (1=9) p + Z(XpX +YPY + 2p2)
N,,-‘ (/>)®3 has 64 Kraus operators, I, 11X, IXI, ..., ZZZ (all 3-qubit Pauli's)

3-w ¢ W . .
Prob for each Kraus operator = (1-q) (T) where w = # non-id Pauli's

sl s2 is called the "syndrome."

For each syndrome there are 16 Kraus operators that can give

rise to it. They further partition into 4 groups of 4, each group
effects an overall Pauli from A to B1.



Detail for (5)
Yo
l ><A

Pauli's giving s1s2=00
1] 7 1ZZ ZIZ
ZIl 121 NZ ZZZ
XXX YYX XYY YXY

Ny Bl
0% —e——{Ng o
0) —{Ng |— 1A=
\ ~ _/
claim: some N 2 o
net effect
from A to Bl prob
I (1-q)"3 + 3 *(1-9)*(q/3)"2
Z *(1-9)”2*(q/3) + (g/3)"3
X *(q/3)"3
Y *(a/3)"3

YXX  XYX XXY YYY

g__\/, /
sum of these 4 probs is p(sl s2 = 00)
dividing these 4 probs by p(00) gives i%oo



net effect

Pauli's giving s1s2=10 from A to Bl prob

IXI  Z2Yl IYZ ZXZ | (1-q)~2*(a/3) + 2 * (1-g)*(q/3)~2 + (a/3)"3
ZXlI Yl IXZ ZYZ Z (1-9)72*%(q/3) + 2 *(1-g)*(g/3)"2 + (a/3)"3
XIX YZX XZY YIY X 2*(q/3)"3

YIX XZX XIY YZY Y 2*(q/3)"3 J

sum of these 4 probs is p(sl s2 = 10)
dividing these 4 probs by p(10) gives i

net effect
Pauli's giving s1s2=01 from Ato Bl prob (same as above!)

ux ziy 1zy zzx | (L-a)"2%(a/3) + 2 * (1-9)*(q/3)"2 + (a/3)"3
ZIX 1Y 1ZX ZZY Z (1-9)72%(q/3) + 2 *(1-9)*(q/3)"~2 +(a/3)"3
XXl YXZ XYZ YYI X 2*(q/3)"3
YXI XXZ XYl YYZ Y 2*(q/3)"3
— 7
sum of these 4 probs is p(sl s2 = 01)
dividing these 4 probs by p(01) gives i?,




net effect

Pauli's giving s1s2=10 from Ato Bl prob (same as above!)

Xl YZI Yz XZZ | (1-aq)"2%a/3) + 2 *(1-q)*(a/3)"2 + (a/3)73
XZl Yl XlZ YZZ Z (1-9)72%(q/3) + 2 *(1-9)*(q/3)"2 + (a/3)"3
IXX  ZYX ZXY 1YY X 2*(q/3)"3

IYX  ZXX IXY ZYY Y 2*(a/3)"3 .

sum of these 4 probs is p(sl s2 =11)
dividing these 4 probs by p(11) gives {?,
Exercise:

Check that the sum of all 16 probs = 1. Check that each of the
64 Pauli's appears exactly once in the 4 tables combined.



Detail for (5) ctd e.qg., g =0.1894, 1-g = 0.8106, g/3 = 0.063133

net effect
Pauli's giving s1s2=00 from A to B1 prob
1 7l 1ZZ ZIZ | 0.5423156
VAl IZl IZ ZZ7 Z 0.1247011
XXX YYX XYY YXY X 0.0010066
YXX XYX XXY YYY Y 0.0010066
sum = 0.66904
net effect
Pauli's giving s1s2=10 from A to Bl prob
IXI  2Z2Yl IYZ ZXZ | 0.0481966
ZXl  IYI IXZ ZYZ Z 0.0481966
XIX YZX XZY YIY X 0.0069651
YIX XZX XIY YZY Y 0.0069651

sum = 0.11032

-

ioo

0.8105999

0.1863909
0.0015046
0.0015046 , |

H(Q.) = 0.72551
3.
0.436867
0.436867
0.063133

0.063133

H(3.) = 1.5471
>



common +3v¢ bor Sz 00
Detail for (6) e.g., q=0.1894 iInput ~\t jovr $iG =0

[ O

t2) 4 Y
3077 (Ng) > T(RYRB2B:)y = % Pesis) TROBD,

$i%

91 \ :
-H @ss)

from previous page:
T(R)BBLB1) > 1 - (0.66904 * 0.72551 + 3 *0.11032 * 1.5471)

\
= 0.00256
sls2 =01, 10, 11
have same prob and '{%

Using the same input state,

3% (Ng) >0.00046  for q < 0.1900
3% (Ng) > -0.0002 for q = 0.1902



(3)

Q
GU)
\l \if >

0.1%43 0.[7%0 0.1402

NB not only the coherent info is superadditive, the r-shot can be
positive while the 1-shot is 0. In fact, we do not know the range
of g where the capacity of depolarizing is 0.

We also do not have an algorithm to determine if a channel has
capacity or not.



