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AN ALGORITEM FOR SOLVING “TRAVELING-SALESMAN™ AND RELATED
NETWORK OPTIMIZATTON PROELEMS

ABSTRACT o
The algorithm has two canplementsry phas‘:as which are aﬁplied'

alternately in the sclution of network optimizgtlon problems of the

‘Myraveling-salesman® type. Fhase 1 proceeds from .(.‘.iI'Cﬁit to cirecuid by _
one-step trensfommations, alw:ﬁrs decreasing the circult value, until either
2 relative or an absoluto minimm walue 1o attained. Phase 2 operatss on
a table of links arranged in order of increasing limk values, combiming |
- conditionally minimm-valued ¢irewit fragments in 2 systamatic arni exhanstiva
saarch for a complete cireuit having a value less than the v.alue previously

atteined in phase 1, The algorithm terminabes when phass 2 fails to find

an Improved circuit. The algoritim has been programmed for a digital cemputer.

Computationsl eéxporioncs iy raportsd.
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AN ALGORTTHM FOR SOLVING MPRAVEL TNG-SALESMAN' AND RELATED
. NETWORK OPTIMIZATION PROELEMS. '
1 o

X, INTRODUCTION L : Lo

. The algorithm desordbed in the present paper solves tho following
" raveling=salesnan? prohlem: given the m{m~1)/2 1link values of on m~nede-
simplex, to fird that circuit including all m nodes which has minimum value.

A simplex is a network with a direct and symmetzrdicsl connection (Tink} be’bweeﬁ_x_: .

each pair of nodes, The intagers l,...,m ars asgigned arbitrarily to the m
nodes for the purpose of indexing these poim;s, 4 link is indexed by the pate |
of ncdes which it conmects, A cilrcewdlt is represerfed by a 3equancé of nodes,
the first and last nodes of the sequence baing ldentical, The valus of 2
ciramit is defined as the sum of the vilues of the component links,

The basic notation employed in the statement of the algorithm is
axplained in Table 1, Additional notaticx_u will be clear from the conbtexbt.

The "replsce" operator (€—) signifies that the stored or camputatle mumbers

on the right become the values of the variabtles on the left, The detailed
statawent of the aigc'.:;'ithm is given in tha f’orm of flow \'dingrams (sse Figures
2wb )a

I, THE TWO CCHPLEMENTARY PHASES' '

The algorithm has tw&!coﬁ:plmnsnta:y phases which are amployed
dlvernately in the solutien of pioblems of the type descrii;ed above, Fhass 1
exzmines @ given cireuit to determine whether an Improved m‘.réuit can bo

obtained by perlorming any one of a seb of elemembary transformations. IT an

Improved circvit is found, it 4inm turn 1s examined for possihble improvement. .

Fhase 1 terminates whenever the axamination of a circult is complebed without

DMnding an Improvement. At this point cne proceeds to the employment of
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- Table 1
NCTATION
m The nuxber of nodes in 2 simplex __
i Bange: 1,...,m. Node index S o
J Hangm' Ly ees,te Node index, Nodes adjacent to g::rsn node - 4 R
Lineg circni‘t o parbial circuit ave denated by ;]1(:1.) a.nd
3,013 T
n The yumber of links in a simplex, i.e., {(m(m-1)})/2 oo
D The valne of a link (positive real rumber). i.L 1,) is the

3
value of the link connecting nodes 1, and i,; 2D(k) is |
the valuwe of link k - :

k Renge: lyesayDa Indax of links arranged in order of increasing

valus .
|
h Rangea: 1,...,(m+1] Index aof the nodes of a complete cireuid '
arranged in stalﬁard form, 1.8, > begiming ard ending with |
nde 1 '
)] Yalue of a oanp.latclci:rcd‘h; thoe sum 'af the values of tha- ;
component links ' .
b Rango: 1,...,{m-1) The nknmher of 1inks in a partial circuit
x=  Bange: 1,..,,X, Index of the links in a partial circuit in
the order of theixr intyoduction.
F ) The value o*‘ 2 part-ial clreuid
B - For glven X an@. given kek{x=1), B(k) is the sum of the values

orf 1ink5 k,..t,(m—' = )

g
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phase 2. - _ o ' .
TPhase 2 examineo & Jist of the links ar.t'an,,ed in order of incroasing

1link values in a search for & cmnblnatzon of links forming a canplete mrcni'b _

and having a valve less than the smaillesh value previousﬂy attained in
phace 1. VYhen such a combination is found, it is used as input to pha.,e i
‘Gormbinations increase, and alsze dacreasa,; Jn number of J.inks by the introd‘uction'
or deletion of one link at a timo, In the absence of an effective upper bcnmd _
‘on the minimum circuit value phase 2 would generate a?L‘]. possible canplete . .
circuits,

The alpgorithm may ba imitiated either by entering phase 1 with sny |
known c¢ircuit or by .en'bezdng phase 2 with an artifieally large rumber as tho o
value of the best circult known, The algorithm temminates when phase 2 fails

to find an impmvéd circuit,.

TII, DPHASE 1, DEPATIED DESCRIPTION ' ¥

The s¢t & oleomemtary transfoﬁuations_of a clreni, with respect
to which the search for improvemsnt is comducted, consists of all rearrangementsd:
of the ,_Qédes of tho circuit whichare made possitle by ‘Helt;t-ions of three links ‘
at a timo, Let h = 1,...,(m+l) be an index ‘&f the nodes of a clrcuit arranged |
in sténdard fom, La% hl? h25 ard h3 be fthree particular values of h such
that h1<h -:.h Then ‘bhe pairs of” nodes at positionsg hl and h1+1, h2 atd hz-el
and: 113 and h3+l define “hree li\'xks of the circuit:{ses Fig, 1). Deletion of .
these three links (but not the nodes which are thelr enipoints), rosuliing in |
the -division of the c.ircuit,,-into three bloeks (block 0, block 1, and block 2
of Fig, 1), allows ssven possible ,-rearrangeeﬂants of the eirenit: ‘

1, Hoverse bloek 1 and hWlock 2 as 2 single unit (i.e., turn these

blocks aronnd so that node 1. is adjacent to node 1, and node !

12 iz adjacent fo node _3-6)

ﬂ?"
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2. Reverse block 2

3., Taterchangs blocks 1 and 2

4. Reverse block 1; then inbercimange Hloecks 1 ard 2
S« Ravarse block 2; then :'Lntarchénge_b}.ocka 1amd 2 5
6, Baversa block 1 and also revsrse bloek 2 - . I-
7. Reverse block 1.

Consequent on any of the remangments the three gaps edsting in the circuit

——— e i = = e

are closed by introduction of the links defined by the carresponding p&lrs of -
nodes. (The net ..:z.'.esult of transformationd 1, 2, and 7 is the deletion of two :
1inks and the insertion of two other links, )

Procedures £or the intwmpé of twm blocks, amd for the reversal

' of a block, are illustroted by the flmy diagrams of Figs, 2 amd 3.
Figure 4 13 the overall flow diagram for phase L of the algerithn, |
Systematic vmaﬁion of h'.l.’ , and h3 generates 2ll pgeaible cmnbinﬁtions of :
the m links of ‘the circult taken threa at a tins. 31,-,.,.,116 are tho anounbs - :
g by which. the ¢irenit vzlus U would be dscreased or im:reaaed ir ream-ar.gaments i
1,...,6 respectively were carried out (rean‘a.ngemut 7-is redundant in the | 1
combext of $ho canplobo seb of threefold ].‘Lnk cambinations). After all possi ]3
improvements ars made with respscb to the sa‘l; of tmnsi‘omatio:zs, then either
an absolubte o a local mini:mm\ has. been i’oum:l. The vaiue of U that hes besen
attained is subsequently utilized in phase 1 as an upper 1imit on valuss of -

sets of Tinks to be examined fqr’ faasidility, -

1¥. TFHASE 2, DETAILED DESCRIPTION oo ' !

Tha flow diagrlamﬂis chown in two parts (Figs., 5 and 6}, Iinks ars
arranged in order of increasing value and, in this order, arc Indexed by

K= 1,.0.,0e The two ncdes connectzd by link k are designated il(k) and.
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— iz(k). 'I‘wc; a;ditional lists sre sob vp. For each of nc;dés d = Lyape,m tI_ag !
identity of the adjacent nodes,\;}l(i) sl jz(i), in the current (partial )
¢ircuid is recorded, A& zareo vaﬂ.ug for 32(1) slona indlcates that node % is
at the moment directly Iinked to ,!1ust ons nodey, 1.0.,; Lo ;}1(5.). A zero valus :

foxr both 31(1) and ;}2(1) irdicates that node 1 is at the moment linked to no

node

The second current list is of the X links constituting the partial .

gireult, arranzed in the order of their intrvduction and indexed 4y = = Lyeoerke
2 1ipk is identified by the value of its index, k, In addition %o k(x), B{x)
is alwo recorded, Ii‘ X 15 the number of links in a partial circult with total |
value ¥, and if link ¥ok(x=X) is abou to be examined foi possilbile 1nt“oductdon
into the partial circuit, then B is the sum of the valuss of the m-X links
k,...,(k-l-m—}i-—l). If 1ink k is iﬁtrcduced into ths part.iél cir¢uwit, then X is

sneveased by oms and B is stored as B(x=X). The initial value of B is computed
. . |-

" in blocks 4-7 of ¥ige Se

. ' = 0 , L
At Bloek 9 of Fig, 5 the test is made whether B + F equals or exceeds|
\ . 1

the va-lne, ‘U, of the best clrouit so far a'tt,'ailied. Ii‘__so, then either hnk
k(x=X) is deleted from the partisl clreuit a'iicl the search of the link tatle is I
resmned at that point (Hlocks 33-hS of F:L 6) or, if X = 0, the algor'it.hm l
tem_nates because the best cir cua.t §0 far abtained has been proved to have ;
minfmum vaiue, If B +F is less than U, then link k is tested for compatiblllty
with links k{x%} and, 1f cowpatible, is introduced into the partial clrcdth ]
(SLocks 10-32 of Fig, 5 apd ﬁioclt,s 46-51 of Fig, 6). Introduction of an |
incempatible tink would result in either a branch point or a subcdrcnit containin:
fawver than m nodes. In the spoecial case where the partial edrewit contains *.ﬂul

lizes, the subeirenit test is not made (blocks 52-58 of Fig. 6).
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— Blocks 59=75 of Fig. 6 insert the final 1ink in a cirenit, emter _fhe- i.
raduced c¢ircuil value, trace the complebed circuib in.the list of jl(iJ and . i
;]2(1), amd delete the final link ;}ust introduced, The algordiim them norma}lv
tysanefers to phase 1, glthough it is optionul to coptinue with pha.se 2, Onm 'I:he

return to phase 2 from phase 1, the search of the link table is resumed at the 'g

point where it was previously bmksn offe

V., COMPOTER PROGRAM AND COMPUTATIONAL EXPERIENGE

The algorithm has been programmod for a digital compuber (IEM-Type-- |
|
650) and tested on @ numbor of e:camplev of tr—avolmg-salamsn problems. Sa.mplei
|

experience will bs ralated.

Ex, 1. Robacker has prasenbed sclutions to ten 9=nods travoling- _
salesman proklems (Ref, 1), The mnimum circvits were obtained by him by meansl
of Danbxing's 1imar—progrmming method (Raf, 2). U‘b:lliz:l.ng the cemruter teo 1
golve the first af the ten ex.mplas, the mindmum cirtmit (1—2-6~3-B-5-h-7—9-1 .
. with a value of" 232) was obtamed and proved rinimum in about a minuvbe. In.htia‘. _
" entry was into phase 2. .This provided a s‘tarting cireuit of value 108 for

piinsa 1. The minimumm ecircult was found by phase L through 2ix improvements. -

Fx, 2. Barachet has nreserted a conjectmred sclution to a 10-nwds |
problen (Ra=f, 3 ) uaing a Graph_cal nrocedum. fis ¢onjectured solutlion |
(1-2-«3—11-5-10-9—8-6—?-1 with™a valw of 3783 was proved to be indeed owtimun.
Compubing time: abcut 4o mirmoes. Tnitial entry was into phaae 2 wnich prcvided
a st,,.rtmg cirenit of w.lue l;25 for phase 1. Tho m:mi:mm girenit wes obtamtm
iy phase 1 through four improvements.

Exe 3. Transfomed road distances betwasen ten cities (Akron, atlan’o..?‘
Baltimore, Birmingham, Bismarck, Boston, Buffale, Cheyemne, Chicago, ard

Cincinmati, corresponding to i = 1,...,10 respectively) are presented in

- 10 w
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TablosAcl and A=2 of the Appendix, The road distances (7able A-3) are from 3 -

Rapd-McNally atlas. Leb 5(11,12) be the rosd distance between city il and

city dge Then the transformation ewployed is

Dliyyy) = 268(i,8,) = min (5(23)) = wia (5(1,3))

where min (5{1,j))is ths road distance betwesn eity 1 and the clcsest eity.

3
'I’b.e windmam cirouit 1s 1—?-6—3—2—h-8—5-9~10~1 with a value of l1h2 which

. transforms into S3hh miles. Cmnputation time waa about 15 minutes. Initial- ; | :

enbry into phase 2 prov1ded a starting c..rcuit for phase 1 of value 1786, ‘l‘he
minimn eircuit was found by phase 1 thmugh ong improvoment. |
On the basis of computatlonal experience with these and other e:wzmld
it is concluded that the algorit}m in its present form provides & practicable
nethod for solving tr aveling-aalesmnn problema of moderate siza. The spesd af
convergence to a proved mirdmum circuit is highly seng?itiva o the stmct-ure |
of the _ndividnal provlem, For exm;)le, a twanty-nodé exmuple in which the |
twenty smallest lanka hapoened to fom 8 circuit was golved dmmediately wson
entzry, of the data Snto phase 2. On the obher hand, it was concluded from the |
impracticably 910w rate of convergence in the cage of Dantzigts Lh2-city ex=m ple

(Raf. 2) that nrrrpmvaut of tho algorithm lles principally in the speeding upl
|

of phase 2 by utillzing addit.lonal criteria to curta:l.]. the sesrch procedurs.
Traasf ormat ions such ag that gnployed in Ex. 3 may also speed up the rats of
convcrcercc by grouping the set of Links i.‘orming the winimm c:ircult powad
the s‘tart of the table of ranlmd 1inks.

VI, FITENSION TO RELATED NE‘l‘hURK OP’I‘IMIZATION PROBLEMS

The algorithm can be generalized to handie & much broadcr elass of
network optimizatlon probtlems than the classical form of the traveling- |

salesmen problem which has been tpeated here, The consideration-of 2
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generallzed network (instggd of a simplex with Symmatrical.links) and.the

conaidération of minlmumm paths (as well as minimum circuits) meeting specified -

canditions are suggestad.

cdet

"12"‘
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qeple AL _ e
TRANSFORMED ROAD DISTANCES, D(i,ip), BETWEEN TEN CITTES = - ‘

2 3 b & 6 1 8 9 10 [l | ‘

998 . 112 1058 3619 7L 0 1827 WL . 20 |.1 :

88c 0 2309 1630 120 2181 969 LB | 2 !

|

1zo 2169 82 190 239 755 Lo | 3

224S 1850 LEL 1979 889 610 | &

2707 1987 0 826 W73 | 5

296 2929 1293 1110 | 6

2187 567 he2 | 7 ' I

k8 k9 | 8 |

r 599 |

Tabhle A2
LINK VALUES OF TASLR -1 ARRANGED IN EANK {NON-DECREASTNG) ORDER
Tink ik ~ lank Tink Tink  Link
Ranle dndices valus | Rank indjces ‘valuas Rank indiges valuas
k44 1 D kK -dy 3 D k 43 i D

T .17 a | .18, "1 6 T 31 3 10 1549
2 2 k o [-17: 3 9 785 t- 3% 1 5 1619
3 g 8 o 8- 5 ¢ . 826 33 2 & 1630
T A o 20 19 , 2 3 880 3 1 8 1827
.5 9 1n 5y 20 L 9 889 35 Y 6 1850
-8 3 6 g2 |21 2 9 969, 36 L 8 1979
.7 i3 12 22 -1 2 998 37 5 7 1987
8 3 7 190 3 8 9 1048 38 2 .8 218
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ROAD DISTANCES IN MILES, 5{i4,1), BEIWEEN TEN CITIES. EACH VALUE

o609 258 1771

coMp. SCI., P.U.

Table A-~3

ON THE DIAGONAL MARGIN IS THE MINIMOM OF THS CORRESPONDING
BOS AND COLUMN (I. ., ndng $(1,3))
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