
Math 218 — Assignment 3 Solutions

Alex Cowan

1. (a) Find the general solution of the DE

y′′ + ω2
0 y = α cosωt,

where ω0, α and ω are constants. Which values(s) of ω have to be treated as special cases?

(b) Find the unique solution of the DE in (a) with ω2 ̸= ω2
0 , subject to the initial condition y(0) = 0, y′(0) = 0,

(c) Show that the solution in (b) can be written in the form

y = A(t) sin
[
1
2 (ω0 + ω)t

]
,

where

A(t) = 2α
ω2

0−ω2 sin

[
1

2
(ω0 − ω)t

]
.

Give a qualitative sketch of the graph of y(t) in the case where ω0 − ω is small compared to ω0. If you
want to use specific values, use ω0 = 11, ω = 9, but don’t try to sketch the curve exactly.

(d) Show that the unique solution of the DE in (a) with ω2 = ω2
0 , subject to the initial condition y(0) =

0, y′(0) = 0 is

y =
α

2ω0
t sinω0t.

Give a qualitative sketch of the graph.

Solution

(a) We first observe that the general solution of the homogeneous DE y′′ + ω2
0y = 0 is

yh = c1 cosω0t+ c2 sinω0t.

To find yp we must consider the two cases ω = ω0 and ω ̸= ω0.

If ω ̸= ω0 then we use the trial function

yp = a1 cosωt+ a2 sinωt.

Then we have

y′p = −ωa1 sinωt+ ωa2 cosωt

y′′p = −ω2a1 cosωt− ω2a2 sinωt.

Putting these into the DE we get

−ω2a1 cosωt− ω2a2 sinωt+ ω2
0(a1 cosωt+ a2 sinωt) = α cosωt.

1



Hence

−ω2a1 + ω2
0a1 = α, −ω2a2 + ω2

0a2 = 0.

Thus

a2 = 0, a1 =
α

ω2
0 − ω2

.

Therefore the solution is

y = c1 cosω0t+ c2 sinω0t+
α

ω2
0 − ω2

cosωt.

If ω = ω0 then we use the trial function

yp = a1t cosω0t+ a2t sinω0t.

Then we have

y′p = ω0a2t cosω0t− ω0a1t sinω0t+ a1 cosω0t+ a2 sinω0t

y′′p = −ω2
0a1t cosω0t− ω2

0a2t sinω0t2ω0a2 cosω0t− 2ω0a1 sinω0t.

Therefore the DE becomes

−ω2
0a1t cosω0t− ω2

0a2t sinω0t2ω0a2 cosω0t− 2ω0a1 sinω0t+ ω2
0(a1t cosω0t+ a2t sinω0t) = α cosω0t.

Simplifying we get

2ω0a2 cosω0t− 2ω0a1 sinω0t = α cosω0t.

Hence

a1 = 0, a2 =
α

2ω0
.

So the solution is

y = c1 cosω0t+ c2 sinω0t+
α

2ω0
t sinω0t.

(b) If ω2 ̸= ω2
0 , then ω ̸= ω0 and from part (a) we have

y = c1 cosω0t+ cs sinω0t+
α

ω2
0 − ω2

cosωt.

Thus y(0) = 0 ⇒ c1 = − α
ω2

0−ω2 , and y′(0) = 0 gives us 0 = ω0c2, hence

y(t) =
α

ω2
0 − ω2

(cosωt− cosω0t).
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(c) Using

cosA− cosB = −2 sin

(
A+B

2

)(
A−B

2

)
we have

α

ω2
0 − ω2

(cosωt− cosω0t) = − 2α

ω2
0 − ω2

sin

[(
ω − ω0

2

)
t

]
sin

[(
ω + ω0

2

)
t

]
=

2α

ω2
0 − ω2

sin

[(
ω0 − ω

2

)
t

]
sin

[(
ω0 + ω

2

)
t

]
.

Thus we can think of this as a sine function with frequency 1
2 (ω0 +ω) with an amplitude function A(t) =

2α
ω2

0−ω2 sin
[(

ω0−ω
2

)
t
]
. The amplitude function provides an envelope for the inner sine function to oscillate

within.

Since A(t) has frequency ω0−ω
2 it will be much slower when ω0 ≈ ω compared to the inner sine function

(with frequency 1
2 (ω0 + ω)) which will oscillate quickly.

In the plot below the red and blue dashed curves represent the amplitude function A(t) and −A(t)
respectively.

t = 2𝛑
𝝎o - 𝝎

t

t = 4𝛑
𝝎o - 𝝎

2𝛂
𝝎2o - 𝝎2

𝝎2o - 𝝎2

The phenomenon here is called beats. It’s when you have two things oscillating at very close frequencies.
It gives a sort of WAH-WAH-WAH effect. See https://www.youtube.com/watch?v=V8W4Djz6jnY

3

https://www.youtube.com/watch?v=V8W4Djz6jnY


(d) If ω = ω0 then

y = c1 cosωt+ c2 sinωt+
α

2ω0
t sinω0t.

Hence y(0) = 0 gives c1 = 0 and y′(0) = 0 gives c2 = 0. Therefore

y =
α

2ω0
t sinω0t.

In the plot below the dashed lines are the curves y = α
2ω0

and y = − α
2ω0

again acting as an envelope for
the inner sine function.

t2𝛑
𝝎o
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2. Consider a mass whose position y(t) satisfies the DE

y′′ + 2λy′ + ω2y = 0 (1)

with initial conditions y(0) = y0 and y′(0) = v0. Suppose that λ ≥ ω > 0, so that oscillations do not occur.

a) One expects that if v0 is sufficiently large then the mass will pass through the equilibrium position y = 0
before coming to rest. Find the restriction on v0 that will ensure that this happens in the case of critical
damping λ = ω. Also find the corresponding time t0 for which y(t0) = 0.

b) Find the time tmin at which y attains its minimum value ymin. Show that tmin satisfies

tmin = t0 +
1

ω
,

and that
ymin = −

(v0
ω

− y0

)
e−ωtmin .

c) Sketch the graphs of the displacement y(t) and the velocity y′(t), and label t0, tmin, v0, and ymin.

d) Show that if λ > ω then the mass will pass through the equilibrium position y = 0 if

v0
y0

> λ+
√

λ2 − ω2,

and will not if
v0
y0

< λ+
√

λ2 − ω2.

What happens if
v0
y0

= λ+
√
λ2 − ω2?
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