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Overview

arXiv:2408.12723 : Murmurations and ratios conjectures

Ratios conjectures: Expression for
∑

f ∈F L′(s, f )/L(s, f ); major topic
in random matrix theory for the past 20ish years.

This talk: systematic conversion from ratios conjectures results to
murmurations.

Other direction: Are murmurations interesting to random matrix
theorists?
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Quadratic Dirichlet characters — (Proto-)explicit formula

Theorem (Montgomery–Vaughan [MV07, Thm. 12.10])

Suppose that X ̸∈ Z, that 2 < T < X, and that χ is a primitive nontrivial
Dirichlet character modulo d. Then

∑
p prime, k∈Z>0

pk<X

χ(pk) log p =− 1

2πi

∫ 1
2
+ε+iT

1
2
+ε−iT

L′(s, χ)

L(s, χ)
X s ds

s

+ O
(
X 1+εT−1+εdε

)
.

Sum of Dirichlet coefficients

↕
Inverse Mellin transform of logarithmic derivative of L-function.
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Quadratic Dirichlet characters — Ratios conjecture

Let F1(D) := {d : 1 < d < D, d a fundamental discriminant}.
Let χd denote the Kronecker symbol

(
d
·
)
.

Theorem (Conrey–Snaith [CS07, Thm. 2.7])

Assume the ratios conjecture [CS07, Conj. 2.6]. Suppose that
1

logD ≪ Re(r) < 1
4 and that Im(r) ≪ D1−ε. Then

∑
d∈F1(D)

L′(12 + r , χd)

L(12 + r , χd)
=

∑
d∈F1(D)

[
ζ ′(1 + 2r)

ζ(1 + 2r)
+
∑
p

log p

(p + 1)(p1+2r − 1)

−
(π
d

)r π2

6

Γ
(
1
4 − r

2

)
Γ
(
1
4 + r

2

) ζ(1− 2r)

ζ(2− 2r)

]
+ O(D

1
2
+ε).

Plan: plug this expression for
L′( 1

2
+r ,χd )

L( 1
2
+r ,χd )

into the explicit formula.
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Quadratic Dirichlet characters — Murmurations

Define Fχ := {d : D1 < d < D, d a fundamental discriminant}.
Let 1

logX < ε < 1
4 and T ≪ X 1−ε,D1−ε

1 .

Theorem

Assuming the ratios conjecture [CS07, Conj. 2.6],

1

#Fχ

∑
d∈Fχ

∑
pk<X
k odd

χd(p) log p

=
X

1
2

2πi

∫ 1
2
+ε+iT

1
2
+ε−iT

π2

6

Γ
(
1−s
2

)
Γ
(
s
2

) ζ(2− 2s)

ζ(3− 2s)

1

#Fχ

∑
d∈Fχ

(
πX

d

)s− 1
2 ds

s

+
∑
pk<X
k even

#{d ∈ Fχ : p | d}
#Fχ

log p

+ O
(
X

1
2
+εT εD

1
2
+ε#F−1

χ + X 1+εT−1+εDε
)
.
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Quadratic Dirichlet characters — Narrow range of p?

Evaluate at X and X +X δ and take the difference. For any 1
2 < δ < 1 and

any 3
2 − δ < θ < 2δ, there exist α, β ∈ R such that

1 X θ ≪ D ≪ X θ, Xα ≪ T ≪ Xα, X β ≪ #Fχ ≪ X β,

2 α < 1 and α < θ,

3 β < θ, and

4 Ratio of main term to error term is ≫ X η for some η > 0 as X → ∞.

TL;DR: Can isolate range of primes of length X
1
2
+ε.
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Quadratic Dirichlet characters — Approximate form

1

#Fχ

∑
d∈Fχ

1

X
1
2

∑
pk<X
k odd

χd(p) log p (1)

≈ 1

2πi

∫ 1
2
+ε+iT

1
2
+ε−iT

π2

6

Γ
(
1−s
2

)
Γ
(
s
2

) ζ(2− 2s)

ζ(3− 2s)

1

#Fχ

∑
d∈Fχ

(
πX

d

)s− 1
2 ds

s

or

1

#Fχ

∑
d∈Fχ

1√
Dy

∑
p<Dy

χd(p) log p

≈ 1

2πi

∫ 1
2
+ε+iT

1
2
+ε−iT

π2

6

Γ
(
1−s
2

)
Γ
(
s
2

) ζ(2− 2s)

ζ(3− 2s)
(πy)s−

1
2
ds

s
.
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Quadratic Dirichlet characters — Example illustration

Taking Fχ = {d : 95,000 < d < 105,000, d a fundamental discriminant}:

Figure: For T = 900 and ε = 0.1, the left and right hand sides of (1) in blue and
gold respectively, as well as their difference in grey, as functions of X . The
integral in (1) is approximated by Riemann sum evaluated at 180,000
equally-spaced points. In this example #Fχ = 3038. Code: [Cow24b].
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Quadratic Dirichlet characters — Sum of residues

Proposition (WIP)

Assume RH and that all zeros of ζ are simple. For y ≪ T 1−ε,

1

2πi

∫ c+iT

c−iT

π2

6

Γ
(
1−s
2

)
Γ
(
s
2

) ζ(2− 2s)

ζ(3− 2s)
(πy)s−

1
2
ds

s

=
∑
γ∈iR

ζ(
1
2+iγ)=0

π2

12

Γ(−1
8 + iγ

4 )

Γ(58 − iγ
4 )

ζ(−1
2 + iγ)

ζ ′(12 + iγ)

(πy)
3
4
− iγ

2

5
4 − iγ

2

+
∞∑
k=0

π2

12

Γ(−3
4 − k

2 )

Γ(54 + k
2 )

ζ(−3− 2k)

ζ ′(−2− 2k)

(πy)2+k

5
2 + k

+ O(T
1
2
−c+ε).
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Ratios conjecture — L(s, χd) example 1/2

Following Conrey–Snaith “recipe”, for
L(12 + α, χd)

L(12 + γ, χd)
with d > 0 [CS07,

§2.2]:

Step 1: Write
1

L(12 + γ, χd)
=
∑
n

µ(n)χd(n)

n
1
2
+γ

and

L(12 +α, χd) =
∑

n<t
√

d/2π

χd(n)

n
1
2
+α

+
(π
d

)αΓ(14 − α
2

)
Γ
(
1
4 + α

2

) ∑
n<

1
t

√
d/2π

χd(n)

n
1
2
−α

+small

(using the approximate functional equation; [IK04, Thm. 5.3]).
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Ratios conjecture — L(s, χd) example 2/2

Step 2: Multiply and then average over d using

∑
d<D

χd(n) ≈

{∏
p|n

p
p+1 if n is square

0 otherwise.

Step 3: Extend Dirichlet series summation ranges to infinity, recognize
and manipulate Euler products.
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Quadratic Dirichlet characters II — Setup

Let g be an even Schwartz function such that

ĝ(ξ) :=
1

2π

∫
R
g(x)e−2πiξx dx

is supported on (−σ, σ). Define

F1(D) := {d : 0 < d < D, d a fundamental discriminant}
F2(D) :=

{
8d : 0 < d < D

8 , d an odd positive squarefree integer
}
.

Lemma (Miller [Mil08, Lemma B.1])

#F1(D) = 3
π2D + O(D

1
2 ) and #F2(D) = 1

2π2D + O(D
1
2 ).
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Quadratic Dirichlet characters II — Murmurations

Theorem (based on Miller [Mil08])

Assume GRH. With the notation of the previous slide and j ∈ {1, 2},

1

#Fj(D)

∑
d∈Fj (D)

∑
p

∞∑
k=1

ĝ

(
log pk

logD

)
χd(p)

k log p√
pk

=

∫ ∞

0
ĝ

(
1 +

log y

logD

)∫ ∞

−∞

π2

6

Γ(14 − πit)

Γ(14 + πit)

ζ(1− 4πit)

ζ(2− 4πit)

· 1

#Fj(D)

∑
d∈Fj (D)

(
πDy

d

)2πit

dt
dy

y

− logD

∫ ∞

−∞
g(t logD)

(
ζ ′

ζ
(1 + 4πit) +

∑
p

log p

(p + 1)(p1+4πit − 1)

)
dt

+ O

(
D− 1

2
+ε +

{
D− 1−σ

2
+ε if j = 1

D− 2−3σ
2

+ε + D− 3−3σ
4

+ε if j = 2

)
.
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Quadratic Dirichlet characters III — Density under GRH

Theorem (Čech [Čec24, Thm. 1.4])

Assume GRH. Let f be a smooth, fast-decaying (as in [Čec24]) weight
function with Mellin transform Mf , and let χn denote the Jacobi symbol
( ·
n ). For ε < Re(r) < 1

4 and N → ∞,

∑
n> 0

n odd, squarefree

1

N
f
( n

N

) L′(12 + r , χn)

L(12 + r , χn)
+ O

(
|r |εN−2Re(r)+ε

)

=
2Mf (1)

3ζ(2)

ζ ′(1 + 2r)

ζ(1 + 2r)
+
∑
p>2

log p

(p + 1)p1+2r − 1



−Mf (1− r)
( π
N

)r Γ

(
1
2
−r

2

)
Γ

(
1
2
+r

2

) +

Γ

(
3
2
−r

2

)
Γ

(
3
2
+r

2

)
 ζ(1− 2r)

4ζ(2)(2− 2r)
.
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Quadratic Dirichlet characters III — Murmurations

Theorem (based on Čech [Čec24])

Assume GRH. Let f be a smooth, fast-decaying weight function with
Mellin transform Mf , and let χn denote the Jacobi symbol ( ·

n ). For any
N, y ,T , c such that 2 < T < Ny and 1

2 + ε < c < 3
4 ,∑

n> 0
n odd, squarefree

1

N
f
( n

N

) 1√
Ny

∑
pk<Ny

χn(p
k) log p

=
1

2πi

∫ c+iT

c−iT
Mf (32 − s)

(
Γ
(
1−s
2

)
Γ
(
s
2

) +
Γ
(
2−s
2

)
Γ
(
1+s
2

)) ζ(2− 2s)

4ζ(2)(3− 2s)
(πy)s−

1
2
ds

s

+
1√
Ny

∑
pk<

√
Ny

2Mf (1)

3ζ(2)
log p + O

(
N

1
2
−c+εy c−

1
2T ε + N

1
2
+εy

1
2
+εT−1+ε

)
.

Alex Cowan (University of Waterloo) Murmurations and ratios conjectures SCGP 2024/11/14



Table of Contents

1 Quadratic Dirichlet characters — Ratios conjecture 1

2 Ratios conjecture example

3 Quadratic Dirichlet characters — Ratios conjecture 2

4 Quadratic Dirichlet characters — GRH

5 Elliptic curves — Ratios conjecture

6 Holomorphic newspaces — GRH

7 Quadratic twists of an elliptic curve — Ratios conjecture

8 Future directions?

Alex Cowan (University of Waterloo) Murmurations and ratios conjectures SCGP 2024/11/14



Elliptic curves — Setup 1/2

Let Ea,b : y2 = x3 + ax + b. Suppose 3 ∤ r and 2 ∤ t. Define

F(H) :=
{
Ea,b : a = r mod 6, b = tmod 6, |a| ≤ H

1
3 , |b| ≤ H

1
2 ,

p4 | a =⇒ p6 ∤ b
}
. (2)

Write the L-function attached to E as

L(s,E ) :=
∏
p|NE

(
1− ap(E )

ps+
1
2

)−1 ∏
p∤NE

(
1− αp

ps

)−1(
1− αp

ps

)−1

with |αp| = |αp| = 1 and αp + αp =
ap(E)√

p .

The (proto-)explicit formula is, for 2 < T < X and X ̸∈ Z [Fio14, Lemma
2.1], ∑

p prime, k∈Z>0

pk<X , p ∤NE

(
αk
p + αk

p

)
log p = − 1

2πi

∫ 1+ε+iT

1+ε−iT

L′(s,E )

L(s,E )
X s ds

s

+ O
(
X 1+εT−1+εNε

E

)
.
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Elliptic curves — Setup 2/2

Let Re(α),Re(γ) > 0, and let Trk(p) denote the trace of the Hecke
operator at p on the space of level 1 weight k holomorphic cusp forms.

Definition (David–Huynh–Parks [DHP15, (3.38)])

A(α, γ) :=
ζ(1 + α+ γ)

ζ(1 + 2γ)

∏
p=2,3

1− ap(Er ,t)p
−1−γ + p−1−2γ

1− ap(Er ,t)p−1−α + p−1−2α

·
∏
p>3

[
1 +

(
1− p9 − 1

p10 − 1

)(
1

p1+2γ
− 1

p1+α+γ
+

p−2−α−γ − p−2−2γ

p2+2α − 1

+
p1+2α+γ − p1+α+2γ + pγ − pα

p
3
2
+α+2γ

∞∑
m=5

Tr2m+2(p)

p2m(α+1)+ 1
2

)]
.

The function A(α, γ) extends to a nonzero holomorphic function on
Re(α),Re(γ) > −1

4 , and A(r , r) = 1 in this region.
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Elliptic curves — Ratios conjecture

Theorem (David–Huynh–Parks [DHP15, Thm. 3.8])

Assume the ratios conjecture [DHP15, Conj. 3.7]. Suppose Re(r) ≫ 1
logH

and Im(r) ≪ H1−ε. Then

∑
E∈F(H)

L′(12 + r ,E )

L(12 + r ,E )
=

∑
E∈F(H)

[
−ζ ′(1 + 2r)

ζ(1 + 2r)
+ Aα(r , r)

−ωE

(
4π2

NE

)r
Γ(1− r)

Γ(1 + r)
ζ(1 + 2r)A(−r , r)

]
+R(H)

with R(H) ≪ H
1
3
+ε.

Alex Cowan (University of Waterloo) Murmurations and ratios conjectures SCGP 2024/11/14



Elliptic curves — Conductor distribution

David–Huynh–Parks ratios conjecture is for F(H): a family ordered by
height. Murmurations care about conductor. We need a conversion.

Theorem

For any λ1 > λ0 >
4464
logH ,

#
{
E ∈ F(H) : λ0 <

NE
H < λ1

}
#F(H)

= FN(λ1)− FN(λ0) + O((logH)−1+ε).

(3)

Theorem

For any λ > 4464
logH ,

#
{
E ∈ F(H) : NE

H < λ
}

#F(H)
≪ λ

5
6 . (4)
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Elliptic curves — Conductor distribution plot

Figure: F ′
N(λ), computed numerically with ∆λ = 0.496 [Cow24a].
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Elliptic curves — Murmurations

Theorem

Let F(H) be the family (2) of elliptic curves ordered by height, take
ω ∈ {±1}, and set F(H)ω := {E ∈ F(H) : ωE = ω}. Assume that (3),
(4), and the ratios conjecture [DHP15, Conj. 3.7] hold with F(H) replaced
with F(H)ω.

For any H, y ,T , ε such that 0 < ε < 5
6 and (Hy)

1
2
+ε ≪ T < Hy,

1

#F(H)ω

∑
E∈F(H)ω

1√
Hy

∑
pk<Hy
p ∤NE

(
αk
p + αk

p

)
log p

=
ω

2πi

∫
R

∫ 1
2
+ε+iT

1
2
+ε−iT

Γ(32 − s)

Γ(12 + s)
ζ(2s)A(12 − s, s − 1

2)

(
4π2y

λ

)s− 1
2ds

s
F ′
N(λ) dλ

− 1√
Hy

∑
pk<

√
Hy

log p + O
(
Hεy εT εR(H)#F(H)−1 + (logH)−

5
6

)
.
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Holomorphic newspaces — Murmurations

Theorem (based on Miller–Montague [MM11])

Assume GRH. For fixed ± ∈ {+,−}, fixed k ∈ 2Z>0, and N → ∞ prime,∑
f ∈H±

k (N)

Γ(k − 1)

(4π)k−1⟨f , f ⟩
∑
p ̸=N

ĝ

(
log p

logN

)
λf (p) log p√

p

= ±2 lim
δ→0+

∫ ∞

0
ĝ

(
1 +

log y

logN

)∫ ∞

−∞

Γ(k2 − 2πit)

Γ(k2 + 2πit)

·
∏
p

(
1 +

1

(p − 1)p4πit+δ

)(
4π2y

)2πit
dt

dy

y
+ O

(
N

σ
2
−1+ε

)
.

Can take ĝ(ξ) sharply peaked at ξ = 1 while keeping the error term small.∑
f ∈H±

k (N)

Γ(k − 1)

(4π)k−1⟨f , f ⟩
∼ 1

2
, N−1−ε ≪ Γ(k − 1)

(4π)k−1⟨f , f ⟩
≪ N−1+ε.
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Quadratic twists of an elliptic curve — Setup

Let NE be an odd prime and let E be an elliptic curve of conductor NE

with even functional equation. Define

FE (D) := {0 < d < D : d a fundamental discriminant, χd(−NE )ωE = 1} .

Let AE be the arithmetic factor given by the infinite product in [HMM11,
(3.2)].
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Quadratic twists of an elliptic curve — Murmurations

Theorem (based on Huynh–Miller–Morrison [HMM11])

Assume GRH. With the notation of the previous slide,

1

#FE (D)

∑
d∈FE (D)

∑
p ̸=NE

∑
k > 0
k odd

ĝ

(
log pk

log NED2

4π2

)
χd(p)

(αk
p + αk

p) log p√
pk

=
g(0)

2
log

(√
NED

2π

)
+

∫ ∞

−∞

Γ(1− πit)

Γ(1 + πit)

ζ(1 + 2πit)LE (sym
2, 1− 2πit)

LE (sym2, 1)

· AE (−πit, πit)
1

#FE (D)

∑
d∈FE (D)

∫ ∞

0
ĝ

(
1 +

log y

log
√
NED
2π

)(
Dy

d

)2πit dy

y
dt

+ O
(
D− 1−σ

2

)
.

Can’t take ĝ(ξ) sharply peaked at ξ = 1 while keeping the error term small
=⇒ Need to assume ratios conjecture to get murmurations for now.
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Future directions? — Similar work

Many similar examples seem possible using existing results from the
literature, e.g.

[Mil09] Miller — An orthogonal test of the L-functions ratios
conjecture.

[GJM+10] Goes, Jackson, Miller, Montague, Ninsuwan, Peckner,
Pham — A unitary test of the ratios conjecture.

[MP12] Miller, Peckner — Low-lying zeros of number field
L-functions.

[FM15] Fiorilli, Miller — Surpassing the ratios conjecture in the
1-level density of Dirichlet L-functions.
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Future directions? — Ratios conjecture for ζ ′/ζ

Theorem (Conrey–Snaith [CS07, Thm. 2.5])

Assume the ratios conjecture [CS07, Conj. 2.1]. Suppose that
1

logT ≪ Re(α),Re(α) < 1
4 and that Im(α), Im(β) ≪ T 1−ε. Then∫ T

0

ζ ′

ζ

(
1

2
+ it + α

)
ζ ′

ζ

(
1

2
− it + β

)
dt

=

∫ T

0
ζ(1 + α+ β)ζ(1− α− β)

·
∏
p

(
1− 1

p1+α+β

)(
1− 2

p
+

1

p1+α+β

)(
1− 1

p

)−2(2π

t

)α+β

dt

+ T

(
ζ ′

ζ

)′
(1 + α+ β)− T

∑
p

(
log p

p1+α+β − 1

)2

+ O(T
1
2
+ε).
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Future directions? — ζ ′/ζ murmurations

Idea (based on Conrey–Snaith [CS07])

Assume the ratios conjecture [CS07, Conj. 2.1]. Suppose that
1

logT ≪ c < 1
4 and that A ≪ T 1−ε. Then∫ c+iA

c−iA

∫ T

T−∆T

ζ ′

ζ

(
1

2
+ it + α

)
ζ ′

ζ

(
1

2
− it

)
dt Xα dα

α

=

∫ c+iA

c−iA
ζ(1 + α)ζ(1− α)

∏
p

(
1− 1

p1+α

)(
1− 2

p
+

1

p1+α

)(
1− 1

p

)−2

·
∫ T

T−∆T

(
2πX

t

)α

dt
dα

α

+

∫ c+iA

c−iA

[
∆T

(
ζ ′

ζ

)′
(1 + α)−∆T

∑
p

(
log p

p1+α − 1

)2

+ O(T
1
2
+ε)

]
Xα dα

α
.
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Future directions? — Correlations of |ζ|2

Theorem (Kovaleva [Kov24, Thm. 1.1])

Let α, β ≥ 0 be such that δ := β − α ≥ 0.∫ T

0
|ζ(1/2 + it + iα)|2|ζ(1/2 + it + iβ)|2dt

=

∫ T

1
D(t;α, β) + OD(t;α, β) dt + E (T ;α, β),

D(t;α, β) = 2Re
∑

s∈{0,iδ}

Res
s

ζ4(1 + s)

ζ(2 + 2s)

(t/2π)s

s − iδ

OD(t;α, β) =
∂2

∂s1∂s2

(
h(iδ, s1 + s2)

(
t + α

2π

)s1 ( t + β

2π

)s2) ∣∣∣∣
s1=s2=0

and E (T ;α, β) ≪ O((T + α)2/3+ε + (T + α)1/2+εδ1/3 + δ1/2).
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Future directions? — Skip the “ratios”?

Approximate functional equation [IK04, Thm. 5.3]:

L(s, f ) =
∑
n

λf (n)

ns
Vs

(
n

t
√
N

)
+ ωf

√
N
Gf (1− s)

Gf (s)

∑
n

λf (n)

n1−s
V1−s

(
nt√
N

)(
1

N

)s

+ R.

Inverse Mellin transform:∑
n<X

λf (n) =
1

2πi

∫ c+iT

c−iT

∑
n

λf (n)

ns
Vs

(
n

t
√
N

)
X s

+ ωf

√
N
Gf (1− s)

Gf (s)

∑
n

λf (n)

n1−s
V1−s

(
nt√
N

)(
X

N

)s

+ RX s ds

s
+ O(X 1+εT−1+εNε).
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Thanks!

Thanks for listening!
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