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Association schemes

Symmetric association scheme Z = (X , {Ri}Ni=0).

Adjacency matrices {Ai}Ni=0 are |X | × |X | 01-matrices.

A0 = I
N∑
i=0

Ai = J

At
i = Ai

AiAj = AjAi =
N∑

k=0

pkijAk

Ai ◦ Aj = δijAi
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Principal idempotents {Ei}Ni=0.

E0 =
1
|X |J

N∑
i=0

Ei = I

E t
i = Ei

Ei ◦ Ej =
1

|X |

N∑
k=0

qkijEk

EiEj = δijEi

Ai =
N∑
j=0

pi (j)Ej , Ei =
1

|X |

N∑
j=0

qi (j)Aj
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P-polynomial and Q-polynomial properties

Z is P-polynomial with respect to the ordering A0,A1, . . . ,AN if there
exist polynomials vi (x) of degree i such that

Ai = vi (A1) for i = 0, 1, . . . ,N.

Equivalently:

Z is metric: pj±1
1j ̸= 0 and (pkij ̸= 0) ⇒ (|i − j | ≤ k ≤ i + j)

A1Ai = pi−1
1i Ai−1 + pi1iAi + pi+1

1i Ai+1

Eigenvalues pi (j) = vi (θj), with θj = p1(j)

Z is Q-polynomial with respect to the ordering E0,E1, . . . ,EN if there
exist polynomials v⋆i (x) of degree i such that (under Hadamard product)

|X |Ei = v⋆i (|X |E1) for i = 0, 1, . . . ,N.

Equivalent to: cometric, qi (j) = v⋆i (θ
⋆
j ).
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Distance-regular graphs

Connected, undirected graph G = (X , Γ).

dist(x , y) = length of a shortest path between x and y in G .

G is distance-regular if for fixed i and j , the number of vertices z ∈ X at
distance i from a vertex x and at distance j from a vertex y is a
non-negative integer pkij which depends only on the distance k between x
and y .

One-to-one correspondence with P-polynomial association schemes:

Z is P-polynomial iff (X ,R1) defines a distance-regular graph with
distance matrices Ai .

6 / 34



Polynomials
Wilson duality:

pi (j)

pi (0)
=

qj(i)

qj(0)

(P and Q)-poly
=========⇒ v⋆j (θ

⋆
i ) =

mj

ki
vi (θj)

Recurrence relation:

θxvi (θx) = bi−1vi−1(θx) + aivi (θx) + ci+1vi+1(θx)

Difference equation:

θ⋆i vi (θx) = c⋆x vi (θx−1) + a⋆xvi (θx) + b⋆xvi (θx+1)

Orthogonality relation:

N∑
x=0

mxvi (θx)vj(θx) = |X |kiδij
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Leonard’s theorem: these polynomials are finite families of the (q-)Askey
scheme or Bannai-Ito polynomials.

q-Racah

q-Hahn dual q-Hahn

Quantum
q-Krawtchouk

q-Krawtchouk
Affine

q-Krawtchouk
Dual

q-Krawtchouk

4ϕ3

3ϕ2

2ϕ1

Racah

Hahn dual Hahn

Krawtchouk

4F3

3F2

2F1
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Leonard pairs

Leonard pair (A,A⋆) on vector space V of dimension N + 1:
• ∃ basis {ux}Nx=0 such that A is diagonal and A⋆ is irreducible tridiagonal:

Aux = θxux ,

A⋆ux = b⋆x−1ux−1 + a⋆xux + c⋆x+1ux+1,

with b⋆x−1c
⋆
x+1 ̸= 0.

• ∃ basis {u⋆i }Ni=0 such that A is irreducible tridiagonal and A⋆ is diagonal:

Au⋆i = bi−1u
⋆
i−1 + aiu

⋆
i + ci+1u

⋆
i+1,

A⋆u⋆i = θ⋆i u
⋆
i ,

with ai−1ci+1 ̸= 0.

Polynomials arise as coefficients of change of basis.
Terwilliger algebra, Askey–Wilson algebra.
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Multivariate generalizations

Several multivariate generalizations of the polynomials of the
(q-)Askey scheme.

Higher rank algebras (Bannai-Ito, Racah, Askey–Wilson).

Higher rank Leonard pairs.
Iliev, Terwilliger

Bivariate P- and/or Q-polynomial association schemes.
Bernard, Crampé, Poulain d’Andecy, Vinet, Zaimi

Multivariate P- and/or Q-polynomial association schemes.
Bannai, Kurihara, Zhao, Zhu

Multivariate distance-regular graphs.
Bernard, Crampé, Vinet, Zaimi, Zhang

Factorized A2-Leonard pairs.
Crampé, Zaimi
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Important constituants of m-variate structures:

Domain D ⊂ Nm with certain properties.

ϵ1 = (1, 0, 0, . . . , 0), ϵ2 = (0, 1, 0, . . . , 0), . . .

Total monomial order ≤ on Nm.

Aα = vα(Aϵ1 ,Aϵ2 , . . . ,Aϵm), multidegree α ∈ D.

Conditions on the boundary of D.

For graphs, partition of edges and notion of an m-distance.

Multivariate metric condition (for symmetric schemes):

pα+ϵiϵi ,α
̸= 0 if α+ ϵi ∈ D and pα−ϵiϵi ,α

̸= 0 if α− ϵi ∈ D,
pβϵi ,α ̸= 0 ⇒ β ≤ α+ ϵi and α ≤ β + ϵi .

xivα(x) =
∑
β∈D

β≤α+ϵi ,α≤β+ϵi

pβϵi ,αvβ(x), i = 1, 2, . . . ,m.

(Caution near the boundary!)
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α = (α1, α2), β = (β1, β2)

pβϵi ,α ̸= 0 ⇒ β ≤ α+ ϵi and α ≤ β + ϵi

β2

β1
α1

α2

β2

β1
α1

α2
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Some examples
1. Direct product.
Ai = vi (A1) for i = 0, . . . ,N, and Ãj = ṽj(Ã1) for j = 0, . . . , Ñ.
D = {0, 1, . . . ,N} × {0, 1, . . . , Ñ}

Aij := Ai ⊗ Ãj = vij(A10,A01), (i , j) ∈ D

vij(x , y) = vi (x)ṽj(y).

Two recurrence relations with three terms each:

θxvij(θx , θ̃y ) = pi−1
1i vi−1,j(θx , θ̃y ) + pi1ivij(θx , θ̃y ) + pi+1

1i vi+1,j(θx , θ̃y ),

θ̃yvij(θx , θ̃y ) = p̃j−1
1j vi ,j−1(θx , θ̃y ) + p̃j1jvij(θx , θ̃y ) + p̃j+1

1j vi ,j+1(θx , θ̃y ).

Similarly for the difference equations.

N

Ñ

i

j

i

j
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2. Association schemes based on attenuated spaces Aq(n, ℓ,N)
Eigenvalues are:

Tij(x , y) ∝
[

N − x
j

]
q

3ϕ2

(
q−i , q−x , 0

q−ℓ, q−N+j

∣∣∣∣∣ q, q
)

affine q-Krawtchouk

3ϕ2

(
q−j , q−y , qx+y−n−1

q−n+N , q−N+x

∣∣∣∣∣ q, q
)

dual q-Hahn

3. Non-binary Johnson schemes Jr (n,N)
Eigenvalues are:

Tij(x , y) ∝
(

N − x
j

)
2F1

(
−i , −x

−N + j

∣∣∣∣∣ r − 1

r − 2

)
Krawtchouk

3F2

(
−j , −y , x + y − n − 1

−n + N, −N + x

∣∣∣∣∣ 1
)

dual Hahn

N

N

ℓ

n − N

i

j

i

j
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Tratnik functions

Two finite families of polynomials {Ri (x ;ρ)}Ni and {Rj(y ; r)}Mj ,
with respective sets of parameters ρ and r .

Ti ,j(x , y) = νj(x) Ri (x ;ρj) Rj(y ; r x) = νj(x) Ri (x ;ρj) Sy (j ;σx).

Bispectrality of Ri (x ;ρ):

λx,ρ Ri (x ;ρ) = Ai,ρ Ri+1(x ;ρ)− (Ai,ρ + Ci,ρ) Ri (x ;ρ) + Ci,ρ Ri−1(x ;ρ),

µi,ρ Ri (x ;ρ) = Bx,ρ Ri (x + 1;ρ)− (Bx,ρ + Dx,ρ) Ri (x ;ρ) + Dx,ρ Ri (x − 1;ρ),

with C0,ρ = D0,ρ = 0.

Bispectrality of Sy (j ;σ):

ℓj,σ Sy (j ;σ) = Ay ,σ Sy+1(j ;σ)− (Ay ,σ + Cy ,σ) Sy (j ;σ) + Cy ,σ Sy−1(j ;σ) ,

my ,σ Sy (j ;σ) = Bj,σ Sy (j + 1;σ)− (Bj,σ +Dj,σ) Sy (j ;σ) +Dj,σ Sy (j − 1;σ) ,

with C0,σ = 0 and D0,σ = 0.
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First recurrence relation

Ti ,j(x , y) = νj(x) Ri (x ;ρj) Sy (j ;σx)

From the recurrence relation of Ri (x ;ρj),

λx,ρj Ti,j(x , y) = Ai,ρj Ti+1,j(x , y)− (Ai,ρj + Ci,ρj )Ti,j(x , y) + Ci,ρj Ti−1,j(x , y) .

In order for this to be considered as a recurrence relation for Tij(x , y),

λx ,ρj = τj λ̃x + τ ′j .

With suitable renormalizations, we can chose

λx ,ρj = λx , λ0 = 0.

We get a first recurrence relation for Ti ,j(x , y) (with 3 terms):

λx Ti,j(x , y) = Ai,ρj Ti+1,j(x , y)− (Ai,ρj + Ci,ρj )Ti,j(x , y) + Ci,ρj Ti−1,j(x , y) .
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First (q-)difference equation

Ti ,j(x , y) = νj(x) Ri (x ;ρj) Sy (j ;σx)

From the recurrence relation of Sy (j ;σx),

ℓj,σx Ti,j(x , y) = Ay,σx Ti,j(x , y + 1)− (Ay,σx + Cy,σx )Ti,j(x , y) + Cy,σx Ti,j(x , y − 1) .

Similarly, we take
ℓj ,σx = ℓj , ℓ0 = 0,

and we get a first (q-)difference equation for Ti ,j(x , y) (with 3 terms):

ℓj Ti,j(x , y) = Ay,σx Ti,j(x , y + 1)− (Ay,σx + Cy,σx )Ti,j(x , y) + Cy,σx Ti,j(x , y − 1) .
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Second recurrence relation

We want:

wx ,y Ti ,j(x , y) =
∑

(ϵ,ϵ′)∈S

Φϵ,ϵ
′

i ,j Ti+ϵ,j+ϵ′(x , y) .

SA2 = {(0, 0), (0, 1), (0,−1), (1, 0), (−1, 0), (−1, 1), (1,−1)}.
SB2 =
{(0, 0), (0, 1), (0,−1), (1, 0), (−1, 0), (−1, 1), (1,−1), (1, 1), (−1,−1)}.
SB′

2
=

{(0, 0), (0, 1), (0,−1), (1, 0), (−1, 0), (−1, 1), (2,−1), (1,−1), (−2, 1)}.

A2 B2 B ′
2
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We consider

wx ,y = kx ,y (my ,σx + k ′x ,y ).

From the (q-)difference equation of Sy (j ;σx),

wx,y Ti,j(x , y) = kx,yνj(x)Ri (x ;ρj)

×
(
Bj,σxSy (j + 1;σx)− (Bj,σx +Dj,σx − k ′

x,y ) Sy (j ;σx) +Dj,σx Sy (j − 1;σx)
)
.

We need:

kx ,y
νj(x)

νj+1(x)
Bj ,σxRi (x ;ρj) =

∑
ϵ

Φϵ,1i ,j Ri+ϵ(x ;ρj+1) ,

−kx ,y (Bj ,σx +Dj ,σx − k ′x ,y )Ri (x ;ρj) =
∑

ϵ=0,1,−1

Φϵ,0i ,j Ri+ϵ(x ;ρj) ,

kx ,y
νj(x)

νj−1(x)
Dj ,σxRi (x ;ρj) =

∑
ϵ

Φϵ,−1
i ,j Ri+ϵ(x ;ρj−1) .

Can see that kx ,y = kx and k ′x ,y = k ′x .
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Second (q-)difference equation

We want

ωi ,j Ti ,j(x , y) =
∑

(ϵ,ϵ′)∈S′

Ψϵ,ϵ′
y ,x Ti ,j(x + ϵ′, y + ϵ),

with an eigenvalue

ωi ,j = κj ,i (µi ,ρj
+ κ′j ,i ).

Note that S ′ can be of different type than S.
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From the (q-)difference relation of Ri (x ;ρj),

ωi,j Ti,j(x , y) = κj,iνj(x)Sy (s;σx)

×
(
Bx,ρj Ri (x + 1;ρj)− (Bx,ρj + Dx,ρj − κ′j,i ) Ri (x ;ρj) + Dx,ρj Ri (x − 1;ρj)

)
.

We need:

κj ,i
νj(x)

νj(x + 1)
Bx ,ρjSy (j ;σx) =

∑
ϵ

Ψϵ,1
y ,xSy+ϵ(j ;σx+1) ,

−κj ,i (Bx ,ρj + Dx ,ρj − κ′j ,i )Sy (j ;σx) =
∑

ϵ=0,±1

Ψϵ,0
y ,xSy+ϵ(j ;σx) ,

κj ,i
νj(x)

νj(x − 1)
Dx ,ρjSy (j ;σx) =

∑
ϵ

Ψϵ,−1
y ,x Sy+ϵ(j ;σx−1) .

Can see that κj ,i = κj and κ
′
j ,i = κ′j .
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Middle equations should correspond to the recurrence relations of Ri (x ;ρj)
and Sy (s;σx), up to global normalizations and some additive terms.

−kx(Bj ,σx +Dj ,σx − k ′x)︸ ︷︷ ︸
=φjλx+ψj

Ri (x ;ρj) =
∑

ϵ=0,1,−1

Φϵ,0i ,j Ri+ϵ(x ;ρj) ,

−κj(Bx ,ρj + Dx ,ρj − κ′j)︸ ︷︷ ︸
=fx ℓj+gx

Sy (j ;σx) =
∑

ϵ=0,±1

Ψϵ,0
y ,xSy+ϵ(j ;σx).

Other relations are contiguity relations.

kx
νj(x)

νj+1(x)
Bj ,σxRi (x ;ρj) =

∑
ϵ

Φϵ,1i ,j Ri+ϵ(x ;ρj+1) ,

kx
νj(x)

νj−1(x)
Dj ,σxRi (x ;ρj) =

∑
ϵ

Φϵ,−1
i ,j Ri+ϵ(x ;ρj−1) .
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Contiguity relations

Classify solutions of equations of the form

λ+x ,ρ Ri (x ;ρ) =
∑
ϵ∈S

Φϵ,+i Ri+ϵ(x ;ρ),

λ−x ,ρ Ri (x ;ρ) =
∑

−ϵ∈S

Φϵ,−i Ri+ϵ(x ;ρ).

x = x + η, η ∈ {0,+1,−1},
ρ is a set of modified parameters,
S is one of: {0,−1}, {0,−1, 1} or {0,−1,−2},
N is chosen among {N,N + 1,N − 1,N − 2,N + 2}.
We will require λx ,ρ = ζλx ,ρ − ξ.

Related to Christoffel and Geronimus transformations.
Some previous work done by R. Oste and J. Van der Jeugt (2016).
Ongoing work with N. Crampé, L. Morey and L. Vinet.
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Type A2

Xi ,ρ := Ai−1,ρCi ,ρ , Yi ,ρ := −(Ai ,ρ + Ci ,ρ).

Definition

The constraints (CA2) are defined by the requirement that the following
expressions

ζ2i
ζYi ,ρ − Yi ,ρ − ξ

Xi+1,ρ − ζ2Xi ,ρ

i∏
k=1

Xk,ρ

Xk,ρ
,

ζ2i
Xi+1,ρ − ζ2Xi+1,ρ

(ζYi ,ρ − Yi+1,ρ − ξ)Xi+1,ρ

i∏
k=1

Xk,ρ

Xk,ρ
,

are equal and independent of i for any i ≥ 0.
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Proposition

The polynomials Ri (x ;ρ) chosen such that λx ,ρ = ζλx ,ρ − ξ satisfy the
contiguity relation of type A2

λ+x ,ρRi (x ;ρ) = Φ0,+
i Ri (x ;ρ) + Φ−1,+

i Ri−1(x ;ρ), i ≥ 0,

(with the convention Φ−1,+
0 = 0 and with Φ0,+

0 ̸= 0), if and only if the
coefficients are given by (up to a global normalization)

λ+x ,ρ = 1,

Φ0,+
i = ζ i

i−1∏
k=0

Ak,ρ

Ak,ρ
, i ≥ 0,

Φ−1,+
i = ζ−i+1

(
1− ζA0,ρ + ξ

A0,ρ

) i−1∏
k=1

Ck+1,ρ

Ck,ρ
, i ≥ 1,

and the constraints (CA2) are satisfied.
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Proposition

The polynomials Ri (x ;ρ) chosen such that λx ,ρ = ζλx ,ρ − ξ satisfy the
contiguity relation of type A2

λ−x ,ρRi (x ;ρ) = Φ1,−
i Ri+1(x ;ρ) + Φ0,−

i Ri (x ;ρ), i ≥ 0,

(with Φ0,−
0 ̸= 0) if and only if the coefficients are given by (up to a global

normalization)

λ−x ,ρ = (A0,ρ − ζA0,ρ − ξ)

(
λx ,ρ
A0,ρ

+ 1

)
+ C1,ρ ,

Φ1,−
i = (A0,ρ − ζA0,ρ − ξ)ζ−i

i∏
k=1

Ak,ρ

Ak−1,ρ
, i ≥ 0,

Φ0,−
i = ζ iC1,ρ

i∏
k=1

Ck,ρ

Ck,ρ
, i ≥ 0,

and the constraints (CA2) are satisfied.
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Type B2

Similar results, but more involved expressions...

From two relations of type A2

λ+x ,ρRi (x ;ρ) = Φ0,+
i Ri (x ;ρ) + Φ−1,+

i Ri−1(x ;ρ) ,

λ̃−x̃ ,ρ̃Ri (x ;ρ) = Φ̃1,−
i Ri+1(x̃ ; ρ̃) + Φ̃0,−

i Ri (x̃ ; ρ̃) ,

one can obtain a relation of type B2

λ̃−x̃,ρ̃λ
+
x,ρRi (x ;ρ)

= Φ0,+
i Φ̃1,−

i Ri+1(x̃ ; ρ̃) + (Φ0,+
i Φ̃0,−

i +Φ−1,+
i Φ̃1,−

i−1)Ri (x̃ ; ρ̃) + Φ−1,+
i Φ̃0,−

i−1Ri−1(x̃ ; ρ̃).
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Type B ′
2

Similar results, but more involved expressions...

From two relations of type A2

λ+x ,ρRi (x ;ρ) = Φ0,+
i Ri (x ;ρ) + Φ−1,+

i Ri−1(x ;ρ) ,

λ̃+x ,ρRi (x ;ρ) = Φ̃0,+
i Ri (x̃ ; ρ̃) + Φ̃−1,+

i Ri−1(x̃ ; ρ̃) ,

one can obtain a relation of type B ′
2

λ̃+x,ρλ
+
x,ρRi (x ;ρ) =

Φ0,+
i Φ̃0,+

i Ri (x̃ ; ρ̃) + (Φ0,+
i Φ̃−1,+

i +Φ−1,+
i Φ̃0,+

i−1)Ri−1(x̃ ; ρ̃) + Φ−1,+
i Φ̃−1,+

i−1 Ri−2(x̃ ; ρ̃).
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q-Racah case

R
(qR)
i (x ;ρ = α, β, γ,N, q) = 4ϕ3

(
q−i , αβqi+1, q−x , γqx−N

αq, βγq, q−N

∣∣∣∣∣ q; q
)
.

x = x + η.
Type A2 solutions:

(I) η = 0 , α = α , β = qβ , γ = γ/q , N = N − 1 , qx = qx ;

(II) η = 0 , α = α , β = qβ , γ = γ , N = N , qx = qx ;

(III) η = −1 , α = qα , β = β , γ = qγ , N = N − 1 , qx = qx−1;

(IV) η = 0 , α = qα , β = β , γ = γ , N = N , qx = qx ;

All solutions of type B2 or B ′
2 are obtained from the solutions of type A2.

Similar results for other families of (q-)Askey scheme.
Bannai-Ito: no A2 type relations, unless we consider “complementary” BI.
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Back to Tratnik functions

Ti ,j(x , y) = νj(x) Ri (x ;ρj) Sy (j ;σx).

− kx(Bj,σx +Dj,σx − k ′
x) = φjλx + ψj ,

− κj(Bx,ρj + Dx,ρj − κ′j) = fxℓj + gx ,

kx
νj(x)

νj+1(x)
Bj,σxRi (x ;ρj) =

∑
ϵ

Φϵ,1
i,j Ri+ϵ(x ;ρj+1) ,

kx
νj(x)

νj−1(x)
Dj,σxRi (x ;ρj) =

∑
ϵ

Φϵ,−1
i,j Ri+ϵ(x ;ρj−1) ,

κj
νj(x)

νj(x + 1)
Bx,ρjSy (j ;σx) =

∑
ϵ

Ψϵ,1
y ,xSy+ϵ(j ;σx+1) ,

κj
νj(x)

νj(x − 1)
Dx,ρjSy (j ;σx) =

∑
ϵ

Ψϵ,−1
y ,x Sy+ϵ(j ;σx−1) .
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Strategy

Choose a pair (P,Q) of families of polynomials in the (q-)Askey
scheme so that

Ti ,j(x , y) = νj(x) R
(P)
i (x ;ρj) R

(Q)
y (j ;σx) .

Constraints due to middle equations (recurrence relations).

Use classification of contiguity recurrence relations to get constraints
on parameters ρj and σx , and expressions for the coefficients.

Compatibility constraints for νj(x).
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Preliminary results: A2/A2 Tratnik functions (polynomials)

Triangular domains (q = 1)
i + j ≤ N and x + y ≤ N:

Ti ,j(x , y) =
(x − N)j
(−N)j

R
(H)
i (x ;α, β + j ,N − j)R

(dH)
j (y ; a, b + x ,N − x)

Ti ,j(x , y) =
(x − N)j
(−N)j

R
(K)
i (x ;α,N − j)R

(dH)
j (y ; a, b + x ,N − x)

Ti ,j(x , y) =
(x − N)j
(−N)j

R
(H)
i (x ;α, β + j ,N − j)R

(K)
j (y ; a,N − x)

Ti ,j(x , y) =
(x − N)j
(−N)j

R
(K)
i (x ;α,N − j)R

(K)
j (y ; a,N − x)

Consistent with polynomials appearing in factorized A2-Leonard pairs.

32 / 34



Rectangular domains (q = 1)
i , x ≤ N and j , y ≤ M:

Ti ,j(x , y) =
(α+ 1 + x)j
(α+ 1)j

R
(H)
i (x ;α+ j , β,N)R

(dH)
j (y ;α+ x , b,M)

Ti ,j(x , y) = R
(H)
i (x ;α, β + j ,N)R

(dH)
j (y ; a, x −M − 1− β,M)

Truncated triangular domains (q = 1)
i + j ≤ M, x + y ≤ M and i , x ≤ N:

Ti ,j(x , y) =
(x −M)j
(−M)j

R
(H)
i (x ;−M − 1 + j , β,N)R

(dH)
j (y ; a, b + x ,M − x)

Ti ,j(x , y) =
(x − N)j
(−N)j

R
(H)
i (x ;α, β + j ,N − j)R

(dH)
j (y ;−N + x − 1, b,M)

Ti ,j(x , y) =
(x −M)j
(−M)j

R
(H)
i (x ;−M − 1 + j , β,N)R

(K)
j (y ; a,M − x)

Ti ,j(x , y) =
(x − N)j
(−N)j

R
(K)
i (x ;α,N − j)R

(dH)
j (y ;−N + x − 1, b,M)
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Conclusion

Classify (finite) bivariate functions of Tratnik type which satisfy
certain bispectral properties.

Consider all combinations of univariate polynomials, and
combinations of types A2, B2 or B ′

2 for the bispectrality.

Solve constraints in order for the bispectrality to be satisfied.

Possibilities with x ̸= x ?

Boundaries of domains.

Study the structure of the associated Leonard pairs of rank 2.
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