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Association schemes

Symmetric association scheme Z = (X, {R;}I,).
Adjacency matrices {A;}Y ; are |X| x |X| 01-matrices.
e Ap=1

N
o ZA,':J

0
o Al = A
N
o A,‘Aj = AJ'A,' = Z p;}Ak
k=0
(] A,‘ e} A_] = 5,_,A,
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Principal idempotents {E;} .

o £y = ﬁJ
N
4 ji: E}:Z I
i=0
e El =E;
;N
° E,oEJ——Zq,{J(Ek
(X =
o EE; = 6;E;
N 1 N
A=Y pil)E: Ei—WZqI(J)AJ
j=0 j=0

4/34



P-polynomial and Q-polynomial properties

Z is P-polynomial with respect to the ordering Ag, A1, ..., Ay if there
exist polynomials v;(x) of degree i such that

A,': V,'(Al) fOFiZO,].,...,N.
Equivalently:
o Z is metric: p{;" # 0 and (pk #0) = (i —j| < k < i+))

ALA; = pi tAiZL + pLiA + P A
e Eigenvalues p;(j) = vi(6;), with 0; = p1(j)

Z is @-polynomial with respect to the ordering Eg, E1, ..., Ep if there
exist polynomials v*(x) of degree i such that (under Hadamard product)

|X|E; = vi'(|X|E1) fori=0,1,...,N.
Equivalent to: cometric, qi(j) = v/ (7).
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Distance-regular graphs

Connected, undirected graph G = (X, ).
dist(x, y) = length of a shortest path between x and y in G.

G is distance-regular if for fixed i and j, the number of vertices z € X at
distance i from a vertex x and at distance j from a vertex y is a
non-negative integer pfj‘- which depends only on the distance k between x
and y.

One-to-one correspondence with P-polynomial association schemes:

Z is P-polynomial iff (X, Ry) defines a distance-regular graph with
distance matrices A;.
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Polynomials
Wilson duality:
Pi(j) qj(i) (P and Q)-poly *( ok m;

1

Recurrence relation:

Oxvi(0x) = bi—1vi—1(0x) + a;jvi(0x) + cit1vit1(6x)

Difference equation:

07 vi(0x) = cLvi(fx—1) + avi(0x) + bLvi(Bx41)

Orthogonality relation:
N
Z myvi(0x)vj(6x) = [X|kidj
x=0
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Leonard’s theorem: these polynomials are finite families of the (g-)Askey
scheme or Bannai-Ito polynomials.
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Leonard’s theorem: these polynomials are finite families of the (g-)Askey
scheme or Bannai-Ito polynomials.
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Leonard pairs

Leonard pair (A, A*) on vector space V of dimension N + 1:
e 3 basis {ux}_, such that A is diagonal and A* is irreducible tridiagonal:

Auy = HXUXa

Afuy = b _qux—1 + ajux + CyqUxtt,
with b% ¢ty # 0.
e 3 basis {u*}V  such that A is irreducible tridiagonal and A* is diagonal:

* * * *
Au,- = b,'_1U,-_1 + aju; + Cit1 Uity
* ok ok ox
ATui =07 u7,
with aj_1¢i1 #0.

Polynomials arise as coefficients of change of basis.
Terwilliger algebra, Askey—Wilson algebra.

9/34



Multivariate generalizations

@ Several multivariate generalizations of the polynomials of the
(g-)Askey scheme.

@ Higher rank algebras (Bannai-Ito, Racah, Askey—Wilson).
@ Higher rank Leonard pairs.
lliev, Terwilliger
@ Bivariate P- and/or Q-polynomial association schemes.
Bernard, Crampé, Poulain d'Andecy, Vinet, Zaimi

e Multivariate P- and/or Q-polynomial association schemes.
Bannai, Kurihara, Zhao, Zhu

o Multivariate distance-regular graphs.
Bernard, Crampé, Vinet, Zaimi, Zhang

o Factorized Ax-Leonard pairs.

Crampé, Zaimi
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Important constituants of m-variate structures:

@ Domain D C N with certain properties.
€1 22(1,0,0,...,0), €2 ::(0,1,0,...,0),..

@ Total monomial order < on N™.
0 Ay = Vo(Aqs Aes - - - Ac,, ), multidegree o € D.
@ Conditions on the boundary of D.

For graphs, partition of edges and notion of an m-distance.

Multivariate metric condition (for symmetric schemes):

ngf’#() if a+e¢€D and pli#0 if a—e €D,
pe, #0 = pB<a+e¢ and a<fB+e.

XiVa(x) = Z p£7av5(x), i=1,2,...,m.

BeED
BLlatej,a<lPte;

(Caution near the boundary!)
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a = (al,az), ﬁ = (51’52)
pg-,a#o = B<a+e¢ and a<fB+¢

P2 B,

Qg |-----o

]
l
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]
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Some examples
1. Direct product. . . .
Ai = vj(A1) for i =0,..., N, and Aj = Vj(Aq) for j=0,..., N.
D=1{0,1,...,N} x {0,1,..., N}

Aj = A @ Aj = vij(Ao, Anr), (i,j) €D

vii(x,¥) = vi(x)¥;(y).
Two recurrence relations with three terms each:

Oxvij(Ox, éy) = Pi?lvi—l,j(HXa éy) + PiiVij(ex» éy) + Pﬁrlvi-i-lxj(exa V)
Oyvij(0x,0y) = By vig-1(0x 0y) + Byvi(0x, 0y) + Bl viga (0, 6y).
Similarly for the difference equations.

~ - —— e — .

=2
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2. Association schemes based on attenuated spaces A,(n, ¢, N)
Eigenvalues are:
N — x e g/, q, gt
TU(X)’)CX{ : } 3¢2< [ e |99 392 q,9
’ - - ) —ntN  4—N )
J a q=% g~V ) g, g

affine g-Krawtchouk dual g-Hahn

3. Non-binary Johnson schemes J,(n, N)

Eigenvalues are:
N —x —i, =x | r—1 —j, =y, x+y—n—1
Ti(x, . F; . F
J(xy)a( j )2 1<—N+_/ r—2>3 2( —n+N, —N+x

L JL
Krawtchouk dual Hahn

)

~ ===« —
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Tratnik functions

Two finite families of polynomials {R;(x; p)}" and {R;(y; )} ,
with respective sets of parameters p and r.

Tij(x,y) = vi(x) Ri(x; pj) Ri(y: rx) = vi(x) Ri(x; pj) Sy Ui ox)-
Bispectrality of Ri(x; p):

)\xp R'(X' ) = Aip R;+1(X' P) - ( ip T Ci,p) RI(X;p) + Ci,p Rifl(X; p)7
Hi,p Ri(x; p) = BXPR(X+1 p) — (BX7P+DX7P) Ri(X;P)JFDX,p Ri(x —1; p),
with C07p = D(),p =0.

Bispectrality of S, (j;0):

o Sy(j? o) = Ay o 5y+1(j? o) - (Ay,tf + Cy,cr) Sy(j? o)+ Cyo Syfl(J.? o),
My,o Sy(j;fr) =B 5&(j-+»1;cr) _’(E%,U +'22h0) Sy(j?fr)'+'f%70 S}(j'_ Lao),
with Cp o = 0 and Dy » = 0.
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First recurrence relation

Tij(x,y) = vi(x) Ri(xi pj) Sy(ji ox)
From the recurrence relation of Ri(x; pj),
Apy Tii (%, ¥) = Aips Tivnj(%,y) = (Aip; + Ciipy) Tij (%, ¥) + Cipy Tim1i(x,y) -
In order for this to be considered as a recurrence relation for Tj(x,y),
Axpj = Tj Ax + 7).
With suitable renormalizations, we can chose
Ax.pp = A Ao =0.

We get a first recurrence relation for T;j(x,y) (with 3 terms):

A Tij(x,¥) = Aip; Tivr,j(x,¥) = (Aip; + Cip;) Ti(x,¥) + Cip; Tica,j(x,y) -
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First (g-)difference equation

Tij(x,y) = vj(x) Ri(x; pj) Sy (i 0x)
From the recurrence relation of S, (j; o),
Ej,ax Ti»j(va) = “A}’yﬁ'x Tj,j(X,y + 1) - ('Ay,ax +C}’v¢7x) T"J(Xv)/) +Cy,(7x T"J(va - 1) .

Similarly, we take
Uo, =1 o =0,

and we get a first (g-)difference equation for T;j(x,y) (with 3 terms):

6 Tij(x,y) = Ay Tij(x, ¥y +1) = (Ayon + Cyio) Tij(x,¥) + Cyio Tij(x,y — 1)
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Second recurrence relation
We want:

Wy TijCoy) = Y 00 Tiejre(xy).
(e,€")ES

o SAz = {(07 O)’ (07 1)’ (07 _1)7 (17 O)’ (_1’ 0)7 (_17 1)7 (17 _1)}'
o SB2 =

{(0? O)a (07 1)7 (07 _1)7 (1? O)a (_17 0)7 (_1> 1)a (17 _1)7 (17 1)7 (_17 _1)}'
° SBé =

{(07 0)7 (07 1)7 (07 _1)7 (17 0)7 (_17 0)7 (_17 1)7 (27 _1)7 (17 _1)7 (_27 1)}

A> B, Bé
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We consider

Wy = kay(My.o, + K y).

From the (g-)difference equation of S, (j; ox),

We,y Tij(%,y) = keyvi(X)Ri(x; pj)
X (Bj,aXSy(j +1,04) = (Bjo, + Djior. —

We need:
vj(x)
ky.y—"<Bj o, Ri(x;
() i )
_kX7y(Bj7°’X + D.iyo'x - k>/<,y X pJ
kx 15) ——<Djo. Ri(x; pj)

X,y _1(X)

Can see that k, , = k, and k)’gy =k’.

k.,) Sy(iox) + Djo, Sy — 1; ax)).

Zd) Rite(x: pj41)
Z ¢ Rite(x; pj) s

e=0,1,—1

Zcb Rite(xi pj-1) .
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Second (g-)difference equation

We want

wij Tij(x,y) Z \Il66 Tij(x+ €,y +e),
(e,e’)es’

with an eigenvalue

wij = Kji(tip; + K 7)-

Note that S’ can be of different type than S.
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From the (g-)difference relation of R;(x; p;),

wij Tij(x,y) = Kj,ivj(x)S,(s; ox)

% (Bepy Rilx +19)) = (Bupy + Dapy = K1) Rilx: ;) + Dy Ri(x = 1i ).

We need:
VJ(X) . 61 "
’ij,imeyijy(J: ox) = Zﬁ: VO Sy+eli oxt1)
—£,i(Bx.p; + Dx,p; — _]I)S Jiox) = Z \U xSy+elii ox)
e=0,%+1
VJ(X) i _ €,—1 i
Klj”’ VJ(X — 1) DX7Pij(./r o-X) - ; wy,x Sere(J« o’X*l) .

e o
Can see that xj; = ; and K} = Kj.
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Middle equations should correspond to the recurrence relations of Ri(x; p))

and S,(s; o), up to global normalizations and some additive terms.

—ke(Bj,oy + Djor, — k) Ri(x: pj) = Z <Df;,9 Rive(x; pj),

=0,1,~1
=Mty ‘

_KJ'(BXan—’—DX,Pj _HJ) J UX - Z wyx Y+€J UX)
e=0,%+1

:fxej“l’gx

Other relations are contiguity relations.

vj(x) Z 1
kX J B'o’ Ri Pj) = ¢67 Ri e\ X5 Pj y
Vj+1(X) J,0x (X pJ) - iy + (X pJ+1)

vj(x) -
kxy T(x )DJaXR(X:pj)ZZq’f-; "Ripe(x; pjo1) -
J= €
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Contiguity relations

Classify solutions of equations of the form

A, =Y " R (x:p),
ec.s

Aep RixiP) = D ®77 Ripe(xip).
—eeS

X=x+mnne{0,+1,-1},

p is a set of modified parameters,

< is one of: {0,—-1}, {0,—1,1} or {0, -1, -2},

N is chosen among {N,N+1,N —1,N — 2, N + 2}.
We will require Ay p = (Ax5 — &.

Related to Christoffel and Geronimus transformations.

Some previous work done by R. Oste and J. Van der Jeugt (2016).

Ongoing work with N. Crampé, L. Morey and L. Vinet.
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Type A,

Xip = Ai—1,pCip, Yip:=—(Aip+ Cip)

The constraints (€4,) are defined by the requirement that the following
expressions

2iCYip— Yip — & I Xk,p

)
Xi+1ap — C2X’.7ﬁ k=1 Xk:p

2 Xitlp = O Xit1p L Xk
(CYip = Yit1p = ) Xivrp ;o Xiep |

are equal and independent of / for any / > 0.
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Proposition
The polynomials R;(x; p) chosen such that A, , = (Axp — & satisfy the
contiguity relation of type As

MoRilxip) = 9P Ri(xip) + &, VTR 1 (%B), >0,

(with the convention ®; " = 0 and with ®'" # 0), if and only if the
coefficients are given by (up to a global normalization)

A, =1,
Axp
(DO aF C’ H P i Z 0’
k—0 Ao’
i—1
(D_L-‘r C—I-i-l <1 _ CA07ﬁ + §> I Ck+1,P i>1
Aop ) Crp -

and the constraints (€4,) are satisfied.
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Proposition

The polynomials R;(x; p) chosen such that A\, , = (Axp — & satisfy the
contiguity relation of type A

Ao pRi(%iP) = ®7 " Risa(xi p) + O) 7 Ri(x;p), >0,

(with <D8’_ # 0) if and only if the coefficients are given by (up to a global
normalization)

_ Ax

Aep = (Aop — CAop — €) <Ap + 1> + Cip,

0,p
_ T A .

& = (Aop — CAop — €)C H # ) i >0,
k=1 "k=1,p

o0 =¢iC C“’ i >

- C 1,p H [ 0,

7

and the constraints (€4, ) are satisfied.
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Type B,

Similar results, but more involved expressions...
From two relations of type A
M pRilxi p) = O] T Ri(x:p) + 07 VTR (%: D).
A Ri(%P) = 1 Ria (%) + ) Ri(%: p)
one can obtain a relation of type B>
A A Ri(x; p)

%,57\%:p

= OF O] R (% 9) + (97T 0T + 0 ML )R(K: ) + 7 T O) Ria(X: ).
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Type B}

Similar results, but more involved expressions...
From two relations of type A
A pRi(xip) = O Ri(x;p) + &, M R (x:P).
ANRi(%p) = 00T Ri(%: p) + &, VTR (% p)
one can obtain a relation of type B}

MM Ri(x; p) =

X,p"\x,p

OV OVTR (% p) + (OO + 07T OINR (%5 5) + & TR (X ),
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g-Racah case

—i i+1 —X x—N
R ) Oéﬂ y )
Ri(q )(X;p:a7ﬁ777N7q):4¢3 (q ; 9 7q

aq, Bvq, g N
X =Xx+mn.
Type A; solutions:
(I)T]: ’ aza? B:qﬁa WZ’Y/CI, N:N—l, Y:qx
(”)7]:07 a=q«o, /B:qﬁj 7:77 N:I\/7 q :qx.
(I n=-1, a=qa, f=4, 7y=qy, N=N-1, g“=g¢!
(V) n=0, a=qa, =8, y=v, N=N, g°=g*

All solutions of type By or B} are obtained from the solutions of type Ao.
Similar results for other families of (g-)Askey scheme.

Bannai-Ito: no A type relations, unless we consider “complementary” BI.
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Back to Tratnik functions

TI,_](X7y) = Vj(X)

k (BJ Ox +DJ Ox

o ’{J(vapj + DX7PJ -

v;(x)
X’/J'+1(X)
vj(x)
vji-1(x)
K vj(x)
vi(x +1)
vj(x)
vj(x — 1)

B;j o, Ri(x; pj
k«———=D;j + Ri(x; pj)

By.p;Sy (i 0x)

kj

Ri(x; pj) Sy(; o).

H_;) = fxéj + 8x

)= 00 Ripe(xi pisa)

Rite(x; Pj— 1)

Zcb
Z\u

y+e(] Oxi1),

Dy.p; Sy (i ox) = Z\US’Xlsere(_/;ax,l).

€
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Strategy

Choose a pair (P, Q) of families of polynomials in the (g-)Askey
scheme so that

Tij(x,y) = vj(x) R,.(P)(x; Pj) R)(,Q)(j; Ox).

Constraints due to middle equations (recurrence relations).

Use classification of contiguity recurrence relations to get constraints
on parameters p; and o, and expressions for the coefficients.

Compatibility constraints for vj(x).
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Preliminary results: Ay/A, Tratnik functions (polynomials)

Triangular domains (g = 1)
i+j<Nand x+y <N:

Tij(x,y) = ()E_A/,;IJ)J R,-(H)(x;a,ﬁ +Jj, N —j)Rj(dH)(y; a,b+x,N —x)
Tii(x,y) = ()(<—_/\/,;IJ)J RUO (N = R (y; 2, + x, N — x)
Tij(xy) = ()E_NA)IJ)J R,-(H)(x; a,f+4,N —j)RJ-(K)(y; a,N — x)
Tij(x,y) = ()((__Nl;lj)j RO (x; o N = HRI (.2, N — x)

Consistent with polynomials appearing in factorized Az-Leonard pairs.
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Rectangular domains (g = 1)
i, x <Nandj,y <M:

(o +1+x); R(H)
(a+ 1)1

Tii(x,y) = R (xi o, 8+, N)R (yia,x — M~ 1 8, M)

(6 a4, 8, N)R“D(y; a + x, b, M)

Tij(x,y) = .

Truncated triangular domains (g = 1)
i+j <M, x+y<Mandix<N:

—M):
T,-,j(xjy):ul?,(”)(x;—/w 14,8, MR (y;a,b+x, M - x)

(=M);
x—N
Tij(x,y) = (( N)) Dxia, B+, N = )R (y; =N + x 1, b, M)
M
Tistr) = S R =t = 17,5 MR i M=)
]
—N):
Ti:j(X7y) - ()((N))J RI'(K)(X; «, N _J)RJ(dH)(yi -N +Xx - 17 b7 M)
J
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Conclusion

o Classify (finite) bivariate functions of Tratnik type which satisfy
certain bispectral properties.

@ Consider all combinations of univariate polynomials, and
combinations of types Ay, B, or B for the bispectrality.

@ Solve constraints in order for the bispectrality to be satisfied.
@ Possibilities with X # x 7

@ Boundaries of domains.
°

Study the structure of the associated Leonard pairs of rank 2.
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