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Example of a proof

Cauchy-Davenport theorem
pprime, 0 #A,BCZ, = |A+ B| > min(p, |[A| + |B| — 1)

O A+ |B|>p = VezeZ,:An(x—B)#0 = A+B=1,
® Otherwise, suppose |A+ B| < |A|+ |B|—-2<p

flzyy) = H (x+y—c)

ceEA+B
®VacAbeB: f(a,b)=0 - f vanishes on A x B
© [ty B f = (5B £ 0 (mod p),
|[A+B|—|A|+1<|B| -1 <N, f does not vanish on A x B

. int: " .
object of study ——"= zero set of polynomial N, Structure
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Generalized Combinatorial Nullstellensatz

Alon, 1999
[zd* ... 2zd]f #0, VAi,...,A. CF, |4 >d; +1
=
deg f=dy + - +d, Jda; € A; ¢ f(ar,...,a;) #0
Lason, 2010
VAi,..., A, CF, |A;] > di + 1
P 2% maximal in f =
Elai GAZ‘ : f(al,...,a,n) 750
o maximal: [z8* ...z f # 0, does not divide any other monomial of f

Example: f(x,y) = 2190 + zy + y19°

<o

o

Schauz, 2008: even more general theorem

&

In practically all known applications degree condition is sufficient!
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Turdan numbers
e Turdn number ex(n,G): max. # of edges in G-free graph on n vertices

Turan, 1941

Erd6s—Stone, 1946
ex(n,G) = <1 - ﬁ + 0(1)) (%)

o determines ex(n, G) asymptotically when G is not bipartite (x(G) > 2)
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Turan number of Kﬁf)g

ErdGs, 1964 (graphs: Kévari-Sés—Turan, 1954)

1
ex(naK‘g:?m,Sr) =0 (n’” Slmsr_l) for S1 S <o < 8y

o Conjecture: asymptotically tight Mubayi, 2002
e True for K35 and K33 E.Klein, 1934 and Brown, 1966
e True for s, > s1,...,8._1 Pohoata—Zakharov, 2021+

© norm hypergraphs (graphs: Alon—Kollar-Rényai—Szabo, 1990s)

Ma-Yuan-Zhang, 2018
© random algebraic method (Blagojevic-Bukh—Karasev, 2013; Bukh, 2015)
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< no matching lower bound for r > 2 is known!

. ex(n,KéQ)’Q) = Q(n®3) Katz—Krop—Maggioni, 2002

2" —19-1
— 1

o ex(n, Kér)z) =Q (n“[ Conlon—Pohoata—Zakharov, 2021
(improving on Gunderson—RaédI-Sidorenko, 1999)
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Erdés box problem

o ex(n, KéT)Q) =0 (n“fﬂ%l) for r > 2 Erdés, 1964

2’“71-|—1

. ex(n,Kg_) ) = (nr—f v

ey

) Conlon—Pohoata—Zakharov, 2021

o algebraic structure + random multilinear maps

o ex(n, K ) = Q) (nr—%) G., 2024

“ey

© new method using CN; explicit construction; simple proof

r 2| 3 4 5 6
r— 5t 15| 2.75 | 3.875 | 4.9375 | 5.96875
r—[2=2]71 | 1.5 | 2.(6) | 3.75 | 4.(857142) | 5.(90)
r—1 1.5]2(6) | 3.75 4.8 5.8(3)
o ex(n,Ké?z)’Q) = Q(n®3) Katz—Krop—Maggioni, 2002
ex(n,Kg_)__Q) =Q (nr_%) Yang, 2021, PhD thesis

o proof is much more complicated
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e F: field; feF[xy,...,2.]; Bi,...,B.CF, B=B;X---XB,
e Z(f,B):={(a1,...,a,) € B : f(a1,...,a,) =0}
e r-partite r-graph H(f,B) := (ByU---UB,, Z(f,B))

Key Lemma

dy d,

it ...zl maximal in f,

= H(f, )|sK ") -free
d = max(dy, ..., d,) drlndi

H(f,B) is (“ordered” Kfi’)ﬂ ____ ., +1)-free

Key Lemma (general)

VYV € S, : some maximal "
i = H(f,B)is Kd 41, dTH—free

T

monomial of f divides 2% ...z

& The Generalized Combinatorial Lasori—Alon—Zippel-Schwartz Nullstellensatz
Lemma, arxiv:2305.10900 Rote, 2023
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.]F. fleld fE]F[xlv"'ax’r‘}; B]v’"aBTg]F; B:le"'xBT

r—

e ex(n, K§1,,,,,S,.) =0 (n 51""1”'71) for s1 <--- <s, Erdés, 1964

Key Lemma

di d
.'I/'l ...l‘TT

d= IIL‘ELX(dl7 000 7dr)

maximal in f, "
= H(f,B)is Kd+1 dH—free

Corollary (retracing Erdés’s proof)

zf .. x% maximal in f, VB;, |Bi| = n:

= Ui CrEz R Crmreay)
dy <---<d, 1Z(f,B)| =0 (n ! )

o Example: VBy,|Bi| =n: |Z(z" +zy +y", By x Ba)| = O(n®/?)
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Construction

Lemma (G., 2024)

T

r—1 g
f@1, o zr) =212 + 3 [] 27,57 where 4 = =
il el

Z(f, (F5 )| =p 2 (p" — 1)"

Key Lemma

@ xq...2, maximal in f H(f, (F;r)r) is Kz(,r.)..,z‘free

¢ Classical CN would be useless here!
® H(f, (Fy.)"): n=r(p" —1) vertices

3) pr—l(pr _ 1)7‘—1 =0 (nr_%> edges
Theorem (G., 2024)
ex(n, Ky,
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r r—1 r
flx, .. zp)=21...or+ >, ] xf+;p7 where z,.; = x;
i=1j=1

r

O Vo, €Ty al =ay
flay,... a.) =a1...a7~<1+ ZT:lTH(l)a:f;>
i=1j=
=aj...a, (1—|—Tr<a1_1a2_p...ar_pril)>
Tr(a) = a+aP 4 ---+aP : trace of field extension F,- /F,

® [{aeF; : Tr(a) = -1} =p*



Proof of Lemma

f($1,...
OVa, cF,: o =a
f(a17"'7a7") = ax

Tr(a):a+ap+...+ap7‘
e |{G’GF;T . TI'(CL):

9 Vag,..

'7ar€F;r:

e lr <1+Tr<a1_1a2_p...

T

r—1 .
= p"—p?
7Z'T)_x1...xr+z H xi+j where Tpyi = T4

i=1j=1

r r=1 S
(145 T e

i=13j=0

)

' trace of field extension F,- /F,,

~1}H =p!

|{a1 eF,. :

f((ll,-..,ar) :0}| :prfl
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r r—1 r_ g
flxy, .. ,xn)=21...zp + > 1 xf+;p7 where 7, = ;
i=1j=1

r

OVaieF;T: a? = a;

K2

flay,... a.) =a1...ar<1+ ZT;TH:aZ_f;)
i=1j=
=aj...ar <1+TY<a1_1a2_p...ar—P“1))
Tr(a)=a+aP +--- + a?’ "1 trace of field extension Fpr /T
@ [{aeF} @ Tr(a) =—1} =p"!
® Vas,...,a, € IE";T : |{a1 e IF‘;; © flay,...,a;) = 0}| —prt

o |Z(f, (Fy) | =p ' (p" — 1)
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e Find more applications of Lasori’'s CN



