
Constructing Cospectral Graphs
- some "prehistory"



Spectral graph theory started in the 80s, when Cheeger’s inequality was used as a 
means for constructing sparse and balanced cuts in a graph. In the 2000s, our field 
moved on from studying specific eigenvalues to studying the whole spectrum of 
the Laplacian matrix with fast Laplacian solvers. To obtain fast Laplacian solvers, 
we needed to sparsify graphs, for which we exploited concentration phenomena of 
random matrices. In the 2010s, improvements to these tools led to improvements 
on a wide variety of problems, like maximum flow, travelling salesman (both 
symmetric and asymmetric), and random spanning tree generation. In this talk, we 
briefly survey this chain of events and suggest some future directions.
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Question :

the adjacency matrices of isomorphic graphs are

permutation equivalent , hence similar. Converse?
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More interesting examples :



Direct productXxy .
A(X +y) = A()GA(y)

-

% ↑
↳/2 I

↑
N



M = /B . Nx]

10 ROS are sit . RS & SR are both

defined , then RS&SR have the same neugere

eigenvalues , with the same multiplicities.
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Partitioned tenser product
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Subdivision graphs



If B is the verdex-edge incidence matrix ofX , then

BB" = A + A unsigned Laplacian

8 = 21+[ adjacency matrix of

line graph
Further

Soil
is the adjacency matrix of theSubdivisonth ofX.



We have
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multiplicities.
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Cospectral , cospectral complements



Assume A = (B) with C08 square, C regulara

Suppose B is lym
,
with I even and that each

column of B is 8, 1 or has exactly half its entries

equal to 1· Define-te .
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Trees



Schwenk :
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key : 9.4 & S17 are cospectral
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p(x + (7)= e(Xva)b(X)+ d(X)0(-3)- b((xa)&(X)
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key : S24 and 9-8 cospectral, cospectral complements



Lemma W(/oY, 1) is determined by ⑩
N(X) , w(y) all walks

Wa(x) , WaLY) all walks starting at a

Ca(X) , Caly) closed walks on a W

Observe that S145928,



Let Wit be the generating function for all

walks in X
.

So

W(X
,
6)=An .

Theorem If X o Y are cospectral their complements

are cospectral it only if WAS- W(Y, H.



Proof
e(X,b) = deb (65-(9-1-A)

-deb ((t(1+A -5)

= det((++)F9A)) det (1 - 1-1119

= dep(HerI+A) deb (5-1((HA)"1)

- deb(FA)(1 -1) (1)
b

(- (X=ty) antwalks



X

e
Hornden : Ellegy

X I is a free
, verbices 407 are pseudosimilar .



S : e
Vertices 204 are pseudosimilar in S . 0.
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McKay
complement

Laplacian

distance matrix· normalized Laplacian
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G0M : (1976-1978)

Products of graphs & their spectra.

Constructing cospectral graphs.

The spectrum of a graph .
(With 0

.
A
. Holton)

Partitioned tensor products o their spectra.

Some computational results on the spectra of graphs
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Knuth : Partitioned tensor products o their spectra. (1993)

W.
C. Herndend M

.LEllezy Jr : iospectral graphs and molecules.
(1975)

K. A . McAraney : A note on limbless trees (1974)


