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0 Introduction
e Quantum walk search on a hypercube
e State transfer between antipodal vertices

e State transfer between vertices of arbitrary distance
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Introduction

@ State transfer between vertices of a graph by discrete time quantum walk
Evolution — coin (acts locally on vertices) and shift (propagation along arcs)
Utilize quantum walk search — vertices are marked with a different coin
Only local modification of dynamics, the rest of the graph is passive

Evolve to reach the second (receiver) with high probability
Run-time of the order of O(v/N)

°
°

°

@ Initialize the walk on one marked vertex — sender

°

°

@ Analysis — dimensional reduction — find (approximate) invariant subspace
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e Quantum walk search on a hypercube

Martin Stefaniak (FNSPE CTU in Prague) Quantum walk state transfer on a hypercube 5. 6. 2023



@ Vertices of the hypercube labeled by n-bit strings X = xq ... xp, x; = 0,1
@ Position basis states — | X)

@ Unit vector in direction d — €y = ef ... e, & = 4 4

@ Basis states of the coin — |d)

@ Marked vertex (0 w.L.o.g.) has a loop — coin basis state |0)

@ Hilbert space of the walk can be written as a direct sum of local spaces

H =Py J
X

Hz = Span {|X,d)|d =1,...n}
7-[6:Span{|6,d)|d:0,1,...n}

XL X!
I N
oL oy
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Evolution operator of the search

@ Evolution operator has the usual form — U’ = S’ - C’
@ Conditional shift operator S’

ZZyxeaed, (%,d| +0,0)(0, 0] J

@ Coin operator — Grover on non-marked vertices, and —G’ on the marked one

C' = (Ip—10)(0)) ® G—0)(0| ® G )
@ Grover diffusion operator G
1 n
G =2|s¢c)(sc| — I, |sc)=—=>_|d)
=
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Evolution operator of the search

@ Modified Grover coin with a weighted loop G’ (Wong)

=2s)(si| — b, [s1) = \/%H <\/7\0) +> ]d)) J
d=1

@ Initial state of search — equal weight superposition of all states except for the loop

o) = 2 - S J

@ Target state of the search — loop at the marked vertex \5, 0)
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Reduction to a walk on a line (Shenvi, Kempe, Whaley)

@ Problem can be reduced to the walk on a finite line with a non-homogeneous coin
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Reduction to a walk on a line

@ Define 2n + 1 orthonormal basis states

XA =—— 3 Y Kd), x=0,..n-1

(n—x) (Q) |X|=x Xg=0

0,0) = |0,0)

@ Expression of the shift operator S’

n—1
S = (IX,Ry{x +1,L| + |x+1,L)(x, Rl) +10,0)(0,0 | J
x=0

Martin Stefanak (FNSPE CTU in Prague) Quantum walk state transfer on a hypercube 5. 6. 2023



Reduction to a walk on a line

@ Coin operator

C = yo><0\®c(’,+§n:yx><xy®cx }

x=1

@ Position dependent coins x £ 0,n (C, = 1)

cos 6 sin 6 ox _ >
X <sin 9,): —Ic:)s)éx) , Cosfy=1— = sinfy = - x(n — x) J
@ Coin at the marked vertex depends on the weight of the loop /
( _n-l _2m>
— n+l n+l
n—+/ n+1
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Approximate invariant subspace

@ Initial state |vy) in terms of {|x, R), |x, L), |0,0)}

n—1
o) = g 0A +in. L) + 5 3 (,/(Z: D+ (7 1)|xﬂ>)

@ o) together with |0, ©) and |v1) form approximate invariant subspace

1 nj2—2 1 n/2—2

1 1 E 1
1) =7 ———(x,R) —Ix+1,1)), == T
Y1) =2 XZ_% T(”;‘)(X X ) (XZ; (X1)) T
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Approximate invariant subspace

@ Exact eigenvector of U’ with eigenvalue 1 for all values of /

lovy) =

@ For small / we find "almost" eigenvectors of U’

——on o) —

n+l2” n+12”| ) J

2n

n-|-12”IO )

n
lop) = m|¢o> +

|ag) = |¢1)
<a/|Ul|a/> =1- O(//n)a j=2,3
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Evolution in the approximate invariant subspace

@ Effective evolution operator in the approximate invariant subspace

1 0 0 2n—1),/I+ 24
! (0 ), w R sinw =~ 2

of = cosw  Sinw
0 —sinw cosw van(l+n)

@ Rotation in the |a2), |ag) plane by an angle w
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Evolution in the approximate invariant subspace

@ Initial and target state in terms of |;)
Success for 10-dim hypercube

12n n .
|[%0) = m\%) + mhz)
n [2n

|0,0) = m|a1>— mbz)

050 ¢

P(l)

@ Maximal success probability achieved if
we rotate from |ap) to —|ap)

0.025 0.05

4nj2n !
P(/):|<07©|¢(T)>|2%m J ‘
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Optimal weight for search on a hypercube

@ Success probability reaches 1 for weight / = n/2" = d/N (Wong, Hayer and Yu)
@ For this value of / the states |a ) simplifies into

an) = 5 (16} = 10,0). o) = = (fi) +10.0) J

@ Run-time of the search algorithm

m _nm(1+27") m
w  2n—1 2
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State transfer by search with a switch

@ Ultilize periodicity of the search for one vertex for state transfer
@ Initialize at the sender vertex in the loop — |S, 0)

@ Mark sender vertex

@ Evolve for Ty steps close to the initial state of the search |g)

@ Switch marking from the sender to the receiver vertex 7

@ Evolve for T; steps close to the loop on the receiver vertex |, 0)

Total run-time of the state transfer with a switch

T, = 2Ty ~ 722
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e State transfer between antipodal vertices
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Reduction to a walk on a line

e State transfer from 0 to 1 with both vertices marked simultaneously
@ Reduction to a line again possible, loops at both ends

@ Additional basis state — loop at the receiver vertex — |n, ©) = |T, 0)
@ Evolution operator — U” = C" - S”

@ Shift operator S”

x=0

n—1
8" = (Ix, AY{x + 1, L] + [x +1,L)(x, RI) +10, ©)(0, O | +n, 0){n, O | J

@ Position dependent coins, similar as for search

n—1
C" = (|0)(0] + [n)(nl) ® Cg + > [x)(x| ® Cx }

x=1
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Approximate invariant subspace

@ Initial state of the state transfer — loop at the sender vertex — |0, ©)
@ Target state of the state transfer — loop at the receiver vertex — |n, ©)
@ Together with [¢g), |¢1) and |¢2) they form an approximate 5-dim invariant subspace

n/2—2
1 1
|¢2>=E Xz:% WU”—X»U—W—X—LR))

Martin Stefaiiak (FNSPE CTU in Prague) Quantum walk state transfer on a hypercube 5. 6. 2023



Approximate invariant subspace

@ Exact eigenvector of U” with eigenvalue 1

2n n
R e G R N

@ For small /, "almost" eigenvectors of U”

n—1
|@ﬁ=,y+%ww e (10,0) + In, )
1B3) = 7 ([¥1) — [42))
82) = 74m ©) = In, )
B5) = = (1) + Wab), (BIU18) = 1= O/n), j=2....5
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Evolution in the approximate invariant subspace

@ Effective evolution operator in the approximate invariant subspace

1 0 0 0 0
0 coswi —sinwy 0 0
ot = | 0 sinwy coswy 0 0
0 0 0 Ccosws —sinws
0 0 0 sinws  COSwa
@ Two rotations

e inthe |B2), |A3) plane by an angle w1
e inthe |B4), |B5) plane by an angle w»

2n (14 n2'-n)
c(n+1) ’

2in
c(n+1)

Wy~ Wo X
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Evolution in the approximate invariant subspace

@ Initial state in terms of |3;)

n—

2
0,0) = 12”+2n|51> 12”—|—2n|62> \/§|54) J

@ Target state in terms of |;)

jan—1 1
‘n7 O> [2n 4+ 2n’/81> [2n +2n‘52> \/5’/84> J

@ We have to rotate from |54) to —|34), and make a full circle in |82), | 53) plane

@ Optimal choice of the weight / — make the angles harmonic

2 .,
s wy = 2wy ~ 2203 J

[
Wl N
=Zla

n
2n V3
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Evolution in the approximate invariant subspace

@ For/= 3 75 we find simpler form of |3 2)

|81) = %|1/10> - \/§(|07©> +1n,0)), |B2) = ?Wo) + \/2(!0,@ +n,0)) J

@ Eigenvectors of Uy, corresponding to A( ) = gt

i) =

VFilBs)), |wst) = 5 (184)  55)) J

\/— (|/62

@ State after t steps

3 1, _iow _ 1 i _
—\/;!ﬂ1>+z(e’2“’2’|w$+)>+e i2 2t‘w$ )>)+§(e’ 2t\w£+)>+e '2t|w£ )>) J
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Fidelity of state transfer

@ Fidelity of state transfer into the loop at the

receiver vertex at time ¢ Fidelity for 10-dim hypercube

F(t)=[(n, 0 [o(t)?

Y (3 + cos (2wat) — 4 cos (wot))?

@ Fidelity reaches unity for T3

T 7T\/§ " \/§ 0 50 100 150 20
T3 = w—z ~ 2 22 = ? T2 J t )
Faster than transfer with switch by a factor v/3/2 ]
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e State transfer between vertices of arbitrary distance
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State transfer between vertices of arbitrary distance d

@ Sender at 0, receiver at vertex 7 with

Hamming weight d e~ ¢ 10-dim h b
o Weighted |00p3 at both vertices

@ We consider same weight | = %2—”” as 1F

for transfer to the antipode (d = n)

@ Initial state — |0, 0)

@ Target state — |r, 0) = 05

@ Reduction to a line is not possible,
mostly numerical evidence

@ Ford =2,...,n— 1 the fidelity \
behaves similarly as for d = n 0 50 100 B0 200

@ For d = 1 the peak is wider, but the t
maximum is reached at time close to y
T3
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Fidelity of state transfer for d > 2
Fidelity for given distance d Minimal fidelity as function of n

1+ 1k
[ ]
° L] °
[ )
[ )
0.98 -
0997 e © ©& o © & o =
N E .
& 0.96
0004 ®
0904/ ®
2 6 10 5 8 12
d n
v v

@ Fidelity as a function of the distance d is almost constant, except for d = 2
@ With increasing dimension of the hypercube n the minimal fidelity improves
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Approximate invariant subspace for d > 2

@ Approximation — state transfer evolves in 5-dim invariant subspace
@ Relevant eigenvalues 1, e*“1, g*“2 phases wy 2 close to formulas for the antipode
@ Exact eigenvector corresponding to eigenvalue 1 for all distances d

) = Slo) = \/208.0)+ 17.0) J

@ "Almost" eigenvectors |v2) and |y4) constructed in a similar way as |5») and |34)

IMZ?MH¢3MHWMIWZ%@MﬂWW J

@ |y3) and |vs) would require analogy of |¢1) and |i2) — we do not have analytical form
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Relevant phases for d > 2

Relevant phases for n =10 Ratio of phases for n= 10

0.07 -

3 0.05¢

S CTTY. T SRy SRy, SR, V. WSy Sy
W1
W2
F=Q-=-0===0-==0==-0==-0===0===0-==0"=
2 6 10
d

2,02} e« o ° °
°
3
3 19s;
=
3
194}
e
2 6 10
d
v

@ Relevant phases are close to the values for d = n
@ With increasing distance d the ratio approaches 2
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Relevant eigenvectors for d > 2

Overlap with eigenvectors for n = 8

@ |y2) and |y4) in terms of eigenvectors

Wi, 1wy — similar as for the " ( (j:)| >
antpode | N w 2 74 __________________
A A A A A A A
1 QO 0705} o
_ o o ©
wzwﬁuw&”wm ") o ° ° ()
T . @ )
Ya) ~ —(|w —+ |w 0Th ‘
|va) \/§(| 5 )+ lwp 7)) : 5 .
d

For d > 2 state transfer works in a similar way as for d = n
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State transfer between nearest neighbours

@ Larger projection of the initial and the target state onto ker(U” — 1)

X = = Z = -
= —(|0,0) +|r,0)) + + —(|0,4d;) + |r, d
[70) \/§(| ) +17,0)) + ylvo) \/§(| k) +|F, ds)) J
@ Amplitudes of the exact eigenstate
3a n n 2—n
X=1\/5 a=2"+2n—-4, b=3-2"+8n-12-2
_ 2(n—-1) S _\/n2"+1(1 —21=n
Y= Va0 O J/ab

@ For large n, y and z vanishes, x tends to 1 — approximation of the eigenvector

o) ~ lz(\ﬁ, 0) + [F,0)) J
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State transfer between nearest neighbours

@ For d =1 only one pair of eigenvalues
)\(i) etz js relevant

wop ~ %2_2 J

@ Initial and target states in terms of
eigenstates

= X 1 —
0,0) ~—510) + —(rw§+)> + W)

I7,0) ~—=|0) — (rw2> +lw$ 7))

\/—’70

Comparison of wy, with numerics
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State transfer between nearest neighbours

@ State after t steps
X 1 —iwgt (+) iW2t (_)
() = Z5ho) + (e 1E") + 1) |

@ Fidelity of state transfer at time ¢
Max fidelity for a given n

-
F(t) = 50 — cos(wp))? J if
o Maximal fidelity at T3 = 7 /ws e
b, 096 .
F= %(1 + X2)2 J ‘
@ Forlarge n— x =1 ol
. L
o 5 g 12
F(t) = sin* (72) J n
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Conclusions

@ Two approaches to state transfer on a hypercube

@ Exploit search and switch marking from sender to receiver after one period
@ Mark both sender and receiver with weighted loops

@ In the second case the run-time is faster

@ Analytical results for search, and state transfer between antipodal vertices
@ Exact form of stationary state for d # n + numerical results

Stefanak and Skoupy, Quantum walk state transfer on a hypercube, arXiv:2302.07581
Physica Scripta 98, 104003 (2023) J

Thank you for your attention
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