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Measuring how "spread out" vectors are
Definition. Given unit vectors , we define the coherenceΦ = (φ )i i=1

N

μ(Φ) = ∣⟨φ ,φ ⟩∣.
i=j
max i j

Given  find  such that  is minimal.(d,N) Φ = (φ ) ⊂i i=1
N Rd μ(Φ)

Goal:
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Steiner system
 ones per column r

 ETF with
unimodular entries
r × (r + 1)

"Steiner" ETF

Example 3.

Goethals, Seidel, Can. J. Math. 1970
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Gram matrix of ETF: Adjacency matrix of graph:

ETFs  Graphs⇒

Replace diagonal 1's with 0's
Replace -1's with 1's
Zero out the diagonal



Gram matrix of ETF: Adjacency matrix of graph:

ETFs  Graphs⇒

Every vertex has 9 neighbors 
Adjacent vertices have 4
common neighbors
Non-adjacent vertices have 6
common neighbors 



Gram matrix of ETF: Adjacency matrix of graph:

ETFs  Graphs⇒



Gram matrix of ETF: Adjacency matrix of graph:

ETFs  Graphs⇒

Mult. by −1

Not regular!
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(n, k,λ,μ)
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 ETF  "quadratic relation":

But how many 's in each row ???

Φ ⇒

(Φ Φ) =⊤ 2 AΦ Φ.⊤

−1
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Goal:               ↦
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Steiner Triple
System
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Tremain ETFs:

Theorem (Fickus, J, Mixon, Peterson '18). If there exists an

 Hadamard matrix with  or  ,h× h h ≡ 1 2 mod 3

then there exists a -Steiner system(2, 3, 2h− 1)

and by the Tremain construction there exists a real  ETF whered×N

d = (h+
3
1

1)(2h+ 1), N = h(2h+ 1).
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Theorem (Fickus, J, Mixon, Peterson '18). If there exists an
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then there exists a strongly regular graph with parameters:

v = h(2h+ 1),  k = , λ =
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, μ =
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h(h+ 2)
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Theorem (Fickus, J, Mixon, Peterson '18). If there exists an

 Hadamard matrix with  ,h× h h ≡ 2 mod 3

then there exists a strongly regular graph with parameters:

v = h(2h+ 1),  k = , λ =
2

(h+ 2)(2h− 1)
, μ =

2
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From Brouwer's
table online:

Let's replicate this success!
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How can I make these vectors sum to zero?

 = +1  = −1  = 2

 = −
2
1

 = +
2
1

 =
2
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Nice short fat repn ?
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 is in the kernel1 = (1, 1,… , 1)



NO (2)6
−

 is in the kernel1 = (1, 1,… , 1)

works for all real Tremain ETFs!
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1
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1 3
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2 3
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3 3
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Theorem (Fickus, J, Myers '24). A sequence of matrices with 
columns each

is a compatible orthobiangular tight frame (COBTF) if:
 

M

Φ ,Φ ,… ,Φ0 1 L−1

 (

Off-diagonal  has modulus in  (orthobiangular)

Off-diagonals supports  partition

"Compatibility condition"

(Φ Φ ) =j
∗

j
2 AΦ Φj

∗
j tight, same A)

Φ Φj
∗

j {0, 1}

Φ Φj
∗

j

If  are the rows of a (possibly complex) Hadamard matrix, then

is an ETF.

(h )i i=0
L−1

Ψ =

Φ ⊗ h0 0

Φ ⊗ h1 1

⋮
Φ ⊗ hL−1 L−1
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(  ETF)I ⊗3 2 × 3

Parallel classes
Group Divisible
Design (GDD)
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Chen's Construction
Y. Q. Chen (1997): New difference sets!
Used special sets  from a group 

 by pulling rows  from the DFT over 
 by pulling rows .

U ,… ,U0 L−1 G

Φj Uj G

Φ0 G ∖ U0

U =0 {(0, 0), (1, 2), (2, 1)}

U =1 {(0, 0), (0, 2), (0, 1)}

U =2 {(0, 0), (1, 1), (2, 2)}

U =3 {(0, 0), (0, 2), (0, 1)}

Φ =0

Φ =1

Φ =2

Φ =3
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Chen's Construction
 is a COBTF with real gram matrix(Φ )j j=0

L−1

 (mod ) L ≡ 0 4

 Hadamard exists  new real ETFL× L ⇒

 eigenvector of the Gram matrix1

Two new infinite families of SRGs

Example. Chen constructs

This gives us a COBTF . 
 real Hadamard matrix.

 real  ETF.
 SRGs ,

and  vertices.

U ,U ,… ,U ⊂0 1 323 Z38

(Φ )j j=0
323

∃ 324 × 324

∃ 957177 × 2152008

∃ 2152008

2152008

Off the charts!
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Finding an axial 77 × 210

Let  be the known centered .Φ 77 × 210

We want to find x = argmin ∥Φ x∥∥x∥ =12
⊤

∞

Instead we find x = argmin ∥Φ x∥∥x∥ =12
⊤

4

Gradient descent on many seeds
 is  vector   Profit!Φ x⊤ ±1 ⇒

There exists an SRG(210,95,40,45)

From Brouwer's
table online:

There exists an SRG(210,95,40,45)
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