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Measuring how "spread out" vectors are

Definition. Given unit vectors ® = (¢;)Y ,, we define the coherence

p(P) = .gx\m,wﬂ-
i#]

Example. T

Goal:
Given (d, N) find ® = (¢;)Y, C R? such that u(®) is minimal.
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Vectors that are as spread out as possible

Theorem (the Welch bound). For unit vectors ® = (¢;)Y | in R?
(@) > N —d
FE =g =1y

Equality holds if and only if both:

1. Tight: There is a constant A > 0 such that

N
Y (v, i) = Afjv|]?  for all w.
1=1

2. Equiangular: There is a constant a such that
(@i, )| = o foralli # j.

Welch bound equality <> equiangular tight frame (ETF)



ETF Gram matrix

Definition. Let
®=[p1 p2 -+ pn] € RVY,
be a rank d matrix where each column ¢,, is unit norm
H‘PnHZ = 1.
1) (Tightness) 3 A > 0 such that (&' ®)? = A®'®.
2) (Equiangular) 3 B > 0 such that | ¢, ¢,| = 1 for m # n.

If both 1) and 2) hold, then (¢, )Y_; is an ETF(d, V).
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Definition. Let

ETF Gram matrix

&= [p1 ¢z -

be a rank d matrix where each column ¢,, is unit norm

SON}

H‘PnHZ = 1.

dx N
e R*,

1) (Tightness) 3 A > 0 such that (&' ®)? = A®'®.
2) (Equiangular) 3 B > 0 such that | ¢, ¢, | = 1 for m # n.
If both 1) and 2) hold, then (¢, )Y_; is an ETF(d, V).

1
P3 P1
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©1 P2
1

PN P2

©1 PN
P PN

1's down the diagonal
1) ' ®  projection

2) |o,) .| constant
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Example 1. Consider the (multiple of a) unitary matrix
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Example 2. Consider the (multiple of a) unitary matrix

1 1 1 1
1 -1 1 -1
1 IR
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Example 1. Consider the (multiple of a) unitary matrix
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Example 3. Steiner system
r ones per column

r X (r +1) ETF with
unimodular entries
= B
DR — —

"Steiner" ETF

Goethals, Seidel, Can. J. Math. 1970



A McFarland difference set
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A McFarland difference set
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A McFarland difference set
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A McFarland difference set
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Graphs
from
ETFs
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16 vectors in R°
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It's easy to go
this way



Gramians are forgetful

H-—-EN- -0 EE-B- - T
—B—-F¥—— - —E-F Given ¢,
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Gramians are forgetful
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ETFs = Graphs

Gram matrix of ETF:
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ETFs = Graphs

Gram matrix of ETF:

Adjacency matrix of graph:
Replace diagonal 1's with 0's
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ETFs = Graphs
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ETFs = Graphs

Adjacency matrix of graph:

b

Gram matrix of ETF:
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ETFs = Graphs

Not regular!

Adjacency matrix of graph:
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Strongly Regular Graphs

Definition. An n-vertex graph is called strongly regular it

o every vertex has &k neighbors
» adjacent vertices have A common neighbors
 nonadjacent vertices have y common neighbors

Such a graph is called an SRG(n, k, A, p).

Equivalently, the adjacency matrix G satisfies
G?=kI + )G +u(J —I—G) (whereJ is the all-ones matrix.)



Strongly Regular Graphs

Definition. An n-vertex graph is called strongly regular it

o every vertex has &k neighbors
» adjacent vertices have A common neighbors
 nonadjacent vertices have y common neighbors

Such a graph is called an SRG(n, k, A, p).

Equivalently, the adjacency matrix G satisfies
G?=kI + )G +u(J —I—G) (whereJ is the all-ones matrix.)

® ETF = "quadratic relation":
(&' @) =A0'D.

But how many —1's in each row ???
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ETF = SRG

Suppose @ is an ETF:
e 1:=(1,1,...,1) e ker ® } ~ lisaneigenvector
e 1 € row space of @, or of d'd.

= the associated graph is regular and thus strongly regular

1 in row space
SRG(16, 5,0, 2)

1 ckerd
SRG(16, 9,4, 6)

Nice ETF representation = new SRGs!



Andries Brouwer's Table of SRGs
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348 632 ||OA(9,6): vanLint-Schrijver(3)

172 _148 Absolute bound

138 272 Absolute bound

440 540 [IPaley(81); OA(9,5); 2-graph\*

441 540 switch OA(9,5)+*; 2-graph

440 541 8(255541): Z_graph

434 350

250 534

Goal: —>

I B s = 3
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Tremain ETFs
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Tremain ETFs
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Steiner Triple
System

n

Tremain ETFs

e — B
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Hadamard matrix
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Tremain ETEs

LI ILIEILIC AL

1 Bha ==—1 .zx/i
-+, BI-; &-;




Tremain ETEFEs:

Theorem (Fickus, J, Mixon, Peterson '18). If there exists an

h x h Hadamard matrix with h = 1 or 2 mod 3,

then there exists a (2, 3,2h — 1)-Steiner system

and by the Tremain construction there exists a real d x N ETF where

d- %(h +1)@2h+1), N =h@h+1).



51 x 136 Tremain ETF

+ i S e e [TTT
b | e }
+ + +
B B
i |
+ + + + + 1 +
} ; £ — 4 | |
+ +
N - EE =
P

++ ++
| |
t =

b4 -+
b+ F 4
} -+

++++

I
| | | P
F 4 | ; |
+-F--F-F +
++ LT
- -E-EE
++ ++ p -
F—
e T
B- -m

| +—
+ - I EEEN

t t 1| o +




H1l X 136 Tremain ETF

HI HHIH HIHH HH




51 X 136 Tremain ETF
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Axial Tremain ETFs:

Theorem (Fickus, J, Mixon, Peterson '18). If there exists an

h x h Hadamard matrix with h = 2 mod 3,

then there exists a strongly regular graph with parameters:

o hEh+ 1), (h+2)22h—1)’ L (h—l)z(h+4)7 ,




Axial Tremain ETFs:

Theorem (Fickus, J, Mixon, Peterson '18). If there exists an

h x h Hadamard matrix with h = 2 mod 3,

then there exists a strongly regular graph with parameters:
(h+2)(2h — 1) (h—1)(h+4) h(h + 2)

This gave us a new ETF!

flsm”:ﬁfgo”l30”190”10533 ”_20335 ”z-graph

From Brouwer's i 429|[228(220/(19286  ||-11933 from ETF Fickus et al.; 2-graph
il erline: ?|820]399]|198]|190 19287 |l_11932  |[2-graph?
2 2-graph?

420/|210|220{[10332 _20287

|



Axial Tremain ETFs:

Theorem (Fickus, J, Mixon, Peterson '18). If there exists an

h x h Hadamard matrix with h = 2 mod 3,

then there exists a strongly regular graph with parameters:

v="h(2h+1), k=

(h+2)(2h — 1)

2

This gave us a new ETF!

From Brouwer's
table online:

=2 ]|

i

Y

(h —1)(h +4)

2  H 2

Let's replicate this success!

390((180(|190|[10%3%  ||-2028%  ||2-graph

429||228(220(|19286  |l-11333 from ETF Fickus et al: 2-graph
820|[399//1198|{190/|1928 ~1192  |2-graph?

420(210/[220(10332  ||-20287  ||2-graph?




New Results



How can I make these vectors sum to zero?

LI ILIEILIC AL

1+ el ==—1
@+ B

N -2

&

3

2




Back to Brouwer's Table

180!

= |IRs]=]~]

()
p—

32548!

b || = | 2
< || o || —

—
o0

28!

—_
-2

1= B EIRIEICE EEE]]
= ISIRIEIEIE S EIRIe]=]

8
d

rf s& comments
34 11320 118(2,3,15); lines in PG(3.2); O7(6.2); from ETF Fickus et al.; 2-graph\*
410 7225 62
125 510 OA(6,5) does not exist (Tarry)
521 14 U3(3).2 / L»(7).2 - subconstituent of Hall-Janko graph; complete enumeration by
McKay & Spence; RSHCD™; 2-graph
314 321 |2-graph
58 227 Triangular graph T(9)
127 68
313 320 complete enumeration by McKay & Spence; OA(6,3); NO (6,2); RSHCD™; 2-graph
2201415 INO7(5,3); OA(6.,4) does not exist (Tarry); 2-graph
5 54118 s partia.l enuljl?eration .by My &_.Spm ; sie also Crnkovi¢-Maksimovi¢ and
3.541'° |[Maksimovi¢-Rukavina; Paley(37); 2-graph\
224 415 complete enumeration by Spence; O(5.3) Sp(4,3); GQ(3,3)
15 124 Irrroa Ay




Back to Brouwer's Table

7 ? 7 I - s8 comments
18] |9 B 320 118(2,3,15); lines in PG(3.2); 07(6.2); from ETF Fickus et al.; 2-graph\*
! 36/[10(4 |2 ||410 22 |l6?
25|[16[[20/[125 510 10A(6,5) does not exist (Tarry)
] U3(3).2 / L»(7).2 - subconstituent of Hall-Janko graph; complete enumeration b
1800 |B6|als [l 21 g4 3(3):2/ La(7) : grap p y
| | McKay & Spence; RSHCD™; 2-graph
21([12[|12[[314 321 2-graph
! 36|(14(|7 ||4 ||58 227 Triangular graph T(9)
21||10(|15/127  ||-68
325481436 complete enumeration by McKay & Spence; OA(6,3); NO (6,2); RSHCD™; 2-graph
20
| [[20 Graph from a 15 x 36 ETF with 1 the kernel
N 3713 - partial enumeration by Vickay & dpence; see also Lrnkovic-Maksimovi¢ and
Juu 3.541!8 |Maksimovi¢-Rukavina; Paley(37); 2-graph\*
28! @ EIE. 224 415 complete enumeration by Spence; O(5.3) Sp(4,3); GQ(3,3)
”_”:”:”:'LJQ | Y rrria Aan




Back to Brouwer's Table

7 ? 7 I - s8 comments
82 19 B 329 |[s(2.3.15); lines in PG(3.2); 07(6.2); from ETF Fickus et al.; 2-graph\*
! 36|[10([4 |[2 ||410 925 62
25|[16[[20/[125 510 lOA(6.5) does not exist (Tarry)
] U3(3).2 / L»(7).2 - subconstituent of Hall-Janko graph; complete enumeration b
50t lelale ls bt [Lyia [o@®27220) i graph; comp y
| | McKay & Spence; RSHCD™; 2-graph
21([12[|12[[314 321 2-graph
! 36|(14(|7 ||4 ||58 227 Triangular graph T(9)
21|[10(|15||127  ||-68
325481436 complete enumeration by McKay & Spence; OA(6,3); NO™(6,2); RSHCD™; 2-graph
[ Graph from a 15 x 36 ETF with 1 the kernel
N 18l partial enumeration by McKay & dpence; see also LInKovié-
Eﬂuu L 3.541!8 |Maksimovi¢-Rukavina; Paley(37); 2-graph\*
28! @ EIE. 224 415 complete enumeration by Spence; O(5.3) Sp(4,3); GQ(3,3)

”_”:”:”:“nlﬁ ” ~24 ”\TTT/A AN

Nice short fat repn ?




A8 0[0/0]0]0]0|0]0

[@f — — — — — — — — [e){e]{a]{a] (a]

S----EEEE--- -5




B+ ++ -+ + - — — —FFF+—— — —FFFF—— — —FFFFFF
+B++——— —++++++++ FH++++++++++
++B+++++ FEFF— — — —FFFFF
A - — —FFFF - - — —FFFFFEFEFE — — — —FFF S

B B BEEE R BB —EE

d'P =

+
T e
H-E_-H-H_H_EN-H- 5 EE-E-5_E_-§_=
—_H_HE_H_H-H-§-H-B_




d'P

B+ ++ -+ + - — — —FFF+—— — —FFFF—— — —FFFFFF
+B++——— —++++++++ FH++++++++++
++B+++++ FEFF— — — —FFFFF
A - — —FFFF - - — —FFFFFEFEFE — — — —FFF S

B B BEEE R BB —EE

—-HHEH- -HR B+
—-INEN--—--HN----05-H-HN---EE

+
T e
H-E_-H-H_H_EN-H- 5 EE-E-5_E_-§_=
—_H_HE_H_H-H-§-H-B_




+B++ — — — —FFEFFE T e ) ) s e e
++HB+++++

A - — —FFFF - - — —FFFFFEFEFE — — — —FFF S
B B BEEE R BB —EE

d'P =
——FF——FE-—FF

l--H-EE---EN-EE---EE-E-B
H--H-EN-EN- - -EE-EE--E-1

- F-FF-F-F-F——F-F-F-FF-F-F-B-F-—F
FE-F-F-F—-F-F-F-FF-F-F-F-——-F-B-_F-F
F-F—-F-F-F-FF-F--F-FF-F-F-F-B-_F-

—F - -FE-F-F-F-F-F-F-F-—-F-F-H-
—F-FF-F - —F-FF-F-F-F-—-F-FF-F-F-BH-
— - F-FF-F__F-F+-F-F-F-*—B

Remember:
Gramians are

d forgettul
®



















NOg (2)




NOg (2)

| &




NOg (2)

| &

«1=(1,1,...,1) is in the kernel




NOg (2)

| &

«1=(1,1,...,1) is in the kernel

o works for all real Tremain ETFs!




Centered Tremain ETFEs:

Theorem (]). If there exists an

h x h Hadamard matrix with h = 1 or 2 mod 3,

then there exists a strongly regular graph with parameters

1
v="h(2h+1), k=h%-1, )\:§(h2—4), p= -h(h—1)



Centered Tremain ETFEs:

Theorem (J). If there exists an

h x h Hadamard matrix with h = 1 or 2 mod 3,

then there exists a strongly regular graph with parameters

1 1
= h(2h+1), k=h%—-1, )\:§(h2—4), = 5h(h—1)

320 x 20 Hadamard matrix = SRG(820,399,198,190)

I:IISEDHEQD”18[]”19[]”1[]3‘33 ”_20335 ”z-graph

From Brouwer's i 429|[228(220/(19286  ||-11933 from ETF Fickus et al.; 2-graph
il erline: ? 820]399]|198]|190 19287 |l_11%32  |[2-graph?
420(210/[220(10332  ||-20287  ||2-graph?

]



Centered Tremain ETFEs:

Theorem (J). If there exists an

h x h Hadamard matrix with h = 1 or 2 mod 3,

then there exists a strongly regular graph with parameters

1 1
= h(2h+1), k=h%—-1, A:E(h2—4), = 5h(h—1)

320 x 20 Hadamard matrix = SRG(820,399,198,190)

820(|390/(180(1190|10333 —2()286 2-graph

(=3

v 429|(228(|220([1 9286 11333 from ETF Fick
From Brouwer's | _ - Tl 6iSRGS
"5 aralbines 7/820[399||198)190 19287 _11332 2-graph?
420([210([220(|10332 0287 2-graph?

]




Group Divisible Design




Group Divisible Design

I;8(2 x 3 ETF) mufyl, "33

Hadamard

« Matrix




Group Divisible Design

I;8(2 x 3 ETF) mufyl, "33

Hadamard

« Matrix

Group Divisible
Design (GDD)
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Group Divisi

vle Design
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Axial GDD ETFs:

Theorem (]). If there exists an

h x h Hadamard matrix with h = 1 mod 3,

then there exists a strongly regular graph with parameters

(h+2)2h-1) |, _ (h=1)(h+4)
2 P 2

— h(2h+1), k=




Axial GDD ETFs:

Theorem (J). If there exists an

h x h Hadamard matrix with h = 1 mod 3,

then there exists a strongly regular graph with parameters

(h+2)2h=1) , (h=1)(h+4) _ h(h+2)

— h(2h+1), k=
(2h+1), 2 ’ 2

316 x 16 Hadamard matrix = 3 SRG(528,279,150,144)

fljzsnz4s”113”120”3341 ”_151% ”: _graph?
From Brouwer's i 279(|150||144||15186 _g341 2-graph?
table online: Eilﬂ 255(|126/|120/15187 || 9340 NO7(10.2); Muzychuk S2 (r=4); 2-graph
272(|136||144||g340 ~16187  ||2-graph
- 1 11 1= 1 11 1




Axial GDD ETFs:

Theorem (J). If there exists an

h x h Hadamard matrix with h = 1 mod 3,

then there exists a strongly regular graph with parameters

(h+2)2h=1) , (h=1)(h+4) _ h(h+2)

— h(2h+1), k=
(2h+1), 2 ’ 2

316 x 16 Hadamard matrix = 3 SRG(528,279,150,144)

2[[528][248|[112][120][g341 _16186  |2-graph?
‘o [ 1279l[150][144]15188  [[_g341 I B
From Brouwer's | 1519 |-o° -grap Tahle o SRGSN
table online: +||528|(235|(126|120 15187 —g34d NO7(10.2); MuzyciPa 52 (r=4); 2-;2 4 h
272/(136/|144|/g340 _16187  [2-graph
|.=|I_ 1 11 1= 1 11 1




Compatible
Orthobiangular

Tight Frames
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Theorem (Fickus, J, Myers '24). A sequence of matrices with M
columns each

®g, P1,..., P14
is a compatible orthobiangular tight frame (COBTEF) if:
. (5®,)° = AP 9, (tight, same A)

« Off-diagonal ®3®, has modulus in {0, 1} (orthobiangular)
» Off-diagonals supports %@, partition
o "Compatibility condition”

If (h;), are the rows of a (possibly complex) Hadamard matrix, then

Py ® hy

®; ® hy
¥ — |

P71 ®@hr_1]
is an ETE.



COBTF Example 1 (Resolvable Steiner)

Parallel classes from
resolvable Steiner
system




COBTF Example 1 (Resolvable Steiner)

By =|

| I |

o) =




COBTF Example 1 (Resolvable Steiner)
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COBTF Example II (Group Divisible Design)

Parallel classes
Group Divisible <
Design (GDD)
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COBTF Example II (Group Divisible Design)




COBTF Example II (Group Divisible Design)




COBTF Example II (Group Divisible Design)
LINNMNMN Y%
ook &
AAA A Ak
&
» Y %
Lo Kl
1 ERa — = V2 —2
3 3
Vi o “V3 V3



Chen's Construction

Y. Q. Chen (1997): New difference sets!

Used special sets Uy, ...,Ur_; from a group G
®; by pulling rows U, from the DFT over G
®, by pulling rows G \ Uj.

Uy = {(07 0)7 (17 2)7 (27 1)}

Ul = {(07 0)7 (07 2)9 (O’ 1)}

Us = {(07 0)7 (17 1)7 (27 2)}

Us = {(07 0)7 (07 2)7 (07 1)}
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Chen's Construction

(®; )f ~ is a COBTF with real gram matrix
L =0 (mod 4)

L x L Hadamard exists = new real ETF

1 eigenvector of the Gram matrix

Two new infinite families of SRGs

Example. Chen constructs
Uy, U, ..., Usss C 73
This gives us a COBTF (&;)3%}.
3324 x 324 real Hadamard matrix.
Jreal 957177 x 2152008 ETF.
3 SRGs 2152008,
and 2152008 vertices.



Chen's Construction

(®; )f ~ is a COBTF with real gram matrix
L =0 (mod 4)

L x L Hadamard exists = new real ETF

1 eigenvector of the Gram matrix

e« Two new infinite families of SRGs

Example. Chen constructs

Uy, U, ..., Usss C 73
This gives us a COBTF (&;)3%}.
1324 x 324 real Hadamard matrix.

Off the charts'
dreal 957177 x 2152008 ETFE. LI o o oo jur g
2113001441 ||154 ([147 ||21507 14792
4 SRGs 2152008, : 858 |1563 ||572 (13792 22507
31300 516 (254 |[172 ||86°2 41247
and 2152008 vertices. T e a8 o2z 52 s |pecsesy
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Finding an axial 77 x 210

e Let ® be the known centered 77 x 210.

e We want to find z = argmin ;. 4 1@ 2| o

« Instead we find z = argmin,,_, D" z||4

e Gradient descent on many seeds
« &'z is +1 vector = Profit!

There exists an SRG(210,95,40,45)

From Brouwer's
table online:

R TR R | I
210((95 ||40 (|45 |[5133 _1076 2-graph?
114(|63 ||60 ||976 _6133 2-graph?
21099 |48 |45 ||977 6132 Sym(7) - Klin, cf. Klin_et_al; 2-graph
110(|55 |60 |[5132 1077 pg(11,9.6)?; 2-graph




Finding an axial 77 x 210

e Let ® be the known centered 77 x 210.

e We want to find z = argmin ;. 4 1@ 2| o

« Instead we find z = argmin,,_, D" z||4

e Gradient descent on many seeds
« &'z is +1 vector = Profit!

There exists an SRG(210,95,40,45)

From Brouwer's
table online:

TR S R !
210/|95 [|40 |[45 ||5133 ~1076

114/|63 [l60 ||976 _6133
210((99 (148 |45 ||977 6132

110(|55 |60 |[5132 1077 pg(11,9.6)?; 2-graph




Thanks!

» This work was partially supported by NSF #1830066
« Webpage: https:/ /tinyurl.com /jasper AFIT
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