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Question 1. [5 marks] Fix a distribution p(x) for the random variable X, and a set of states {0} labeled
by the outcomes of X. Let 0 =) p(x)0,.

Fix n, and let II,, . be the projection onto the strongly typical subspace of o.

Let z;,--- ,x, be the outcome of n draws of X that is strongly typical, and o,n = 05, @ -+ 04

Show that Tr(oznIl, ) > 1 — 9§, for some small d,, — 0. You can assume an AEP for strongly (frequency)
typical sets analoguous to the one for (entropy) typical sets.

Question 2. Let N be a TCP map. Let x(N) = supg SO, p2N(p2)) — D, P=S(N(pz)) where the
supremum is over the input ensemble & = {p,, p. }.

(a) [> marks] Show that the optimal ensemble can be choosen to consist of only pure states.

(b) (Bonus) Show that the optimal ensemble is finite, and contains no more than d? states if the input
and output dimensions of A are both equal to d.

Hint: The following fact due to Davies and Caratheodory is relevant.

Let P={A >0,tr(A) = 1}. Let Y be the set of all probability measures of finite support on points in P.
The set Y itself is compact and convex. Any extreme point of Y is a probability measure whose support
has < (1 + dim P) points.

Question 3. [5 marks] (Entanglement concentration) Let Alice and Bob share n copies of a|0) + b|1) and
they want EPR pairs (ebits). Let E = H({|a|?,|b?}).

Show that there is a local operation followed by 1-bit of classical communication in each direction that
enables > n(E — n,) ebits to be obtained with fidelity > 1 — (,,. For each n, upper bound 7, and ¢, in
terms of the €, d, in the AEP.

If they can communicate a little more (but in an amount sublinear in n), how can they create a probabilistic
amount of exact ebits?

Question 4. [5 marks] Suppose that Alice and Bob share M EPR pairs, and each measures the their half
for error syndrome for a CSS code C' constructed out of classical codes {0} C Cy C C; C Zéw . Show that



they both get the same uniformly random outcome x € ZY /C; and 2 € Z3!/C5-, and the resulting state
is the maximally entangled state in the subspace C; . ® C; .

Question 5. [5 marks] Suppose an urn contains 3n red balls and n green balls. You pick 2n balls uniformly

at random from the urn, without replacement. Prove that the probability that you pick fewer than (3/2 —

v)n red balls is exponentially small in v%n.



