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girth ( m ) = size of smallest circuit in M
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CONNECTIONS

• Additive combinatorics

- Triangle - free :
'

sum - free
'

,

'

cap set
'

- Sub matroid : '

System of linear forms '

- Regularity ,
Pseudo randomness

• Coding Theory

- E ⇐ set of columns of parity - check
matrix

- girth :
' minimum distance '



GRAPH PARAMETERS
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* ( G ) = size of largest /#↳⑧•stable set

XCG ) = minimum number of colours BB

in a proper vertex - colouring

XCG ) > WCG ) = NG ' )
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MATROID PARAMETERS
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EXTREMAL FUNCTIONS

theorem ( Erdos - Stone -
Simonov its
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BROOKS ' THEOREM

IEM ( Brooks '
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Ramseytheor-em.ro . If u z R ( K , l )
,

then

every red - blue colouring of PG
n contains a

red PG * or a blue PGE .

How does RCE
,
l ) behave ?

Conjecture : If E E IE " and xtytz # O for all

x. y ,
ZEE

,
then IEME contains a

subspace of dimension Z .

( ie . Rfk , 2) E 2K )
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therm ( Rod I
'

77 ) : If XCG ) Z fft )
,

then G

has a triangle - free subgraph H with XCH ) > t
.

Conjecture ( Geek n
' 19 ) : If XCM ) Z fft )

,

then M

has a triangle - free sub matroid N with XCN ) > t
.
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BOUNDING X ?

Recall that XCM ) 3 WCM )

can we bound X above by a function of w ?

Neo ! There exist M with WCM ) = I and X large .

Conjecture ( Gyarfas - Sumner ) : For every tree T
,
if

G has no induced T - subgraph ,
then

Xo ) EECWCGD
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Matroid Gyarfas - Sumner .
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. For every

' tree ' It
,

if M ..⇐has no induced It -

d
,

then

XCM ) E ft ( Wfm ) ) .

False ! There exist M with no induced
Bo Bo

/q§q¥ or •€*•¥ - sub matroid
,
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but with XCM ) arbitrarily large .
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EVEN PLANE MATROIDS

E
,

= { µ : every
' 3 - dimensional induced

restriction of M has even size }
MB MB

Matroids in Es are
aao.az/yf...q4.o-

free •¥;¥•.¥⑧ - free
MB •⑧ /

MB OB AB

PG z

prep : M E Es iff there is a polynomial
p : IE "

→ IE of degree E 2 so that

E = { x E ten : pcx ) = I }

Props: If pcx ) = xTQx
,

then XCM ) > I rank ( Q )
( Nori ne )
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Classes of claw - free matroids

• Even plane matroids

• Complements of •/•t• - free matroids

• Po - sums
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Nomoto ) : A matroid M is

claw - free if and only if M can be obtained
via lift - joins from matroids that are

either
• even - plane ,

• the complement of triangle - free
,

or • PG - sums
.

PI : A minimum counterexample must have an

induced sub matroid N so that dim CN ) = dimon ) - l

and N decomposes as a lift - join .

Show that this lift - join extends to decompose M
.
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Prep: ( Is
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theorem ( N .

,
Nomoto ) : ( Ice

, triangle ) - free matroids

have X E 2
.

Conjecture :( It
, triangle ) - free matroids have XEFCT )
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Recall : Iz - free matroids with WE 2 can

have X arbitrarily large .

X ( M ) = min t so that there exist linear

functionals pi ,
- - -

,
Pt for which

E E
,

{ x : pdx ) = I }

Prod . If M is claw - free and WCM) E t
,
then there

are quadratic polynomials pi , - . -

, Pat , so that

Pico ) =0 while

E E { x : ptcxl =L }



Conjecture ( N .

,

Nori ne ) : If M has no induced

It - restriction and WCM ) E S
,
then there is a

polynomial p of degree at most ffs
,
t ) so that

p ( O ) = 0 but p Cx ) = I for all x E E
.
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