MH\\— cCouV S€E

Pac\c'\\n«o SD Covering

Pa\r‘\- ) In-kv"oAuc)tio\n

Var k 1L : pchec*iow
Pa‘r-k j'o{ea\nﬁss

PM\'E v The Mangeriun (oropef-\(ﬁ
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A WX — ™M\ r‘e,\qxr'\ on

Posey (V, £), e Va,bc € V/

O a5 a
e a<b 2 b<a — a=5b
o a < b 2 bs c :7&56{.

del: o, b comparable (] a<bor bsoa

a, b '\h(omparn\a\z ojrlne,rwise_
0‘21: chain =

andichan = se 0), '\\nCo\MPM‘o\Ue. elements

Se:\' OS, Cow\pa(o\ue— Q\e,vvre,VI‘LS

Qu: Mmaximum SjizZ2e okf a\njf]c\oaiw /2
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T\".’ [DI‘WO(‘&L\]

Max Si12¢ ox aw“{c\fimiv‘ =

min nb ol chains vneeded 4o cover V.

o\n"'\c,\nai\n

AN
¢« & o
O
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AV\ l’n&e,ge,r ?TOQTaMM'\wq ,(ro\mawor\(

Les M be mxn O/l wmakrix, w €& \R:.

o{e‘\: Sel Pac\'\lwo) 1

W X 2WT>< : Mx< 1 < 2z 0O, X \w{e@er} (IP)

7 X QZDl\gn

?
W\ﬂb )(\ne’ V\hme'./ ;V\C'\A&V)CQ, \/@CA'OJ‘ D)- SQ‘\'

M_ Fim‘ls W X weloo\n* 40\\/'4{“0
| ol disjoint sets.
|

=

xy=1
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wmaox §wix ¢ /V\XS 1, X7 0O, > ‘m-\aooe.r‘ } (TP)
vvmx{wa:/V\xs’l,x}D} (P)
M'\nzlr\o 4 /‘/\Tco>/w, 97/0} (D)

min ilT‘f) ' MTg) zw, Wz0, Y ‘mlage,r} (ID)

Loy 210, 25,25, 2xp be oplimal valves tor

(T®), (P), (D), (ID) respac_hvc', \6, Lhen

Z‘IPS ZP= 205 ZID
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Re§)§o~3r1m5 Dilworth s Lheorem
CV, £) poset

M watrix wheve

o columns ‘\\nole.%ed l’b \/

® Cows = char. t/C.C)YOf‘.S 0,\. wmx‘\vwo\l C,Lm}\ns,

\ ‘23466_
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/V\ Mal ¥ i > W\ae\fe,
© co\uw-\ns ‘wmle.%ed bb \/

° rows = char. vectors o) mas<iwen| clhan s

Question : What does (I7) dinds Jor w=1 ¢

ma~< 17
C\ﬂm". \/ac}ror 0)- c\na;vl

o _
el

(| X$1)
- R <> xe to13Y

<2 0, x wlege

-7 ,(-'mols moaximum size antichain
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/V\ wmal v > W\me\fe,
® co\uw:v's ‘wm'e%ed bb \/

o fows = char. vectors o) waxiwal clhans.

@U@S"“\DW Y \X/\’Wl'\' O‘OQS (ID) 4'\V\AS Luhev\ w = 1 ?

™ 1’\"({) / c\nar‘, Vacxo\r o). c\/m;v.
S+ L

' b /4 1
~ v - wwia Ny & io,@g

, W20, yinlepger

— i'mAS minimuwr Sed DL chains Covering \/
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M malrix wheve
@ co\uw-\ns ‘nnole_»(e() bb \/

e rows = char. vectors o} waximel clhane.

Then Dilworih’s theovrewm

i
EAN

S €1p = 250 Ao W

Exerc\se:
\/
6V\DW, ZIP = ZID V W/ 6 Z+

What does ihis Suvyy W lerms ol \Dose.Jts 3

Summer Sc\aoo|/ TPCO 2020, 5. Guenin, CgO, Univ. Waderloo.



T hree q_uas\'.ovz S

mox §wix ¢ Mx<s1 x72 0, > ‘M'\a@e(‘ } (1P)
W'Winx:/V\xs’_\.,x}D} (P)
m\n{lT'Q : /"\Tc57/w, \57/0} (D)

™M ziTno ) /\’\TLO 7z W, R O, V) im*eger} (ID)

For all w € Z+: Zips 2P= ZD < ZiD

QRuestions: TFor what class ol, Majvr';ces does

Summer gc\aooll TPCO 2020, 5. Guenin, C%O, Univ. Waderloo.



To qo\dfess k\neQe, ques\)ows we- vleed
Lo vreview Sowe Polol‘mdro\\ hLe,or«o
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E\‘&\MQ\/I’\S o_\[. ‘p_o\glﬂe,drn\ kLeofg
Pe: Lt P-$xz20:Axsb3 € R”. TFAE

® Pz coms. hull (P 2Z27)

@D % extreme ponmt o) P =y X ¢ 2

@ XE P 3k Light constramls = =7 % ¢ Z

@ |V we Zn, Max$w'x \ <€ P33 € 2

Whon wax exiss.

de,\: P 1S "w‘egr‘a\\ wlnevv @‘@ \ﬂoid.
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C,o\ns](lar pr{vvml [ dual P oaN"
Moase & w i x ¢ QXSE,X&O'E (P)
min $bTy 1 Az, w03 (D)
de}: Ax ¢ b, x2 0 Tolally Dual Tolegyal (TOT)

{), Y w e Zn where (D) has optivml sol.
'Y Vas on optiwal 'M\ecoar sol.

Summer Sc\aoo|/ TPCO 2020, 5. Guenin, CgO, Univ. Waderloo.



@ Axsb, x2 o0 TDI B b wlegec =
@ £K7/O Ax < bz '\Wle@ro\l
P4
|C\C w & Z —\»Of' WL’\LL'I
* T
Z2 = wWiax f_w X< & b > Z 2

3 '\v.\zeer‘ o\o“. sol. B = 2% T—’ E Z
Ba c,\’tm". 07[ ‘m‘aam' \ooblﬂ&oh‘ﬁ\ \/ Z

Summer Sc\aoo|/ TPCO 2020, 1B. Guenin C%O, Univ. Waderloo.



_\‘lf‘&£ quas\]ow S — re,\/&s'\jted

mox §wix ¢ Mx<s1 x2 0, > ‘m*age(‘ } (IP)
max{wa:MxS’l,x}Dg (P)
M’mélq-ta A /"\Tg57/w, LO>/D} (D)

min leLO . MTLO zw, Wz 0, Y ‘wﬂe.go,r} (ID)

ZiP < Z,P= ZD = 210

Q\l&$'\] ons . For w\na.‘\' c\mss ol, wmllw'\(es
O Z4p-= 29 Ywe Z:— madrice s wlc\s,}b'mg) @ 26
@ ZI? Zp V w c Z: 2><7/O'-M><513 "\nxe@m\

® 2Z;p

()

I

25 ‘v‘wéZ: Mx<1, xz0 TDT
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Questions . For what class o watrices

© <1p=2,, Ywe Z.  wadcices satistying @ 2@
@ 2Zip= Z2p VWE Z: £><7/O=M><513 ‘m*e@m\

® 2.5-=23 Ywe Z, Mx<l,x20 TDT

Ve will see

{x20: Mxg 13 '\n\eq)ral _—
Mx< 1, <z0 TOI

Thes ©, @ @ equivo.\enjr,

Svmmer gc\nool/ TIPCO 2020, 3. Guvewnin, C%O, U niv. Waler oo .



Pef‘ \ec:\'\ov'

olesf: A O,l walrix M s \oer,]ec;\- (l

(<320 Mx <13 s '\wle@m\.

\X/6 Uu'.\\ 6\40w, vnigve COMB}wm*or’\cp\ ob}ec}
Ol9sOC.\0\\¢.A W\\L\ \Pef“—lz(‘.\— vﬂo»‘ﬂ‘{ce,sj

O,\ WMol i< S par—sec\' \'X. \ts v\qa\xiv\fml
VVowsS oave KLL chiow. Vedors O,X. S“a“a

SQ*S o* o pedad 6/‘5.9'4

pr—y 5-\UGQ3 o), ‘Paﬂ‘ec\' Mm‘\ﬂCGS =
study o} perlect qraprs.
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[ Ve set Cove Vi proue,vv\
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(‘31 W in — wWiay re,\arhovl

G- (V, E) tbro-\o\n, 5t € /' where s= €.
Tht [Mewq)a(]
edne
5'\2& OX— WMinimvw $“-CV‘\' =

wiax nb o,\. pa\rw:se, dis\')o'\w* $+—-pa4Ls

S O €

Va

5*‘CU¥

Svmmer gc\nool/ TIPCO 2020, 3. Guvewnin, C%O, U niv. Waler oo .



An Tnleger P“ogv‘ﬁmm'\wq ,(rm'mwor\(

Let M be mxn O/l watrix, w & R,

del: Set Coveriny 1

min ZWTX .

fe
W\ﬂb )(\ne' V\hma_./ ;V‘C'\A&V)CL \/&CA’OJ‘ D)— SQ‘\'

Mo ||

=7

X\‘):I

Mx > 1 =<2z 0, % \n*e@er} (LP)

<7 X 620.\3n

Fi\nds Min wellb\ﬂ* 40&4[‘0
ol sels coverina sr‘ouvmlSa*‘
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M $wix @ Mx21, x2 0, > mlegec } (IP)
™Min {wa:/"\x»’l,x}D} (P)
max {170 4 MTy S w, y > O (D)
wax {170 0 MTy< w, Yy 20, Y leger)  (ID)

L(\’ EIPI ZP,’ZD,?ID l)& D\P‘)]VV\AI \/&'J&S f\%)f'

(T®), (P), (D), (TO) respzchvc'. \0, Lhen

Z1p » 2 = 252 2,
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Res%a%mo‘\ /‘/\@\n@g(’s L
G=(V,E) steV
M matris wheve

o columns ‘wmle»(ed bb E

e rows = char. vectors o) 54—pa&Ls
| 2 3 4 g
/O d \ | |
S < \ I
M =
2 BEEN
2 S - ‘ |
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M malrix wheve
o columuns udexed b‘:) E

® Tows = char. V&C\OF.S 0,\» S—Lpa\-uas
@\/63’\“\0\/1 P \X/\‘m'\' 0‘035 (IP) —\'\\nOlS «\o\r w=1 ?

™min 17 %

o _
el

1111 ><>/fl_, <20, x wmlege
5 _ <> xe to3Y

char, vector o) 54—pm%l’l

—> L"nols Min S Z2e S#—C./‘\’
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M wmalrix wheve
® co\uw-\ns ‘\\n&le%e() 5'3 E

® Tows = char. V&C\OF.S 0,\» S—Lpa\-uas

Question : What does (1D) 4'\V\AS when w=1 ?

™M X 1’\"‘{) / char, vector 0; S{‘—po\'\rl’l
S+ <4

BRIl
|
| vw <1 W72 0, yinleper

/

— m wwa N & 20,136’

— anls Maxi\muwr nb olr ol}s;)o\njv s‘rpajflns

Svmmer gc\nool/ TIPCO 2020, 3. Guvewnin, C%O, U niv. Waler oo .



/V\ wWal v < w\qe\re,
o columns ‘W»Az%e() bb E

® Tows = char. L/&C,\(OF.S D,\\» S*—PQ*LS

T\ae—\f\ Me,\n nev /5 E\neowe\m

i
—

S €1p = 250 Hor W

EX@FCRSZ I

s\/\owl ZiP = ZID V W/ 6 Z+

\X/\na'\ c)oes kL-'\S 5“3 W ~\e.rvv.s O)- g)r'a\plﬂs ?

Summer Sc\aoo|/ TPCO 2020, 5. Guenin, CgO, Univ. Waderloo.



T\nrea q_uas\'.ovz S

min fwix ¢ MX} 1 x2 0, > ‘\V)“Z@Q(\ } (IP)
™M {,wa:/"\xzi,x}D} (P)
Max le'g . /‘/\Tcos w, \57/0} (D)

MaX legO A /VIT«3$ w, lﬂ 7 0O, lo ‘MJQSQJ‘.} (IP)

For oll we 27 : 2 % 2,= 2,7 Zip

Questions . For what class o‘. Malﬂ*}(es does
© ZJ:P = Z:I:D WV w € Z:. moadrice s So\lc\s,‘b'\\ng) @ 9:@
@ 2Zi0= 2p Ywc Z: §x20: Mx 713 ‘mleo\)m\

® 2ip= 25 Ywe Zn,f Mx»1,xz0 TDT

Svmmer gc\nool/ TIPCO 2020, 3. Guvewnin, C%O, U niv. Waler oo .



Questions: For what class o wialrices

© 2ip=2,, Ywe 2", ©2®
@ 2.0= 2, Ywe Z,

® 25=2, Ywe Z,

We saw @ \mp\ie,s @
For L=|,2.3 let (/L;, class ol» ma‘vrices Sa\'aq-o}ws @

—> WM< M, 2 M= MaNMs = M
O\Q,\l N\ '\Clem\ \"\ £7<7/|'. MX7/\3 'H/l‘\e,{)fft\/i-e, Mé't/'l/z

Ole,\l M Me,v\o)e,f"\a\f\ \\, M?<7/\,><7/\ TDT/ 1.2 Me JL;.

Summer Sc\aoo|/ TPCO 2020, 5. Guenin, CgO, Univ. Waderloo.



IAQO\\ vevysus Mewq)e,r'(oufl

\X/e/ Saaw - Me,m@erSaw — Tolea\.
&ues*'\ov): does Convevse \ﬂolﬂ\ /2 No

1]
I |

Qez

l | ||

@ ioleot\, w\n(s?

o V‘o\' Mawg&('\wﬂ: ,‘or w=1 we- \ﬂavﬁ

2= ZIP 7 EID’-'— \
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MO 5\“6\& Cowm g'ma&or‘m \ OL:)Q C'\' aSSDCiﬂ‘le(i '&O

](léo\\ or Men@@ Al vvwr\\r'\ces.

\

Conirast w{J(L' pe(.lac)xiow
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R@MO\'\WOQQ, C ox lecSores

[Yar & L : pchec*iow

Pa‘rjt jolen\ Nness

Pack T & The Menperian properdn
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MH\\— cCouV S€E

Pac\c'\\n«o SD Covering

Pa\r‘\- ) In-kv"oAuc)tio\n

Var k 1L : pchec*iow

Pa‘r-k j'o{ea\ ness

PM\'E v The Mangeriun (oropef-\(ﬁ
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What are exlect q‘\r‘a\p\nS?
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Le\ G = (\/, E) be o] 6(‘09\4.
O{Q}f: 7, C.ownp\eke_ $ul76\rap\n \S o C.\}D'Ve—

Qa s*ab\e Se,j( 'ls (7 c\}a‘ue, W CDM\D(Q,MQV]'('

AVANEVAVAN
e

S'\m\ﬁl@. SQ‘\

O
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CAZ,‘: WCG7 = Si12Ze Ol_ WIo Xt W v W c\io\ue_ OL G

X (G) = chromati c V\uvvxbe,\r‘ ox G
\

minmuom  nb 0\»
coloury in Proper

c_o\o\)wl‘i\nf)

Rewi: w(G) £ X(G)

” /’
w(G)=X(G)=173 2=w(G)< X()=73

Svmmer gc\aool/ TIPCO 2020, 3. Guvewnin, C‘%O, U niv. Waler oo .



o\e,\: H s an induced su(af)r‘a\o\m ol G | W
15 ol aned —\—rom G lag) de\e*\;imq) &

subse o} ve clices

0\2,\.‘, A Qf‘ap\n VS per,\ec,\’ \4\» -l»()f C\\l ‘\TI(A\/CQJ
Subg)ro-p\ns H . wlCH) = X(H),

Summer Sc\aoo|/ TPCO 2020, 1B. Guenin C%O, Univ. Waderloo.



From perled- matrices {o Per«\ec\’ Qra\olﬂs
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Pr [Fullkerson]
M per-\ec\' —) Mx=<1, xzo0 TOLI

2%

Pick ¢ € Z_:‘
2(C) = max § x ! Mx<14, 7/03 (Pc\
= mwn 2,1 \{)./V\Lb k97/01 (Dc_)

To show : | (D,.) has optival ’\mle@e\r sol .

Bto 'mcl&)c'\io\/\ own 1Tc,
I,\» l.TC = O p]Ck %: 0. l/

Summer gc\aooll TPCO 2020, 5. Guenin, C%O, Univ. Waderloo.



2(C) = vV\aXZC X 1 /V\><<’_l x,Oz (Pc\
= mwn 2_1 ‘.5 M 57/C \37/ ‘3 (Dc_)

To S\now‘. (D¢) has op)nml \V){?—%Z( So‘.

Led & be op\‘\m@\ sol. 4o (D)

Y

\X/Mm _51 7 O.
Def—lmcf = r-(-/:).’\“\

R w0

| # | |
e T
Led @ row, C M)
Y20
©®© v leasible Jor (De-a)
. 2(wW)

@ 1y =F‘5.‘| lo,-l-\-é‘qo < =2(Cc)

IPCO 2020, 3. Guvewnin, C%O/ U niv. \)(/Me,floo.

Sumvwe.\f‘ gc\aool , =



2¢ed = minttly: MT

2Cc-a) = minstys M yzc-a

0, *3’ leasible Yor (De-a )
@ l‘rb/ < 2(9)

Weak duality — 2cCc-e) < 2(c)
M perle ct

—) 2 (c-a) £ 2c)-I
%‘{) ‘\wAuc.\}o‘n, 3 6 e Z° OP'\“""’”‘\ sol. 4o (DC‘“>

— ‘0*(?> is oplimal sol o} (D)

N

Summer Sc\aooll TPCO 2020, 5. Guenin, C%O, Univ. Waderloo.



c}g}: /V\ S o c\]que, ma¥ rix ilr ks meimal
YowsS ave QL.& sed Dx— all Mo\ximo\l c,\{o\ueg

OX Sowe %Thp\a G

‘ 2 l 2 2 4 5§

Q 0 I

\ISI/ IR
RN AEReTRE

4 3

CJQ—S;: /V\ S a S'\a\?le,sd— matrix \A, XS vwaxi\mml
Frows oave ‘(\’\2. Se,\' D.L &:\l max.whal 6“‘&[7‘6 S‘e,'lS
0,!_ Some O\)Tﬁ?\’l G.
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Pr [ Pack bevay )
M perdect = M c\ialu& mairix o) 6f‘ap(n
> M stable ek v ! "
P,}: Dedine G =(V,E) where
V=£61.,nw) 3
e E i} Avww a ol M wilh a,=a;=l.

—) vows ok M are c\;v\ueg o), G

=

I 2 3 4 |
|
|
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Pr [ Pack bevay )
M perdect = M c\ialua mairix o) 6f‘apln
> M stable ek v ! "
P,}: Dedine G =(V,E) where
V=£61.,nw) 3
e E i} Avww a ol M wilh a,=a;=l.

—) vows ok M are c\;v\ueg o), G

To show :

For eve rro c\'\que. S:

char. veckor o\ S € sowme row ol M

Bg) wdvetiom on S Wma \S) 2 3.

Summer Sc\aoo|/ TPCO 2020, 5. Guenin, CgO, Univ. Waderloo.



Led ¢ be chiavr. vector o} S.

ZP-,: max ¢V x ¢ MXSA,X7/03 (P)
ZIP’: Max{ch : Mx g i, X770, < ;He@e_(‘k (IP)

S cligve =y 255«

Dé}iwa = where

l 5 .
— El&l-l 'Sr Qé S
Xb:

0 i} 2&S
x 4eas'|(>le, tor (P = 2o 7 \\%‘l P
doY 2o = Cip AS /\/\ pef,‘ec{' 7 %

Summer Sc\aooll TPCO 2020, 5. Guenin, C%O, Univ. Waderloo.



PT“[C\’\V;\{O\\:\
M perlecy —
M s\able sed wabrixe o} pechc\— 6Mplx).

@,: \We \orovcdl: M siable seb matric o G.
To s\qot«/: G perlec‘l'

@ Co\u\MV\ Subma*rités D,\. M parled—
B colomn submatrices of M &=
S“&ab‘e, SA' Ma"sPiLZS OX- \\ﬂA\/C@O\ Subgra\plns ox— G

B‘O O+ @ , SwH‘\ceS to show

w(G) = X (G)

Summer Sc\aoo|/ TPCO 2020, 5. Guve n. CgO, Univ. Waderloo.



Lek

max $ U=t Mx <1, x20, = wilege ¢ 3 (IP)
>

>
min 21.1-3 : MT{)Z 1, W20, Y ivﬂeee\r} (ID)

What does (IP) linds 7

Ma~ 1T><

ok _—
e

=il x <1, x20, x wleger
T _ <7 X e zo,\kv

c\na\r, ve,c.‘\or OX' S‘\aue, Se’t

——— f-'mols miaximuwm Si2e c\qua,, e w(G)

Svmmer gc\nool/ TIPCO 2020, 3. Guvewnin, C%O, U niv. Waler oo .



Lek
max $ 0=+ Mx <1, x20, x wlege ¢ } (IP)
Min il‘r'ﬁ; MTtgz 1,157/0,%“/1{&9@(} (ID)

Whak does (ID) linde ?

™MW 1""({) / har, vector 03, S'\aue, set
S+ B

' | ‘07/1

| |

. W72 0, yivleger

- v - wwia - N & £0,13

E= =) _\’\MAS minimum se¥ ox S*al')le, Sed
QOVe\"'\lng) / e XCG3

/

Svmmer gc\nool/ TIPCO 2020, 3. Guvewnin, C%O, U niv. Waler oo .



Those
W)z wmax §47x : Mx < 1,

<20, % wileoer V(1P
)((Q: Min 2173 : MTcgz 1, w2

O,x integer  (ID)

M perl,ac_\' NIRRT Mx< 1, < 727 O TD7T

—7 wi(G)=- X(G6) o

\)(/6 s\nowéfl .

To wmdersiand pe,r.&ec.‘\ matrices %
Sué,‘\iCes Lo understand per—}o,c\- Q)raplz.s g
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From \p&r-\ec,\- o.\ra\'o\ns Lo \oer-}ec\' matrices
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c&e,\: alvp\'mo&iv\% a vevtex v s to add a new verfex

¥, join it to o\l \ne.if)\abors o,t— - and to U
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Pr[Lav;sZ]
G perlect, B obtained Yrom G by douplicating
verfes . Then B is peclect

) We shpw @ w(H) = X (H)
exeNcise

3 Co\ou\r c\asses C\',,,/ Ccu((}-) ol» G
\X/mo\ v & C,

Case.l: g & S mMa < | mvwmw c.liq\/c ol, G-

SUEBY clique of H =7 wWlH)= w(G)+ |
As 253, Cl,--,CwCG) IS propec Colouf'nne) o‘\— H
w(H)=x(H)
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Case, Z . U S 1n nNo mMmaximum c\?qua_ o‘— G-.

Lek G/: G \(C“\?’>

Cowsider MAX \ 1 YW c\'.alue. S o,’» G—

Qe |[SNC L1 Vi, w(6
= |[SNnc;| =1,
> IS n (c, »\ﬂ\—l

—) wllG)-1 = w(G"')= X(G).

et D, ... DwCG)—l be co‘ouf]ﬂg o) G°

/

Then Dy, Dyeyy G-V U s proper
Co\our'\no o}l 14 and wlih )= X(H) . @
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p(‘ [C\/\V(; Jcal]
G pecrlect A Ca o, M skable watrix o G
= M pecle cY

P": Eop = e et RN o e O o0 ‘wﬂager } (IP)
—> &p = maxich:st’l,x}D} (P)
2p " m'\nZlTxg / /"\Tag ZE «9»0} (D)

Z2;p ‘= Min le‘f) . MT‘O zC,Wz0 Y ‘.Megef} (ID)

2., 2,= 2, € 2

To show: Ve e Z: . 2p iwlege ¢
Ley Go be obtamed lrom G by ¥ uw e V:
@ i)— Cy= O . delele v

® d’ Cw 722 . duP\§Cm\‘& vl C(},’l Limes
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O Z1p = w (G)

P}

Mma< C @ X
o

S'\a ue, SQ{

-

Pl

Ly

(IP)

x2 1, *20, %< wleger

—_— ,('\WD{ W 6 X weico\n)( C.\\]qve, Dl G = W(C’C_>

Q £

\o

5 &
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@ 254= X (G)

™in j:r‘o / 5‘&0\%‘2 SZ*
s+ | &

Non (ID)

. W2 C, 920, iinleger

pr— ,t'\ncAS wminiwvw S| 2e ,\o.vv.]\.:) o\r s'\able_ SQ“S
cove finey eah, v eV zcglimes = X (G, )

G0 40
SN &
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— e \w\e,6e,r — M \perlac\‘ 7

\)(/e, s\aoweJ .

TO lede,fS’\aVle Per-‘ec}f 5(\01\0\45 l‘l’ Su,LIiCQS
tO uvmlo_rs\omd‘ Pe\l‘-\ac\' Ma‘h‘ices.
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A characlecization ol perlect oyraphs /matrices
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ya wqt{_)S o\— c\aawac\'efiéimf) Q v\a'\wor—c\DSZCA

c.\lonss f, ol. c)‘ojec\'s
O  describe what s inside

S%rua\u\re, Une,omvv\

@ d@scv;\)e— w\no\{’ 'S ‘Ous*' ouﬁSIJQ_

QXc\u Jéo\ v nov” ’(\n@ o e W)

/ ®
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o\ejr'. a 6ra\'a\r\ 'S miﬂ'\MaHS imperxec‘\' il,
@ &t s not per-‘ec{’

® proper iwducaA §Jt76ro\p\n aVe \(JerJ,ec{‘
EXamp\esa T

o\e“—; an odd \nola 1S aw OJJ (e\ng}(\a 20

Cord\\ZSS c«oc\e.. Awn oold Q\/I{‘;\no‘&
s khe complement ol awn ok lole .

0 AN
7

OcAo\ \no\Q odd a\n\-i\no\e_
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S‘krowb pa\l‘l‘QC\' rﬁrap\n ‘:Le.o«‘ew\
[ (hudnouskey, Robertsou, Sewwmour, Thowas |

T\'oe, ovnl0 W\'\V\]Manb '\m\pe,r{ed Braplﬂg avae
OCXCK VioleS aved ocdd antiholes.

il

Perlec\' Cb\"cap\a J(LQO'\i""I [Lovaszx
IJ. a SW"P\" ' S PQF.]QC*‘ So 1S i%s Comp'Q\MQWF.

\)V\no\lv o\t)ou\' Par.&e,d' moxjw\'ceS?
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olax,: o wmatrix is mi\ni\malla impe,rjfec_\‘ \.1—
o it is wvot peclect

¢ proper colomn svbmakvrices ave per{ed'

b

T\qe, owl«s m'\\nivwol\\t\/) i\Mpef‘ec\' mqh[(eg av é.

® c\io\u& WMalvrices o.\— odd \no|es
@ " \ " " audiboles

& o5 1 |
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MH\\— cCouV S€E

Pac\c'\\n«o SD Covering

Pa\r‘\- ) In-kv"oAuc)tio\n

Var k 1L : pchec*iow

Pa‘r-k j'o{ea\ ness

PM\'E v The Mangeriun (oropef-\(ﬁ
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Reca\\ the \<e:{> Ae/_tm{’tiow :

A 0l watrix M is ideal gt
$'7< 20 Mx 2 13} '\V\Laoo(o\‘.
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E’xaMp\_es o)— ideal makteices
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OClUl Ci\C\Q S

ole): /V\ \S awn oricl c:oc\e, W'Ot&f\'% f-\— a'JrS (ow 8
2\~ k‘—»a, c,\na.\(‘. \/c.c;\ofs o\- 00\‘1 CLOC\QS

O_\, A Qrmp\’}.
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T\f\ [%&\I‘O\\nonm / SQ\Ar;;)V¢(3
M oo&d cac\a Majw&x c)\— G. Then M < iJea\\ ;l

@D G \as EFE on klein Bortle or

@ G haS EFE on P{V,c\qe& pro;)e_c)tiue, p\o.lne_
N\

O G s p\a\na\n oY

ven Aace, Q'MB@ AA« mb

Q 0
—— —
b ¢ b ¢ g—-\\\
N j:[ 3/ N c; N/
e b ¢ b
——> Lo
a a
klgin Botle Pivcbed pro'oe—c\'.w. P\ ane
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Quesdion

Do all idza\ mcﬁwicas aC)se .\,Jovm

tz)ro\p\n-\ika ob'Je.c:\S ?
NO O

Led 0SS See o comp\&‘t&\«s 6Q_oma_{f;'g

COm$&vuc¥iDW.
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A o)e,ovwe‘n"\c_ construvction

de‘}: Qn 'S ELe, V\'C)\ime_\/lsiomat \mopo_rcubQ,

'\
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Re,cipe/ —xo\r‘ bu{lc)\ihg A ideal maX i

S'\C\al Pordion vertices 0). &\n iw(c sete
P\/G suc\n ‘(Lm\{' ’LL:& CoMpone\/l{S Ol
&n inoluceo\ bto R ave QoM\{D\LkQ

\f\ 3‘\’)2,(‘ CQBZS :

Ok 0\‘( \nc)\’ Ok
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Stepz: M is mabeix with rows
T_;, | - ;] lor all x € G,

110 M =

(@)
O
O |l

l;\/.
olv|viY!lo

p
<

PF: ré%uH? V\3 Mﬁjsfix v S a(wa«os icleal,
[ngulo, A\«vv'eci, Vewy, Kaibel l 1
[P\Lo\i, Pashkouvich, (ownue/')o\S]
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Iolem\ Mot rices a\so aviSe —\rom

) d'\re,c\e.A qufS
2 directed \jo ws |
@ T=cus )
@ T1- yoius _
® ...

[ Lueches) - 7/own6e\’]

[ Eclwionds , Jdohnson |

Findiwg A 3‘\FUC*UV€, ktaaoram -&0\/‘

i dea\  mabei ces appears ovb ol \I‘Zacl/)
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Ope,ro\\}ows pfeSe.r\/i\r\Q\ \dea\wess
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C\u*\&fs
For Se-\ CO\I&F{WO (Jol-s\nQ,CA\/OV‘ é><7/ O . MX 7/13

W W o\ o\\\ vow S ove Min/\ivvml

Je): “0“"";‘3 o_\ Se\s ?’ ) c\uHer \'L
Vs,3"eF, scs = s=3%7

dek: MC(F)‘: matrix with rows =
chor. vedors o S €F

2 3 4 s 6
| l |
/\.-
F = 125 146 \
L35 1a6, — M(F)=| !
245,236} ||\ l
\ L |
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B\ocke(

olek'. 5 is a couver o) Notle ¢ 7:/x—\'
R0S £ @ lor al S E€7F

ole,\: E\ne Se* o\, a\l vwi\r\]»/\no\l Cove( S 01-
clofter T s the blocker b o‘, =

EK oM p\& .

@ Bloc_kef 0\— Sx—po\*‘f's:' S\—-Cul‘S
@ B\oc\cer 0\_ s*-Cu*Sf-'s‘\'-pa{L»S

Pe [ Isbell / Edmonds Fulkerson |
bbb = F

Summer gc\aoo|/ TPCO 2020, 5. Guenin, C%O, Univ. Waderloo.



Th [ Lebwan |
s i deal — bF vdheal

l\
N ideal SUUVlers come in paiss)

CUOV\\GAPO\\’\' O\- Pem‘ac\' G-rap'« Tlazo\rﬁvm 9
/\/e,x(' ou*\]we, prook. 1420.5 Tg
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dei: P(F) = § <2 0: M[?)xziz

" wnot ideal —
P(//—L) has «\»rac\‘iov\al Poim{‘ £ —y

cow}[p(b’f")ﬂ Z“] has tacet

okTK 2 | wlﬂe re A %ro\c,%'[owoj —
com [POLEINZ'] & PWF) =
3( 6//'\;) not Wl\e{)\ro\ | —

O/lt not | (Reai

A\
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AAimo(s

/l\:c,\u‘\'j(e,( w{\L. e v 6rouwA sa{‘.

delelion: “\e = 2567::&%33

COVI)‘(V\C\"\OV'; /,\:/C = \M.\V\\l\m&\ SQSYS \W 28‘3 p) S C—n\i}
Exawmple:

0 = c\uHe\r okr si- Pa\\‘is o\ -
o f:\e, c‘u\'\e)r' ${"PF\‘\LD DX,- G- \e

i

o = se - u i G /e

@ F clMer o} st-chs o G
o “\e = cloter st-cuts< ok. G /e
e Fr/e - l ! G e
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cldr: Sequevice ox— Ja'a‘ciom + Comjt(‘axcjriolns

— WmIinovr
FNXT /D = cofter obtaived J(ro\m = bg)
deleting L contractivg O,

Sjc‘poc\L;S /5*’—- c._)\$ Su{)cf)zs\' i
b(F/IN2)= b(FINT /D

Q’\Wh(os j(‘rUQ/ 2

W\mg AVC M ovS uSe&u, ?
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Pe: IL E 15 ideal then so ave minors
25

Recall: PCF)=éxz0:M#E)x 21 )
© P(F\e): set xXg= 0 w P(F)
@ P(F/e): project <o w P(F)

Faces 2 \'Dfooacjtxow cDL e%ra)

PO\O\he,Ara AN & (4% \e 6(‘0\[ [//
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Exclucled Minov S
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a\eﬁf; 7: 1S vnitnimallb V)ov\—ideal (yvmi) il

o -

non - iAea\

° Qvertg PTopec MVN oV 03, /J: i.olea‘.

Exarc'\ﬁe,:
S\nou) /): M C Vo bT:‘ WMV A

\

MW A Clu‘k‘l'ers CoMe. \ Y)mi(s
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A WMena ne rhe oF mua clutters

Delfas Ah
) BN
I 1 U
| | vt I |
| I | I |
|1 l | I | |
n=19% NcAQ n=Ss
N
Oold Llole.S Cz_
0 =
_ _ (I
|| |
| | | |
|| | |
1| 1 U
I \ | I | |
N="73 nza s N7
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\X/C, a\So L’D\Vﬁ, v

N

bo. ,bC, bL,, b0,
= A, =L,

In -‘o\c\' QLQI‘Q, ave ‘O\'S wo (e,

IS( -\S O\ ZFOO o o o,

RRL

Sut  ay orolerlg) one
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T\/\LL&\'\M&H:\
Mt A, moi, P=ix20: Mx21) & R"

< —\mcjr'towa( > Xreme \poln(r ol P. T hen
® xX=%1 lor some rp2

@ axmc-\\b n Uq)\r»* cowslvra‘m{s a‘ X =-l/,§.=\, N 1—0/‘ ™

@ X has exactly v veinhboss b',..,bh

® [a ] b
2 b*
L a L b
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Then

W
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Example

" odd ®x=(Y, . )T
= ciccvs . - \ \ <
ke L gve deactional exiteme Por
Then

W -

W o -
—-—-l

B
[ D

W
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B \vww\u:} c\u'\‘\\e S
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_S'l%neu{ Qf‘ap\ﬁg

d@,‘: S’l@nQA Sr‘apln s a \oo\l\r (//6‘“, Z;_i

yroph sigatore = subset o} edges

de}: A cirewd C ol G e odd )} lcng | odd

thar\ c'\\rcu\'lc Quen cifcuit
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B'\\nw‘b C\\J'\’\ﬂrs — t/{b\.\n\.lﬂol’?
ole,\: S'\gweoA vvmckvo'\d 15 & pail (M,é)

dd'. H C—\TCV\"" C DL M S odCA \‘,)- \CNZ\OJA

de): & cloMec g binary i} its sets ave kle
OAA C'\rCu\'kS 0&, O s'\q)ned\ \Ma‘k\/‘o\'o(

==y odd circwts ol a S‘.@Mo{ 6”‘91"

.\-orm 7, b'\wo\rb c|u“e(‘.

Summer Sc\aooll TPCO 2020, 5. Guenin, C%O, Univ. Waderloo.



C\nour‘ac\e—{"\zalr'\o\/\ @

Pr [.L¢\nvwam /Secomuur]

T he dollowingy ave equwa\en% loc clotte Fe
® = s B]\nm"o

@ \715“61’53 E'ﬁ, Slbszﬁg'g? S eF

B Vo eF BebF, \SNBI odd
NO"& @ =>

Pe: 1l a clutlev is blnary so is s blockenr

Pr: IX( O~ (,\usr\-e\r' \S B'mm’tg So are iks Minors.
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Exwam p\eS

©) T—cu‘s “
o T‘:)D'\V’S | B\oc\Kefs
©) oolrl ciCcuts O¥ Si@wad 0/‘0@‘45
' 1‘ . blockers
@ 5‘6“0‘ vVes o.\. $\0_)WQ@{ fbl‘hp\')S
@ st-T-cAs
© odd s}-walks
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T\’O& F\ow'\ng\ Co\n;)ec:\ure,
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T\ne, Flowi\nt\‘x) Com:)e,c:\u\r&, [Sebmour]

Thef onlso MmN A b'movrb C\u'\'"&fS QaY &

® Ls; (the live o} Fono )

12345672
[
| I
!

ML= | 1t

A
oF

M(0g)=

® bOs
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Res‘smjvc,vwenkz

/): mni binary clote o —> F o bF is ove 0‘_
® L, Cline 68 Fano)

@ Os (odd circviks o} Kg)

\)(/201\4 F\ow'\nb Con'\)edu\r&l
fl\—’ MNA l)l\no.rto c\u'H'ev‘ -
T

or bF Vs a H‘iam@\&

Th [_P\BAL, Guem]n]
Tl’m, \.)(/ea\( F\owlmo Con‘)edwe, QW\O'{e,S
tle F\owlmg Conyecture.
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Grap\nic casSe

T b't\naro clotber {—>
T = odd cireuke o\— s'.oowe,d Mn{roiol (M. 2>

SuppDS& M e)raphlb,T\new
T = odd circoi ks ol, S\ gned ﬁ‘rap\fu (G,ﬁ>

QU€S¥\OVD: W\ﬂh*’ AO@S {Le, F\OW!V’S Comb.
Sawv i lemlf case €

\\T\’IQ, OV'LO M A L‘uslef D}r DJA C‘\(’CUH'S 'S OS/{

IS 'u(’ Erve ? 7@5
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T\‘l [CJVLV\%V"S
TL)e, ow(o Wm0 A c\v*'\e,f os odcjl QLTCu\"LS 0—\ e s'.a)ucA
CO‘FﬁPL» \S Os—klle, ODQOQ Cif(d\"S 0\‘— (kg, EKSB,

=7

Th:

M OOACA Cbc\& Ma*v*i% 0\- C’ T\nev\ M g ic)\ea\ ll-
O G s p\a\naw or

@D G has EFE on kleiv Portle or

® G has EFE en Pinched @ro;)e.C.*i\/C— Plane

e will see a \aroox, ne x &
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|aw\wo_> Cow\)éc;\rure, . ‘pPOD.\» 0.‘ ara O\r)\a cCasSe

Ou‘f' 900\\ .'S ko Pr‘ov&:

T\‘i [C)u(,vma/l
T he ow(-o wmaa clotler o) oclcl chcd#S d s]o‘)ucA
@TKPL» s Os—kl\e, DDQDQ Cif(d\'l’S 0&7 (kg, Eks),
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Pre\;vvulwa\r\es — sigwad\ gfap‘ns

La-\' (6,23 S'\fb\netA %\I"&P\'\

del: minocrs

O delete eo\ge, e . (G\Q—,Z"e>

@ contrack edne e £ 2 2 (G /2, z)

©), re,S'\e)n'me) L (G. 2 A S(U)) -\or‘ some cot CS(U)

S(L)

SRR
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Pre\;vvulwa\r\es — sigwad\ gfap‘ns

La-\' (6,23 S'\fb\netA %\I"&P\'\

del: minocrs

O delete eo\ge, e . (G\Q—,Z"e>

@ contrack edne e £ 2 2 (G /2, z)

©), re,S'\e)n'me) L (G. 2 A S(U)) -\or‘ some cot CS(U)

RQM'. MwWDorS -\—or c\lvﬂer o} OAA c’\fCuLJ&S
¢> W ihot S .‘or‘ S]bned tb(‘ovp\ﬂs
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\X/\"'l(‘\POO\ levawa ; [$c\rar'\5verl
G- (\/, E) grap\n, e=xy) € E

7{7, Y, A ,\/3 pactition \/

P,) P., P, ‘.Merm.\\:) A'.s;)o'm( \oukLs

@ X ‘0 & VO
@ yv; \/u\/z,\/z, S{hb‘é Sds 03, C\e 72 ké
® VP, c Y, uYy S A=1,2,3 Q23

@ Vi);) € £4,23), 'L’*'D/ 3 path OFS
between VI, 2 VD\) W XUVJ

—

(G\EG) has wivor (\<5,EKS)
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Re_s‘\ajc'\\n@ La\a\momls kLaorcW\ «\'QP b'lwarb c‘u{“‘efs

Th: F wmaa b'mav'ﬁ c\v“e\(, Di= bF 2 let n denote
e b olr elements in t:)rouvw\se.*‘-

O F Yas minimum seks A, . A,
@ 5 v “ "B, B,
@ Ad2 1 such that VJL)\')EZL\,..IW}

| div b i=5
l(-\&(\%\)\: {\

okhe rwise

de),-. Ehen, B s khe V\ﬂaj'& 03; (s

@ —> uwnique revs
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P
T+ VANJREPY

[ractional extreme point o) Pofxzo: Mxz13c R
Lehwian Th g

\nojf E'\Vlmf‘ W -

n

—

><=Lr1 lor some ryz2
2*&(‘\\0 n hﬁg\n* wws‘rra‘mfs a“><=l,,i.=\, -y 0 L)/‘;

— | "

%X has e%ac\-lto Vi weilo\o()ws l),,.,

[?”?],31(0\1 (*)
a" b
For <=1 ... le¥

HL COW‘@SPOV\O\ to 01~ 2 B~ CofrZSPono\ ‘ko bL

x=k1l =7 O 2> @D by sgomejsms < %3 Z
(%) — G di
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Pf‘operss‘\e_s o\_- M o b]warg c\uuefs

kevne\ \e,vvmaa .

g b\V\ar‘O Mna D ﬁ: b?—’
T\ve,vn D Mminimuw S&S&s (;\),r—\z,('\-s o).7l’
3 § B, R, B, "D st Ve
O AN0A, =ANA,= A, NAL= (e
@ B OB, =B, NB; =B, NB,= {3
@ B male of AL Jdor

x=1273
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P4 - a b - 6~, A" R wmales
A b ) 1
N ) t?(\/]ﬂ‘f"-o =) «( 27 (0

d
] |/ ~T Br\dges 2 RbSar

L a” L "
T 1= T = -
B a 7 b a -2 ,
2 bz A, | — | /
: JiN AN N | 7
L a L a” = Jd L -
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Thclosion lemma ¢
rl'\"' bl\r\arb ™ A 2 Q,IQLQ KF MWy MU V] .
ASAULVA, 3 A € F

=> H=Q| of H-’gz

o

N0 A in UMW o\_ no ling v un, 6\ OL

2 0\"’;6\" AN 2 o\'Lef‘ \\nes
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Pl

r::\g|\=\gz\-

Coset V1O 7 v

LO—\' Pt/l'—' Q|AA2QQ

Che ck - \P]/l\< Y=
{)'\" 5§V\QPD ey H/ c ontains 5e-l— O-]' 7: ]

Cose 2 \Al=1r
Then A= AL lor sowme L
Ler 3. be mate ol Ry
= b'marg) —> |A Nl 23
=—=> | A, (\?D;V\l > 2 or |A,NB | 22
Z

A s Mm&re$ u\n'.qua, g;=ﬂ, o ﬂ;sz\z.
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The proo) ok ke oyraphic case

T wmal addter of odd circuits o} (G, £)
To show: (G6,2) has (Kg, EKg) minor.
O B:i= bF s cltler o) si@najwres
Pick e=xy €EG. Kervel lemma —

D minimumw sels Q,,(‘\l,(-\-s 03,73-’
B BB, By D
AO0A,=ANA;= A, NA = fe]
DO, =B NB; =B, NB,= {e3
B male of AL Yor 4=1273
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@ VL)'Q € £1,2,33 i+ 'Q, A ; A °“"‘0 share vectices > vy
P): oAhe cwise

|I> %: aW
.c -
- ER
D
pr— E OO‘A C'\(‘cuilr Q - Q;U P)O
7 wmclusion lemwma

—

I ¢

ime Yo cousidev

blocker ¥
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B,,Bq&s Signatvre —
3ADB, = §(LpR)
|f o) & BB = 0 (013) (\X/vvm\ %19 £ UleU|5 UVZS)
V

37.A ]33 = 0 (UZB)

J=8(0)Aad(Ux)a S(0,5)
= §(U.h0; 8 U,y)
As G connected —>
U & VU 0, = &
Let ¥ = U, N U 4
Vo= Vin 0O Uy,

2
Y5 = Uiy 0 Uys
Y, = VG- (7, UY,u7Y,)

U,z
3-e= §(UR) (\<§(U|3\)
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@ G[Ulzl cov\wec\ecl

p%: O{’L)efu'\Se,
VAR,

U 1 / B
G [Ulz] \Xi ,/ \/ ]3;_

\ £\

=> IxC U, with 550605 (LW

T\wem B/:’_ B‘ D 8 ()(3 v S SZﬁMA(UfQ Lu\tlw
PD/Q B\U B, 22 R £ B‘, Bl Z wvclusion lewminna

Thog \/’L)'J C &Yy, ae :),

3 ®~D be fween 7/‘; nNVEe, 3 7/3(\\/(33

/4
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o deleie all edogs nok W
P,U Pq_ UP:S U(leu (Q\'S U&zguée-}

0 contracht all re mainiiney

Q(JNS WO{' 1% B,ABL b@z

\X/\n'\(‘\pou\ lewma =—> 3 (KS,EKS) M o - 7
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MH\\- cCouV S€E

Pac\ciw«o SD Covering

Pa‘r‘\- ) In-k\r‘oAucstio\n

Var k 1L : pchec*iow
Pa‘r-l- j'o{ea\nﬁss

PM\'E v The Mangeriun (oropef-\(ﬁ
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Recall &he ke vy delinition :

A O\ matrix is Mengecian )
Mz zZio sl DT =y

VW € Z::

min fwTx : Mx 24, x20, < inleger) =

max 217‘{) A MT\{)S w, Y420, y in{eser3

\)(/e Scuo = S Me\nge,riaﬂ '\Xr M(/F’> Menoe.r§ah

Svmmer gc\nool/ TIPCO 2020, 3. Guvewnin, C%O, U niv. Waler oo .
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O«JOI C:\c\es

pr: Le—\ r): be cluHeT 0,\ OO!.OL CirCV\"( 01- S]bﬂcd
6(‘&\‘3\4 (G,£). Then

© K Menoariaw V=
@ F has @6 wminoVv (7
@ (Gl 2) \fMS (‘44' EK4) yvinor.

2 3 4 5 6
{1

\
\
I .
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D'\rec-&eol CU*S/ directedd Dbl\ns

Consider a direcied sr‘a\p\n —(?=C\/,E>.

de): a dicut is a set o} eolges that dorm a

CU* v ‘c\aa uwoler\g)'mg e)r&plﬂ w\oera a.ll
edges are AirecjxeA —\—rovw ovne slnora Co

the o Eher.

d\e,\: a di\')o]n 1S a sed D,l eJq)es w\ﬂose,
contraction wmakes e Al@ro\p‘a
S*\Powolo cmmnecjreA.

RE,W)‘. d'\CU\S % d'l‘\)(.)'IWS ave leC‘CG‘l’S
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TL\ [Lucc\/!esi—Youmger]
The c<lotter ol diculs s Mewgarian

del: F packs i} Jor M= MC(F)
"N ZiTx . /"\><>,1,><7/o,><\ w*eger} =

™" ax f,chO p /"\Tt{)S/l,gZD, 2 'm*e_@er}
Ram: & Men@er\an Py /F pa¢\<$

Tl’iUS c\u}ker ox_ d;cU\s pac\<5 p

mMin 9512¢& ol c)}\jo'\n =

VW) o< numbef‘ o,\ Paifwise ol'.s\')bin" JZCquS
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mMin 9512¢& o\. d'\‘jo'\n =

Masx numbe o.\. Pairfwise ol'.s;)bin" JECV*S

CJ(C u*S
ohi join
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T\q: Tl'le c,\u“ce\r o}r d]Cu\S 'S Mewcoeriaw
ECAMOVIAS~ Gi\es Qon;)e,cjtufe,cl .

"The clottec ol dibo’st 1S MQW%Q‘FUXV\ '

Not €ruve [Sc\nriSVerl

~ AN

<
Z = ™M & szl,xzo,x iw\e,@e_rz 7
WM a X é'.\.TLO ’ /‘/\Tkos 1, 9> 0, ) in*egef‘}: |

—-—
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Edmonds D Giles cony. Wolds lor Spec(a\ case :
Th [Schrijver)

Led G be dipraph.

Il 2 dipath }trom evern sovvce 4o Query
simk  Ehenn cluMer Dx D\l‘jo'\ws 'S Mam@erian.

qu\ya one Can Ao beHex:

Cowb. [_Guen'm, Williams }
Let 6 be dlﬁ)mplﬂ with sovrce v 3 siwk <.
Tl 3 d}po&lfu leom ¥ to every sk 2D

D di pa{'\/c Jrom everyy sSouvVie Lo S then

cluder °¥ d}\')O\VIS LS Mewtbefiam
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UV\ weio\)\'llver)\ vVersS i\ on O,L LuchtCJ_SE—-YDuﬂcaaf‘ '&Lo .

WMin 9512& o)r dl\join =

Wl o< f\umbe\” C)x pa\FWiSQ O{..S\.)O.l\/)"' J;Cu"s

Can we Swayp role o‘_ A{cds/o\i;)o{ws ?

COV';): i_\X/Uocim\l
mMin size o} Aic ot =

) 0 >< \nuvwbev‘ o). ‘Pm'.rw'\SQ Ai%bo]w“‘ C‘A;O‘O'\VIS
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E)ack Lo pc.r-\ac} D a p\as
Led G be g)ro.p\a 2 M Aable-ser matcix ol G.
RZC&H’

v imduceo\ Subg)r‘ap\n H o.\- G W(H)= X ( H>
=

G pa(#ec\' :

Vcoluw\\n 5u'amajcri>< /\/ OJ— N\;

Y1 1 ZlTX . Nx < 1,)(7/0, x iw*eg&r}zr

mMin Z:LTg) b /\/Tt{)7/1. D20 W\ iw“e%er}
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VColuW\\n Dulvmalcrix /\/ O—L N\;

max § 17x ¢+ Nx < 1,2 0, x Mjre@er}:

min le’g ’ NT«gZi. WD 20 Y ‘M&ager}

alQ): clier F has the packing) propa,r‘l@
L V¥ miner H o ¥, B paclk s

Pac\(xnb propar‘\«o = a\nah)bw; oj— Per.lec\' Qrap'/rs
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We yro ve d

p\": G pe.r,lec)r Q)(apln/ /‘/\ sjmue mod'rix 01— G
= M <cdibaz0 TDT

T\ﬂe O\VIOI\OOU& —\»DJ‘ 56‘\"C_0V€rilf\© WOV'd bQ

Ré.p\'tc:axst'low Co\n:) [Conf‘o\r“/Cor\nvebO\S}
The Jro\\owmg ave equvn vedle nt —}or cloter /I\-’:

@K)‘V has Uo.e. packims \oroper{ﬂ
@ ¢ VS Mengarian.

Nole @ = @ %rivial.
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G?ves‘\'\on: \X/\"‘f) the vname r‘ep\ica‘viow?

Olexz Le’« (F c\u\”rer wi(L %FDU\/)(J.SQ&' e\eme\njr e .
T\an'\ M s cbjcouiwecl *rDM ? bb r‘ep\ica‘:ihge .'l,

H=03: e @Sec 3 U
ZS/S’QUEZQ,GSG/)"/}

e < _
. |
] ’ H L
4 . .
15}
i _ 3

(T\ms S \u\/m'\ clup\](‘ahon 00065 —\—or Skﬁb\o— S@&' ma‘&ri(0$>
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Rep\\cakriow Con;) — variant
I} % \Vas khe packino Pro\parh{) then

so does oo ceplication.

Execcise :
Show bol(L» Ve S, on OL f‘Q‘p\\Ca(‘EOV\ Cow:).
oye QOIUQVQ‘Q\/I‘\‘
\
S'W\ni\av‘ Lo Lse ol. o(up\JCmtiov;
Lo prove TDT Jor set packing problen
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T—\na V‘e,p\'\co\lriom cow;). preO\icASZ

! packiwg) prope(-}b p— /Vlenf)eria\n proper4x0"
We proved :

f Mewgerian properlng —V4 {ole.alwess /

T\ﬂvs we @x peC'\‘:

Pr
Il 7\ c\u'\Lef‘ ‘/tas U—»a Po«ck(tﬂ@ pfopzrtg

then 4 is  ideal

T\ffn$ .-‘>0“0W§ «\rov\n La\avwa\n /5 {'L@OPQ—VV‘
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S pse.
I( H

ﬂf: not ideal —> /}: has wmni mivor H.
& A, then W does not pack /0

O(’\ae(w\sc. l):) Le\nlen S {’Lv/

X= I/Y‘j- ,jrac\iovml ex treme ‘poin{' ob éx7 o\M(N)xzﬂ
a' b'
a=[5] ], areenias ds

[%('\4565, R%Ser] —> B r-regolac B s-recau\aw

nvs =1 AR 12 1 (34dTI) = n(meel)

—> n=rs-sl.
Thos 3Tx=1%1-=2%_ rif‘:s_%' g Z
=—y ) dves wot pa.ck \/ %

SUMV"'Q,\P
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Queslciow: w\ntﬁ axc(ude& WMivopl S -\or il packllf)g;
propectyy 2 vot lor Menoerian propeﬂlg?

Glé}i a C\VHCT n}; S Mi\n.'vwﬁub \now—\Dackiﬂg \Kf
o /)‘L‘ oﬂoQS viol ‘PDlC'(

o Quervy propev Moy 0,‘. /)k PaCkS
C.\UHZ(S W(\'L PO‘C\(I‘WO Proper}iﬂ ave {ooea\ :?

A m'\n‘.mo\\ls now'packiwg c\uHer 'S

@ m'\mvnﬂnb V\ovn—-'\dea\ oV

@ ioleal !
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MM'\MaH(g now - pack(vw\ c\uHe.rS le\- are mn A

La\« mMawv /S k\v

P 1 _;mc\iowa\ axtreme point of Ex7 0lM(N) <743
a' b'
Hz[in ] B‘[ J A'B=3+dT lor dn |

\

ole,l'. A mna duHe(‘ s khin ;)f A=\

P [ Corwuc;)o\s, Guenin, Mqraolr ]

Let  be a mn . clutter

0, fn 1S \M'\V)'\vvm\\lb ”OW—\OaCki\n© —>
@ F s khin

Queslr'nov\: clOQS E\«e Cown\veCse \ﬂo\d ?
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/V\iV\’\vmnﬁ WOW—‘PD\C\K'U/)O\) c,\uHE\‘Q EL#A‘ ave i(‘iea‘)

( but possibln &ru
A —gar-fe\c\aeo\ Co\n)ec‘:sz/ R -

/t = 2 Cc)n')e,c\’\)fe [ Corm.z(,;)()\s, Guen'\m) MOL(QOJT]
IW( /): 1S m'\\nivwa\lx\/) \now—pa\ckiwg asz QAéa\
t\"em A covec B o) F with Bl=2.

[l 2 3
- 4 S z
Vo] =
I | |
I l I

M(@G)z 6=€‘,23 Cove(

<

Mol valtion _}0( CU\/’:)CC‘\’UrC/
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pr'. @:2 Cov\.\), :> rep\ica\]ﬂ'o\n Co\ﬂ:).

pl:

To show : re\O\icaHov\ preserves P“‘k.""O PFOPQCF‘S

OUnﬁrw»\S&/ 3 VVHW;VVW\HS WOW‘\OACk;wQ C"u-‘"ler“ ﬁl
bv\'“” e p\\Ca*aJ e\e\nem(-f

e -

Mgy = | !

F /e packs — 35,,6167: skl S, NG, = £e3
—> $-eUe &F R S-eve NG, =&

By T=2 Cony. / F pack s Z 7,
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‘r\\i Lseb\mourl

T\ﬂﬁ -‘—ollowiv\b Qare ea\u'\va\enj; -"Or Qa b\waf‘b c\uHe(‘ ?:

[KS /V\e\nge Cian

o F
@ //'\: has « @6 mivioC

V]

The (‘ep\§c*alr'\om Cow:). \no\on lor Eiwm\fﬁ clu”GrS.
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