


Problems :

1-
. Fisher's inequality

2. Number of isomorphism classes of graphs on

e- 1 versus e edges

3. Edge reconstruction



Fisher's inequality
2- tr, b , r, k , ] ) design

incidence structure, incidence matrix N

NN
'
= (r -HI -1J

Claim : If r > 7 , then b > v. rch-n.lv -it



Claim : rk IN ) = v

Proof : NÑ = (r-DI -12J is invertible :



(a) eigenvalues : r -t +an = ri-zlv-n-rarlh-ss-rhfr-l.CH
"

✗
' Ix i'Jx

4L
(b) ✗

'NÑN = cr-I.int +bailiffs = Cray KI → 7115,5
Psd+pdef =pdef

(c) NI = RI , NEE, = rFÉ,
NIN - 7-Jux,)! CEDI-125 -as = Cr-d) I

N has a right inverse



Ahn king graphs

gcn, e) : = number of isomorphism classes of

graphs on n vertices with e edges

claim If zest:)
,
then gln, e-Dsglne)



Tool : induced partitions MX Ifl

W : mxn matrix \

p
: partition of rows, characteristic matrix R

( p* : partition of columns of R'W, by equality
often an orbit

partition Fq partition #
let cells

lflxn
n ✗ let



e.g. 2.design

lemma If the rows of Wave linearly
independent , lets le

* 1
.

Proof . (a) Suppose z
'R'w -o. As rows of W

are linearly independent , j
'R'= 0. ( " 1.)

But rows of R'are linearly independent , so 2--0.

Therefore rk (RTV) =p .

(b) rk (RW) 5 # distinct columns of ATW

= If# I



Magic matrix we
,
,
a-

(F) ✗ (E)

incidence matrix for f-subsets of a v.set

{b.→ v3 us
. the k- subsets

claim tf 2k su and tfk, then rklwt.hn )= (F) .

Claim If We,hz=o and z -1-0, then

I supp (g) I
z2t+!



Set N=/1) , work with we.se IN) (2efN)

-1graphs on [Weree-✗ edges=
graphs on
e edges

Symln ) acts on f-D-subsets and e-subsets--and

orbits are isomorphism classes of graphs.



Lemma let W be the incidence. matrix of an

incidence structure9 of points e blocks . If G is a

group of automorphisms off and p is the

orbit partition on pts, then the orbit partition

on blocks is a refinement of e*.

Proof
.

(a) B.column of REW gives, for each i, the number

of points off in i- th. cell pi of e.

Ibi Iffi & xfp ,
Jt G- =) Ñ c-§ ⇒ pepscolumns

1 of R'W are equal.
in e;



Corollary If rows of Ware, linearly

independent , # pt-orbits f #black-orbits .

⇒ gas, e-it 3 gone I



Edge reconstruction

Graph onnvxs is a subset of Ellen )

Let ✗ be a graph on n vxs.
If Y is a graph , define µ✗ (Y) to be the

number of subgraphs of ✗ isomorphic to Y.

Problem Assume Naka & IfA) 1- e. Is ✗ determined

by the values µ✗ (Y) ,
as Y runs over the graphs

on e-i edges ?

☒- e) ☒ Y- pie )



Answer No!

2
,
,
,
}

2J} y
'

4
4

What if e34 ? Yes
,
if :

(a) 21%11 > (1)+1 liras

(b) 21%1/-1 > n ! Miller



Define Vx , a function on graphs one edges

by
0×(4--4)

if YEX;

o
,

otherwise
.

C We view it as a column vector. )

Define a function µ
✗
on graphs on e- 1 edges,

whose value on F is the number . of

edge-deleted subgraphs of ✗ isomorphic to F.

AIM Prove that ifµ, shy
,
then ✗ ⇐ %



Lemma we.se
> lAutHK× = My

proof
.

The F- entry of we.i.eu/isKY:YEX,FSYH
So F- entry of

1AutH7lWese0xi@1Eaefymcn1iFEX91-KoeSgmln1.F"s✗H=µ✗ (F) ☐

Set 2 = We.pe
( 1Ante)H✗ -1AntWhy)

Corollary IfMy =My , then We.se3--0



Now columns of we.se are linearly independent
if 2e- 1 3 12 ) then z ← 0

.

Size of support of Vx is 1A%¥1 . Hence

I supp G)If 2h! If zte , it is a null le.se)
- design

and I supp G) I 32 ?

I > 2h !



K- homogeneous groups

Lemma . If k >2, a k - homogeneous group is

Ch -y - homogeneous..

Lemma Suppose ✗ is connected
and

net bipartite . If ✗ is edge-transitive , it is

vertex-transitive .

Key : incidence matrix B

vk (B)= u - # bipartite components



START Sep 22

Working with Wesker]

Lemma ws.i.wt.ie ' l! ws.ie

⇒ row (Wsh) frowlwtk)(Ws,tWtÑaq④
Define

(
,
,
, ),, =q . one = ¢ :

c. otherwise .

Lemma wish = ? c-ÑWiÉWi,k



Proof (of 2nd lemma ) . Suppose life, Pkk

we have

(Wiiwi.no
,
=/ 'on") ⇐ c-"iwiiiw.;D⑨ i

/ op

and so the cop) - entry in the sum is

§ c-Di
"I = {

1
.
a. no __ 0 ;

a. otherwise .

This gives the lemma . I



Next steps :

1, row ( Wpk ) -_ rewfw-CE.to ) .

2. wlt.int ) is invertible .

3. rows of Wyk are linearly

independent if Kittu.



row .space claim

we have Wi
,
h
- (¥:)

"

wi.pwt.ie and hence

wish =? c-iiwiii 1-Diiwiiwi.t)w!
⇒ row (WI k ) frowlwt.tl

Next

witÑ%k=Y¥W,;#
⇐ sets disjoint
frq.pk-set, oh
i-set

and so

we.ie?Zl-Diwiiwi.n--Cqc-DiTi.!-EJ'wii.wi.t)hT-.r
⇒ row(Wt

,b) E row Attic )



We
. v. +

is invertible

- Want & Ñt.ua are square, order (f) ✗(1)

. W-t.ua. is a permutation matrix, thus invertible

- row (wt,-f)
= rowtwt.u.tl

Independent rows

www.n.v-t-th?tt)wt.v-t
Since RHS is invertible , rows of Wt, k

are linearly independent.



Null designs
If f--1-0 and Wtieff1--0 we call f-

a null (t.la) -design . If We.hn 8--0,

we have :

µ- ski G-D
o

4.man www. ,,
))=o

We call f
,
if
,
the derived and residual

designs of f



Lemma If f is a null ct.tl-design with

derived design f, & residual design fz , then

(a) f
,
is a hall et-i;k→) -design .

(b) fz is a null ( 1--1,1<1-design .
Why?

Proof. (a) is immediate .
As f is-also①

null (Eisk) - design

Wei
,
k- i % + Week fz = 0

%
Hence

. Wt.,,kf, = 0. I



Supports ofnull designs

supp (f) = supp
( fi ) u supp

By induction

lsuppfosj 13 2T , lsnpp (¥1132b

⇒ lsnpp /f) 1>-2++1 .



Exercises:

1. Use VanderMonde identity to prove that

www.i.h-EG?Iti1wiitwi.ti--o
2. Show that the RHS is positive, definite

and deduce that the rows of Wish are linearly

independent

3. Given that E-f)(% 8*-1.1=18-1^7,
rk ( AF%) = rk (8) + rk (ABC)

starting from www.fwt-i.k-ilv-1
) 0

Wt
,
k (v- 1) wt.hr-

D)



deduce that rhcwt
,
huh = (F)

4. A set of k -subsets of a v-set is an

antidesign if its characteristic vector
lips

in row IWish ) ; the least possible value of t

is its strength .
Show that D is a b-design

and D* is an antidesign with strength
at most t , then

IDIID
* 1>-18^8*1111



5
.
Let V be the vector space of dimension v over

G-FG) . Let Wpk (V) be the incidence matrix•

for f-subspaces of V versus K - subspaces.

Prove that W has full rank .

*

sew:c
31-1-0 Pz ,


