


A diagonaliz able ⇐ XA has only simplezeros.

A = A
*

A'a = 0

A
*Ax = a

x*A*An =0

An = 0 ⇒ no root vectors for 0
with index > 1

(A-a.Iix = 0 ⇒ (A-%I)x = 0



Companion matrices & cyclic
modules

.

(we're working with F-[A] -modules )



A submodule N of an R-module is

cyclic if it is generated by a

single element.
✓

i.e. simple
e. g.
cat any minimal non-zero submodule.

(b) A c- Endlv) , we V

span { Arv : rzo}.
- exercise: when is

this simple !

Cv >A
G)
¢1b



Problem : find cyclic modules with

complements .



Assume A c- fndtv)
, vc-V.ir-1-0

U : = span { v. Av, . . . }

Claim U has a basis of the form

v.Av,
Ad- 'v

,
where d is deg 14am .

The matrix representing A relative to

this basis is a companion matrix.

It is determined by v1.



tf { v. An - v.Ad:} is linearly independent

And { v. Air, . . .,Ad
- '
~
,
Adv} is not, then

-Adv = a. Ad"v + . .
- x adv

and

✗ (f) = Édtqtd
"
+ "+ Ad

Az =3}
0=4 (A)z ←YAY

⇒ ✗late a



The matrix Cy representing A is

00 . .
. 0 - ad companion10-e.0-ad.io/-.-o(-aoY matrixCui:-|:O :-. "

iii.
t

Idt



If
W , f. v. Au . -

- Ad"v]
,

then.

AW =/Ar . . Ad Adv) = WG

AW -WO

pallid is Ainu



I:*Note : .

I

eat Cy is invertible ⇐ ad # a

(b) The eigenvalues of C are the zeros ofµ

(c) rk (4-21) 3 d- i - any eigenvalue
has geometric

]

multiplicity equal
to one



e.g.
As ACK, )

C I o o

• =L : : : :| " I:|c l 0 I

1 0 1 a 2-
=3AL -u

a 2 0Iv Av . . - ALAN = µ ! , o-
ooo ,
:|

W

-4
Aw __ W/98¥ 'd ) , 4=1-4.31-1+1

: : : :



We will see that any square

matrix over a field is similar

to a block diagonal matrix

taxi
where the diagonal block are companion
matrices

.



Transposes
we will prove that there is a symmetric
matrix Q s.to

Cj = 9-
'

GQ

for this we need a second basis

for <v7A .



Define polynomials V1, , -→ XD by declaring
yilt) to be the polynomial part of Eiylbl.

So if D=} & ✗ = ti-ab-bt.ie
,

then

y, = b'+ attb
, 4 = 1-+9

. 45-1

We have the recurrence

vi.ft ) = titi + ad-11 - i



If

% : = IX. (A)v. . . . .ua/Ajv],
"
control basis

"

then

Any = qeii

This shows that Cx & Gf are similar.



Define

N : = Iv. . . . > Ad
-'

v1
.

① = Ad-lad-2 ' ' ' G1 1

Ad-2 Get} . .
- I 0| : : : :)g

-

A ,
I -

. i

g 0

I 0 i -
- o p

and observe that

g. = WQ



49--94-1
G Q

o co -d ab a t

b a '
o o b a 1

" "

.
.
. . / =p: : : :/←4. o.is /

o o i ,
o o o g p g e

es
'I

0 I 0

f-
b G '

e. o i t o b a
'

b 9 1 11 • a. of• ' •
%

.
; ; ; ;) :(

" • • •

d l a 0
i C 00

-



Now

AW=WCy
and

AN = Me;

⇒ AÑq=ÉQCy'
AW -

- W. Agile
"

Hence Cy = @Gig
' Cyq is symmetric



Frobenius normal form



A matrix C is in Frobenius normal form

if

(a) it is block diagonal,with diagonal
blocks G.

→ Cm

(b) Ci is the companion matrix of a (monies

polynomial Yi

(e) for i-t.mn we have Yin /vi.
divides



Remarks :

1) The Frobenius normal form is

determined by the polynomials V1,. . . . > 4h .

2) V1,
is the minimal polynomial of C.

3) We will prove that every square matrix

is similar to a matrix in Frobenius normal

form , and this form is unique. . .



We aim to prove that if Ae Ender )

then V is a direct sum of cyclic A-modules.

Lemma If U is a non-zero cyclic A-module
of dimension

"

k , then :

(a) It is contained in a cyclic A- module
subspace with a complement .

(b) If dim CU) is equal to the degree of xp ,
Ithen U has a complement. minimal

poly. of A



Proof
.

Assume dim cuff =L and set

it = In An . . - Ah"u]

We construct an AÉmodule of dimension l > k .

Find win F-
^ ) such that

w
' Ah -in =

µ .

i= ' ?
0
, 01W

and

(
'

A "
'

) In An . . . Akhil =

[
* " +

0 1 .
- -

wtAk- a
^

:

o . .
-

w
' I



Hence dim <w>AT
7k .

If l > k
, snap A with A

'

and construct

a new cyclic A-module with dimension

at least l.

Compute the corresponding cyclic At-module .

Eventually the A ?module will have the

same dimension as the A-module
.



So Us In . ... ,Ah"n ] ,
W= HAT "w . . - w]

Wit is triangular, diagonal entries equal to 1 .
hence W is invertible .

Claims:
(a) her /W

') is A- invariant } kenlw') is our
(b) collar her /WT) = co> complement



(a) ATW = WL and so W'A =Ew ! Hence

if WE 0 then W'Az = 0

(b) W'u ii invertible .

To complete the proof, suppose

dimku.sn ) = deg Clun. ) = k

Since Xp = 4.* . we get k=l at step 1

and U has a complement.



Theorem Each matrix in Matron (F) is

similar to a matrix in Frobenius normal

form .

Proot Assume yf has degree k . As we saw,

there is a vector u such that xp,↳=X,
and so dinka >A) = k . There A- is

similar to a matrix

fol
f Az

where c = Cy .



As

a- ✗ to :) -1¥
"

:# 1
the minimal polynomial of Az divides V1.

Now induct
.



4-1C-21

Lemma tf two matrices in Frobenius

normal form are similar, they are

equal.

Proof) (!
"%) , 14 %) in FNF

4,4 companion ⇒ ↳ =L, (Ti ) (I :)
similar

?
⇒ Bac similar

let y, be minimal polynomial of 0, . Then

V. (L ) o

( o o) ,
"No1. vi. oil

are similar
.

So V1
, 10,1=0.



Now assume that

L 0

loot . I :& )
are in Frobenius normal form & are similar.

CL not necessarily a companion matrix. )

Use above argument to prove the leading

block of D, R Q are equal . . . .



If q&Y are polynomials .
QVY-i-lcmly.us , 9^4 :=gcdlqy)

Lemma The matrices

(Coo ) Coxe )
04 ( Cory

are similar.



Question : if the matrices

1%1 1%1
are similar , are. Bec similar ?


