


Eigenvalues & Spectral
Decomposition

F=R



Inner product :

CU
,
V7 : = u*v

Adjoint of A :

Cu
,
Av > = < A

#
a. v7

A is self-adjoint if A=A* ( n,Av)= (Anp)

Inner product :

( A. 07 = trlA*B)= sum /Hot)

II.All = < A, A>
'"



Ut:={ vev : <v. u> =o Hu in U }
In dim (Ut) = dim (V ) -dimly

1" Unh
"
= ce >

,
✓ =y @µ
, / ⇒ (Ut)t=U

LLemmqlf-AfixesU.thentffixe.su?#Corel1ary1fAisself-adj-intanyE.-module
has a complement .



If A is self-adjoint and A. fixes U , the restriction

of A- to U is self-adjoint .
< u .And = CAnip In in V

Once we 're proved eigenvectors exist :

corollary If A- is nxn and self-adjoint,
①

^

is a direct sum of eigen spaces.



Existence of Eigenvectors



successive rank -1

Rank-1 approximations approx → rank.ie

F-= RI

symmetric rank-1 matrix : zz*

trlgz #-) = 3*3 = 113112

Problem 1 Given A- A-
*

and g with norm one, find

minimum of ✗ A- azoth .



Inner product on matrices

A
,
B mxn matrices Schur product

<A
,
B > = tr /A#B) = sum (A-(B)

(A. A> = E (A
i.j



Assume V is an inner product space over 1C .

If u.ve V and <v.v > -1 ,

min Cu -2v. n -hav> = <a. - Cnn>Gu>
3

Proof/
Chiu , n

-Jv) = < U,u ) -Kyu ) -Ifn, v7 -12J (1)

RHS is equal to

ÉÉv#5- (Cmn)
- Cau> iv. us)

(can> -F) ((qui -a)



Corollary . if 11311--1, then

main 111A -233*1113
= (A.A) - (zz*,A) (A.zg*>

Problem find max Agf
11311=1

characterize z
that maximizes
this expression

I



Qbs : = z*Az

b. +b)
☒

Abin = leg )+h*Ag+z*Ah+h$Ah/

h*z=az optimal ⇒ h*Az+z*Aheo
hrs in -h*Ag+jAh=0

fu h*Az=o if 4*3--0

⇒ ztft ⇒ Azcocz>

zisah eigenvector.!



Qcz ) is a continuous function on
the compact set {z : 11311--13 , it realizes
its maximum value

⇒ A has an eigenvector.



Spectral decomposition



i ✓ = U ⑤ Ut P projection en U

o = < Pu
,
/E-Pv) = fu

, lP*_p*p)v) fair

⇒ p*=p*p ⇒ p=(p*pj*=p*p ⇒ p=p*

2) Oln bases exist i choose u , , choose uz in chit, . . ,

3) a. → n.no/n,P--EurUr* is projection on span{u, . ." up}
r

Ñ= cnn.n.am], H*Ñ=Im ,
p=ÑÑ* .



Assume A is self-adjoint one
"

,

with eigenspace decomposition

①
n
= U,-0 . 's ⑤Uh -

If the eigenvalue of A on Ur is ?. and
the projection on Ur is En ,

A = for fr
r

A-- LDL
'

/
☐ Yum

=§or①;¥



If u
, .
. .iq is an orthonormal basis for Ur

then Er = Chini and AER = Or Er .
i



Consequences of spectral decomposition

1) Ak = § OF E
,

Er Es → Sns Fr

2) If f is defined on the spectrum ofA ,
f- (A) = § f-Cori Er Prlor ) =\

(a) Er is a polynomial in A
Pr 10sHe

(b)✗tI-AF=&|_
lol exp (TA ) = E e fore,

r



06.10-20
Review of positive semidefinite matrices

-
ME 0

A Hermitian matrix M is positive semidefinite
if z*Mz to ltg . ( Positive definite if psd and

jMy = a ⇒ g. = of

Theorem TFAE :

matrix of inner products
(a) M Yo

G) M=N*#or some N Cho/esky decomposition

(c) M = N
'

,
for some Hermitian N

,

(d) M is Hermitian and an eigenvalues of M
are non -negative .



1) e.g. N= ix.y ] N*N=f;¥y*;¥) to
Since deb (N*N ) -30, we have Hally-y ) -15%16*9130

ie
11×112 Ily 111 3 Cyan> <my> =/ ⇐ y> 12

(Cauchy.-Schwarz)

2) If MYO and ✗*Mx = 0, then Mx=o

3) If 1h10, any principal submatrix is psd.

(so Mii 30 for all i. ) Mo-140



Interlacing
01%1-1

¢¥¥:* :c !¥:"

"¥(f) Y' (b) < 0 ft



Walk generating functions



(Amn,
Hav- walks, length n

⇐ t^Ñ)w generating function
n>, 0

= CI-l-AJn.ir rational function

=§¥j; partial fraction expansion



1*-051
,

=

-

"am"

4- BAI'm =

"%9f.4.li?-

KI-Ai'm
.

= &

tr (HIAJ
' ) = § = I mnH

r t- or

=
equal to ?



Working with generating functions

If S is a set of walks from a graph
and 101 denotes the length of the walk o,

the generating function For 5 is

Wg (t) := [ t
'"

oes

Operating rules ?



E) If Sn -1=0 , then

wgugltt-wgl-HI-W~I-S.am
It If 11%-41=101+11-1, then

Wg×TcH=WgCHWÉÉ- PRODUCT



III If 0 is a sequence G.→Nm of walks from S

then lol § Krl . The set of all sequences
is S*

.

If S contains no walk of length 0 .

|Wg*ct¥-| segueNff



Choose a in VIX) . Set

5 = { closed walks starting at a}

$" = { closed walks from a. returning
exactly once}

• Wglt] = Wa
,
alt ) = (I-TAJ!, = t¥¥,

• If oe 5
" '

,
Irl > 2

.
Each walk in S is a

sequence of walks
from S

"!



2-

Characteristic polynomial of 1-sum qy
wsex,="¥÷iwsµ="¥¥:
WS "Yz )

=

wse.it/)-WsaifY)1-Ws1z,=1-Ws.a+1-WsCY1
Wga,

= , - wj
'

Theorem 017,1-1=0Kia.tl/lY.ti-oCXstsolY-a.tl-t0lXa.t)o-oa,t)
or : ¢%÷,⇐%¥a , -19¥.a , -1



2- \o/
✗ =

'/ =P
,
ok, f) =P- I

(7) = H-DI.tt/t-i1-tb=t3-2t


