


Tensors



Assume A is kxl & B is mxn . The
Kronecker product A- ① B is the hmxln

block matrix with ij - block equal to

Ai;D .

1 : :# I:) =\: :i.Jb 49

3C He



Properties
1) A ☒ 8 is linear in each term

2) If the required products exist

CA B) CC ④ 07 = A(080

✗④ B) • ((④D) = (Aoc) ④ (BOD)

3) If A. n=1n
, By =µy , then (A B) Gixy) ⇒In#g)

4) If P : uxov → ran CV-r.nl then

PCM ④M
'
) is symmetric .



A map

Matmxn.IR/-RmnlfAeMatmxnCR) , then

Ae ,
recon -

This is clearly linear.

Lemma nee IBMA
'

) =/A☒B) needy )



Tensor product of modules

M
,
N modules over ring R .

Construct module M④N as quotient
of finitely supported functions in F-M×N

over ideal generated by relations :

ix. y +31 - a.g)
- 1%37 , Cw -131,y) -1W, y )

- In.y)

(All, g) - a (n, y), Cx, by ) - b Gi, g)

Image of G1,yl in quotient is xxcy



The Kronecker product is the

tensor product on vector spaces



Bilinear maps

The tensor product turns questions about

bilinear maps on MXN
to questions

about linear maps.

Moral : complicate the objects, keep the

maps simple :

M④÷
,

I
m

'

✗ N IL



Graph products



Cartesian product ✗☐Y

ACK ☐ f)= A#I + I ACY)

dnt / In,ñ, hap)
i - r -3

= distant +disblvoy)
I g-
i :#i ⇐
eigenvalues Ar -1µs tr. s



Direct product ✗✗Y

ACHY) = A ④ ACY)

(a) a-

J
o o o

- X
,
Y connectedi¥¥ ✗ ✗ Y annecked

unless ✗ e4 both

eigenvalues bring 0ns bipartite

( bl ki 214 : LG ÷ KEG



Cospectoral graphs I

¥ ¥,



What is the spectrum of km,n ?



Components of tensor product
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AH)=f:& ;) = %)

1- a BÉ8

1*80%7 boo' o)
f f o " "

4 : : :|I:o) : : :

( 2=43%808 o

° 1313¥88 ) ' D= #
€8B
' o

go BB'tÉf



Theorem 11 A is mxh & B is nxm
,

del. (I-AB ) = deb (I - BA)

Proof.

(8%11%1)=1%1-aid

18111¥ :| . Y ¥1
Now take determinants . II



Corollary 1-
"

hdet HI - A-8) = debt 1-I - BAI

If A is mxn & B is mxn , then

corollary If A is mxn and B is min , then

AB.BA

have the same non -zero eigenvalues , with
the same multiplicities

.



Lemma If ✗ and Y are bipartite graph,
the two components

?
of ✗✗ Y have the

same non-zero eigenvalues, with the same

multiplicities



Partitioned tensor product



J@Jsma1lestpairofcospectralgraphesmaHestpairof1I.IIII. connected eospectrai
graphs

9 smallest pair of

1)÷ ¥ cospectral forests



141 1.14

T¥ ii. ¥1
÷:| =L ! :)

parktioned

ftp..iq/xfYj- E) =

A % " ) tensor
BICH
'
I Az product

(É ¥ ) ×
. ¥) =

I ④AaB H
'

(O' ⑧ It I⑦A, )



Choose A&R so 96--1 , R'R=I and

Q'BR = E- diagonal How?



-4¥
:

a) (
IEA

.
EA

) ( feet 0 j
o REI B'☒ Ht 1-⇐At a R☒I ,

=/
#A colt

{ €1T I Az )
e.g. B is 2×3

:
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A
, 9H
'
o o

qI ④A 0*+7 . µ
: :#÷ :(B '④ It I④An * • • • of |÷÷!;÷÷÷#o q H o A , C

o o o o A ,

(proof due to
A , H Knuth )
lo al - 1% ¥7



6 →H c- G. → It c- G

:I¥µ ¥

H← A -9 H ← G →H
TK:#IT a.



Singular values



Problem Find the best rank-1 approximation
to B.



Assume Hy 11--11311=1 .

Then

(0-29358-2457--18,0) -258g +5

Minimum occurs when I = y'Bz ,

value is (8,13>-1%83,5.



We need to maximize ( yÑgT

Suppose hey
"

,
11h11 small

ly 'Bz+h'BzH a ④g) + (y '8z ) /hibz )

Hence if y maximizes, h 'Bz=o and

he @ g)
t

.

So
y
'
-

c- (Bg )
"

e Bzecy>



Therefore if yj is optimal

Bz = by , Bty = pig ⇒ year /B)

zeal LBJ
and

Topsy = 2B£ = B'By

pity = µÉz = 8%

Also
i. = y'Bz ; µ=jBy ⇒ 2=µ

Traditionally we set regnal to d. µ



Theorem Assume B is mxn & rk (B)e- k .

Let 43 . . > ok be the square roots of

the eigenvalues of BB
'

. Then there is an

orthonormal basis y, . . . , y, of lol (B) and an

orthonormal basis z , , . - . ,zr
of all8) suck

that
8 = É ory.si

F-I



Q ;= lym.mn ] , 13in-idk]
,
E :-. diag 1%1

B- QQ -I , 12%2--1

mtn tnxk '
kxn}

singular value decomposition

(Se ATOR = E.)




