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A matrix pencil is the set

A- + TH
,
ke R

.

It is Hermitian if A & H are .

We want to understand the behaviour of

the eigenvalues of A-it.lt as t varies.

Why ?



Katociqsojlheorem There is an orthonormal basis
pp 121-122 of eigenvectors 3,1m) , - . -synth, ) for A -1mA

such that. each vector is a holomorphic
function of M .

Corollary for the eigenvalues Orth , likewise ,
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Kato 11989 Theorem Let A and H
,
be nxn Hermitian

p64
matrices . Then there is an integer m such that,
for all but finitely many values of t, the matrix
A-* 1- It has exactly m distinct eigenvalues. A-

We refer to the
"

finitely many values
of k

"

as the exceptional points of the

pencil .



Er:÷



example : rank

(a) small changes

(b) detlA.int't)



We distinguish three cases for pencils

Cai AH - HA

(b) rk (H ) = I

(e) everything else



Cai AH - HA

F- = E Corr )



A matrix A is normal if AA*- A *A

e.g. any
Hermitian matrix ; any unitary matrix

if his unitary . Dis diagonal & A = L
,
then

AAI. UOL.FI/--0DDL--l*ool.=A*A

So any matrix that is unitarily diagonal:} abbe
is normal .



Theorem If A & B are Hermitian and commute
,

they can be simultaneously , unitarily. diagonalJed
Proof

.
Assume 2 is an eigenvalue e. 1- A and

U = her CA -SI). Then

a = Do = B/A-at)U = A-DINU

and therefore U is B-invariant.



Theorem If A is normal
,
it is unitarily

diagonal:} able .

Proof, The matinees B- {A -iA*) • C = ÉfAA*)
are Hermitian

.

Since A is normal , they commute

and

A = B + if
,
A*= B- ic

Since Bac can be simultaneously unitarily

diagonalized , A corn be unitarily diagonalized . ☐

Exert A normal ⇐) (An
,
An> = <A*x

,
A&e> In

Cor
, 16 n.se/vec for A. its an eigenvector for A*

= ✗ *

= CAIo.AM



Perturbation : AH> HA

we can simultaneously diagonalize A &H .

If d
, ,n , On and a

, . ...im are respectively

the eigenvalues of ASH , eigenvalues of
A+nH are of the form

or-1 Mbs , multiplicity rkffr -5 )



(b) rk (H) = 1

rank-1 updates



It = hh*

(Aa nhh* ) gin) = 0191313)
differentiate

→ hh*z + lA+nhh*g 's 0J -108

(hn*-073 = lot - A -Ahh 'Mj
'

z*lhh* - o ' )z = 0

⇒ O ' = khz>1230 1h35 = tr/ErhhtE)

So O
'
= { Er , H ) ; O'= o it or not in esnppfh)

↳
(E)a.a

where H= eaea
'



def 165-A -MH ) = defHI -A)

detlI-AI-AFhh-9.de/-HI-A#-hMtI-A5'h1*:::::



General case :

A- + nlt) Ely) = 0131 EM

HE/g) + 1A +MAI C-
'

th ) = OMFG) -1 0th) E'G)

(H - 04h11 EM = (OMI - A -HH ) C-Tn)

Now Etgl/0GtI- A - MH )= 0, so

Elm ) ( H - 04m11) Elm) =0

Eth- O
'G) C- (g) = 0

unÑÑu*µuu¥U



✓
nxm

C- In)= UH )UlgF , UM*UM=Im
Hence

UW.HU/n)-oYn1I--&
and therefore O

'

is an eigenvalue
of Ulm)

#
HUH .

-

The matrices

U*HU
,

Huh
#=tI=HÉ, C-HE

have the same non-zero eigenvalues, same mutts.



So it's the eigenvalues of

it = § Er HER

that determine the derivatives or
'

.



Adding edges



We consider pencils where It = eig? -1 ejei,
ix.
,

" =\:#
So we want the eigenvalues of Er HER .

The matrices Erltfr & Hei = HER has the

same nonzero eigenvalues, with the same
multiplicities.



IF f. = (Fiji
;;⇒ ,

then

HER = Ez , Ez , Ey
' "

o o

which has characteristic polynomial
f- (E ,, +Ez , )k + Frfr ,

- filth

Note that f
,,=Ez , and

Ei
,;
= f Frei . Ere;)



9-11-21

Consequently
Epi - É, Ez, = ( Ere, Are,Y - ( fre, .fr.> <Ere, , Eep

and by Gram -Schmidt
,
this is less than or

equal to zero , with equality if & only if
E. e, e Ee, are parallel .

Now there are three cases :

(a) GI - G, G, CO , so HE has one positive
and one negative eigenvalue , their sum

is 29,2 . ( two new eigenvalues)



(b) Ere, & Ere, are parallel , the eigenvalues of

HER are 0 and 28.2
.
(one new eigenvalue )

(c) C-1,1=4,2--4,2--0 .

Ino change )

ie Ere, , Eren both zero land so they ate parallel) .



Theorem If A is positive semidefinite , there

are vectors n, , . ..iq such that

A = a,xi+ . .. Maxi

Proof If A Yo and A -1-0
,
there is so Sheh

that ofAn > 0
.

Set

B :-. A - n¥AxñA
I claim that Bye

.

We have

5.By = y'Ay - l?%¥
By Gram- Schmidt applied to Hn e A'

"

y , we have

(y
-AHHH 3 (y

'Ani
.



ypsol
So A = 8 -1m¥ A ,µI

"""

If Az = 0 , then 83=0 .

As Br - O & Ax :O
,

rk (D) < rk (A)
.

Now induct .

Let n'
-

CM ) & a- 1M ) respectively denote

the number of positive & negative eigenvalues
of M (assumed Hermitian) .

lemma If M to
,
then n'- (A -M ) s n' (A)

Proof If rklm1=1 , this follows by rank-1 perturbation .
More induction

.



Lemma n
" /EHE, )sn+CH ) ; n-ffrHC-rlsn.CH )

Proof From spectral decomposition we have

H = Ho- H
,

where Ho & H, are positive semidefinite .

So E. HE = fr Hof - EH, Er and ,

from the

previous lemma n 'TGHG ) sn-YE.lt, E.) = ÑYH)

similarly n
- IEHG ) s n

- (A)
.


