


Inertia & Coeliques

(in characteristic zero)



Assume A is real & symmetric, order nxn .

The 1-dimensional subspaces ex> such that

x?Ax = @ are the points of a

projective quadric QA .

We define n'- to be herCsiA) ; this

is a hyperplane . If W is a subset

wt = N set
✗ C-W



If W
,>→Wd is a basis for W then

wt = herICI;D

Lemma If A is invertible , then

dim 1W ' ) = n - dimcw)

and (wt)
+
= W.



An isotropic subspace U is a subspace
contained in. QA .

If SEVCX) , we define (5) = Een : nest.

Lemma If A. = AA) and S C- VIX) . then

( s > is an isotropic subspace on 2,
if & only if S is a coclique

It follows that if A is invertible
,
2aH) 'WHY .

But there is a better bound .



If A is a real symmetric matrix , let
ri
,
n
-

,
no respectively denote the numberof

positive, negative and zero eigenvalues of A.

The triple In -1
,
ri
, ng is called the inertia

of A .

Theorem If A is nxn
,
the maximum dimension

of an isotropic subspace on % is

min E n - n -1, n
-n
- 3.



Proof
.

Let U be an isotropic subspace of Ñ%
dimension k

. Let we-11 be the subspace of RVN

spanned by the eigenvectors with positive eigenvalue,
define we-7 analogously .
If we Wal , then W'Aw > 0 , hence

Un WH = so > . Similarly Un WH - to> and
therefore ks min En - ri, n -n

"

}. ☐



Two matrices A e B are congruent if

there is an invertible matrix M such that

B= M
'

AM .

Remarks :

cat congruence is an equivalence relation
(b) a real symmetric matrix is congruent to

its diagonal matrix of eigenvalues
(c) If A & B are congruent, then the max .

dimensions of the isotropic subspace on

QA & % are equal.



Theorem Two real symmetric matrices are

congruent if and only if they have the
same inertia .

Proof
. We show that if Ae B are congruent,

they have the same inertia . Let wld be a
.

subspace of %)
with maximum dimension

such that n'Aw> 0 for all non-zero win 9)

If B = M
'

AM ,
then M

"

wifi is a subspace of
%)
on which B is positive . . . - . ☐



Corollary let ✗ be a graph on n vertices.
Then ok) f min In - n'A) , n - n

- (A) : A wtdadjmtx}

examples

f.
perfect graphs,(a) kn
,

in fact

(b) connected bipartite graphs
(e) Petersen graph : 3

"

,
I
'"

,

C-¥



Folded 12dm) -cubes

we construct a folded (da) -cube from the

d.cube by adding the edges of a

perfect matching joining vertices at distanced.

If d is odd
,
the folded 1dm- cube is bipartite,

and we are not interested.
triangle -free

examples srg on 16 vxs

cat 93/2 ⇐ Ky (b) G-12 E Clebsch



Problem
.

What is the chromatic number

of the folded 12dm-cube?

It's at least three . We attempt to compute
the maximum size of a 3-colourable subgraph
of Ad/2 .

Lemma The maximum size of a b-partite

subgraph of ✗ is a/✗ ☐kid .





We use the inertia bound . The eigenvalues
of the folded lzrxy -cube are

2r-11 - Ki ci-A.gr)

with multiplicities } BCN

FI,!) .
If r=5

, we get

eval 11,7
,
3
,
-1
,
-5
,

- 9

Mutt I 55 330 462 165 11

④ C) Hill:) i:) I'M



The eigenvalues of the Cartesian product
of the folded 11- cube with - K

, are

yzlzlqlij.gl/10)gl5s&b4l33o)-l92Y)l4bi(3So
) 1165) 12h in

4 I 0

a-4.gg?'-fouse-HKz.-sdzlX)F990

For folded B- cube , bound obtained is 4098

Cvs 4096 vertices %)



I 5 4

all .lk;))=2
3 I -2

inertia bound : 51 ?
6 -2 I

Llkg) has a spanning •

subgraph isomorphic to afghaniKyu2kg : /
•

↳
(a) edges on 1
(b) edges en 2, not 1

(a) edges not on 1 or 2 ,

Let ( be its adjacency matrix.



Consider

detcc-HA.CH
.

Inertia only changes when this is zero.

When - let < c- 618
, we

find that

C + 1-(A-C) has inertia 12
, 13,0) .



If x is the characteristic vector of a

a subset S of VIX)
,
then a-An =o if

and only if 8 is a codiqne . Note that

n'
-

An = truth ) = tv (Ansi ) - sum (Aon>F)

and it may be convenient to use xa
'

(or is, hi, a projection) to represent S .



A proper colouring of a graph is a partition %
of VIX) into cocliques, which we can

represent by its characteristic matrix P.
The i- th cell of it is a coclique if & only
if eiipAPei = 0 , hence it is a colouring
if & only if

it

tr (PHP) = EÉPTAPE; so
is 1

Here
br IPTFP ) = tr /App

'

) - sum/Aoppt)
and PPT is block diagonal . So

tr lP'AP) = E AolPei Pei
'

)
i



Coeliques & colourings



It might prove convenient to use B in place
of P. ( Or other weightings ]

If P is the characteristic matrix of a

proper colouring , the map

u c-VCX)→ en:P

embeds VCX) into the unit sphere in RI
"!

taking adjacent vertices to orthogonal
vectors

.
1 An orthogonal representation .)



We can convert the columns ofPinto
nxn diagonal matrices A, ,→ 61%1 .

These satisfy :

Qi G- = Si;Qi : EQi -Ii

Thus they form a resolution of the

identity.
Lemma Assume a- is a partition of V0 ) with

e cells
,
and that Qs . . -→ Qe is the corresponding

resolution of the identity. Then it is a

colouring if & only if E.Qi A- Qi =0
i



Theorem If ✗ is a b-regular graph on n
vertices with least eigenvalue T, then

a CX ) E ¥
,

Proof The matrix

A- [I - KIT
is positive semidefinite ( work out its eigenvalues .
So if a is the characteristic vector of a

eocliqnes
of oilA- II-

" 5)a

= n'Ax - Tain -
k
n'11in



We have

ñAx=o
,
sin = 1st , Ese = 1st

and so

of -2151 - kif 1st

⇒ 1St FÉ . ☐

11 equality holds
, IS, US ) is an equitable

partition .


