


Type -11 matrices



We work over € .
Denote the Schur- inverse

of a matrix M by 1h "
. We say M is a

typeII matrix if Mrs nxh and

M M
"'

= nI

Examples

(a) any Hadamard matrix .

(b) On__ 1
, Nig = Oli

- "G--"
.

(e) IfMr N are type -11 , so is M④N .

(d) a flat unitary matrix .



(e) l l l

l l - l
-1)[, → t - t ,

1- e- O

l - l - t t b

(f)
"

Potts model
"

W = It- 1)I-15 , W
"
- 11--1-171+5

WW
"

= it-114-1111 + It -11--1-21-45

If t.it
"

.tn-2=0
,

then (6-4%11) -_ h , Fo W

is type-B if

t-z-f-n-ztn.IN )



r-2

(g) Symmetric designs : NNE n'I -11J
N is vxr

,

with v= I +
k:&

.
If

W = N -1615N)

w
"
= N -1 ÉYFN)

then we find :

WW
"'
= (G- 1- IN * 1- J ) (a- f-1)N' + 1-

"

J)
= 12 - t- t") NN

"

+ ( ta - f)JN '-111- f)ÉNJ + NJ)

= 12-1--1--11 INI-1511+111-+111--11=7hint
:



A monomial matrix is a product of a

permutation matrix with an invertible

diagonal matrix .
If M is type -11 and

P
, Q are monomial , then PMQ is type-11 .

We say M & PMG are equivalent. If
M is type-11 , so are Mi im ,

but these are

not deemed to be equivalent. to M.



A trace characterization

Lemma An nxn matrix invertible matrix

W is type-II if and only if, for any two

diagonal matrices D, & Dz ,
CD
, ,
W

'

RW ) = I KCQ ) tr 1021
Proof

ceieit
,

W'

qq.TW?--trleieiW-'ejeiW)--eiw-'e;ejwei--lW-')i.jWj.i
and the lemma holds for D

,
= eiei and 0

,
= ejejt



if & only if

(W
"

)i
.; Wji

= £ .

This holds for all i &j if & only if W
-'
= two?

Corollary If W is nxn and type-II and 0
is diagonal,

1W
"

0W )i.i = 1- tr (D) .

Equivalently , W
-'

ow has constant diagonal.



A resolution of the identity is a sequence
af pairwise orthogonal projections that
sum to I .

Exercise If P,, ⇒Be are projections and

Epi is idempotent, then P;D; =0 when i±j .



Lemma Suppose P, . ..,Pn is a resolution of the

identity .

If W is a kxk type -II matrix and
we define

Ui = In§ Wi; Pj
then U, , ... Un are invertible and

£Pi@ Pi = É Uo ④ UP
.

i=/ i:|

If W is unitary (equiv. , flat) , then U, , . .,Ua
are unitary .



✓④ ✓* = End /V7
-

Mae7 M → { F. Mf!



Lemma If I Ai☒ B.i = I 9005 > then. for all M
i j

9 AimBi = { GMO,
'

i. j

Proof The span of { A B : A. BEMatron CED is

an algebra . Define an endomorphism go of

Matnxnll by
ego

: M → AMB#

Then % , is a homomorphism from Katmai)①Matn×µ④)
to End (Matron can .

If E Ai④ Bi
.

= { Cjtoj , then § Tai,q. and { 4;D;i j
j

agree on M .



15-11-21

Theorem. For any graph ✗ we have ✗A) 31 - Fn .
Proof Assume c = ✗(X) and let Q, ,→Q, be the
resolution of the identity coming from the partition
of VIX) into colour classes

.

Let Us ,→ Me be the

unitary matrices constructed from A, , .. > Qe using
a flat unitary matrix. Then

A- & Aiki = & UiAh!
i =L is,

and accordingly
A
,
= - É u¥UiAUYu ,
I= i



Choose an eigenvector z ofA with eigenvalue 0, ,
and Seb yi=Ui*U, z . Then

0
,
= jAg = - & yj' Ayj s (c- 1) C- On ] .

j=z

result due to Hoffman ,

proof to Elphick &

Wogan



Coherent algebras



A coherent algebra is a matrix algebra
that is :

(a) closed under transpose & complex
conjugation
G) contains J

ee ) is Schur-closed
.

We will focus on the real case.



Bose- Mesmer algebras of association schemes

provide one class of examples

lemma The commandant of a set of permutation
matrices is Schur . closed

Proof If P is a permutation matrix , then
P (AaB) = PA opt

.

If P commutes with A

and B
,

PAEPB = Apo BP = A- •BP ☐

It follows that the ammntanb of a permutation
group is a coherent algebra .



Lemma If a subspace of RIN is closed
under Sehnr multiplication

.
it has a

A- basis
.

Proof If p is a polynomial and vf RN,
define

por = ( p Cri

Choose pie so plva )-1 and priv;)-0 if j$k
Then phon is a a-rector and is S is the set of

entries of v. we have

W = E. Vh Path . A

VHS



Corollary Any coherent algebra has a basis p
of A-matrices such that

Cai E M = J

Mfp

(b) I is a sum of elements of p

(c) p is transpose -closed .

The matrices in P form a coherent configuration
(or the directed graphs they represent do) .

The orbitals of a permutation group are

a coherent configuration.



A coherent algebra is homogeneous if
I c-p .

The connmutant of a permutation group
is homogeneous if & only if the group
is transitive.

Lemma A commutative coherent algebra is
is homogeneous .


