


Coherent algebra



Coprodnet

If P&G are nxn quantum permutations,
we define P&G by

(P&G);;
:= E Pir Qi
r

This is called the copraduct of P and Q.

Lemma P&Q is a quantum permutation , ☐

If the entries of P are dxd and those of Q

are exe
,
then the entries of P&G are de✗ de.



Direct sums Assume PrQ are nxh quantum
permutations . Their direct sum Peg is

defined by

(P@G) ij = Pi; iij

Lemma PEA is a quantum permutation . If

A Id commutes with P and B Ie commutes with Q,
then A @Ida commutes with P⇐Q.



Theorem Let P be a quantum permutation .

If the entries of P commute
,
then P is

similar to a direct sum of permutation
matrices. ☐

Proof (sketch )
.
If the entries of P commute,

we can simultaneously diagonalize them .



Back to type-I matrices :

Recall that if W is non type-I

Yi; := d- Wig- Wjii
n matrix of

My ÷ f Yi;)
,:p , idempotent

As Yiij = Yj; , we see that Ng is symmetric .
Each row & column of Ag sums to I. hence

if W is flat, Y
'

is a quantum permutation .

Lemma Dfw is a type -II matrix .



Proof First
.
Yi; = Yj; whence 9g is symmetric

Also Yij
"
= nwj.li Wiij = n' Yj,i . If

Yi
, ,
Yin Ya

Ms Ya

fly , 'hi 73,3
then

as"¥÷÷÷
.

Yin Yu

and
, using orthogonality , MY

" '
= n'I.

Remark : if W is a Hadamardmatrix, so is Af .



Let S be the permutation operator on V④V

that sends u ☒u to von ( V-n.ir). a S!I

and SLAIN = (B☒A)S, )

lemma If W is type- II. then guy =SYwS .

Proof

nlYi.ir.s=Y÷;hÉ÷i="w÷. "w÷. =Ww?÷Ww!÷
,

= nl Yr
,
Chilli;

so the left & right terms are eqnai respectively to

(e;④eri Bw Cej est , Cerxceiihfw, lesEe;)



Digression If W is type-II. define

Ñ (W&W"7S

Then

Ñ "' = Kw" ☒W'1ST
= SCW"

'

④ W)
But SCA☒8) = @④A)S :

@☒A)5.(not = ⑥☒A)lion) = Or☒An = S(Au€Bv )

= SIAXCB)ln☒v)

Hence Ñ '-"= Ñ , further

Ñ;; = Ceixe;) (WEW
"') fleixei ) = Wi

. ;
W"
,;;
= 1

Thus the diagonal of Ñ is constant
.



Question : what is the relation between

Ñ and Dfw ?



If A and B are nxh matrices

[A. B) : = AB -BA .

Theorem If W is type- II.

Ww = {M : ⇐☒M.gl so} , Nws -_{N : IN-01.91=0}

Proof I④M commutes with µ if & only if MY;;=Yi;M
for all irj . Hence M C-Nw.

For the second claim :

SIN I)9ywS= NISYWS = (IEN) Yws



Theorem Let -2 be an non matrix over Mata✗da!

Assume that the entries of 2- are idempotent,

and the idempotent in each row a column are

pairwise orthogonal. Then the set of nxh

matrices M such that lM@Id.Z] = 0 is

Schur- closed .

We derive the proof from the following Lemma .



Lemma If 2- is an in the theorem
,
then

(M@I)Zo(N&I)Z = ( (Mon)⑧I) 2- ,

2-1M@E) a 2-(NEI) = 2- ( (Mon)&I) .

Proof

((14×0154)
,;j

= § Mgr Z-r.j.CN#)Z)i.j--&Ni.rZr.j
( 2- lM☒IDij = EZj.rmr.i.CFCNEID.j-f2-j.tk;
Now

(§M.ir Zr,;) (Eni.rZr,j ) = §M.ir/Yir7r.j--(lMoMoI)Z)i.jlEZj.rMr.i)f&Zi.rNr.i)--
EM,;Nr;Zj, =/2- ((mom IN;j



Corollary . If W is type-II. then WW is Schur -closed.

Corollary If P is a quantum permutation then
,

f= { M : IM I. PI - o}

is a coherent algebra .



Proof We get Schur closure from the lemma . We have

(J#I)P = 5④I = PCJXCI)

and therefore Jeb. Next
,
if Plm☒I)=CM☒I)P

,
then

since P is unitary,
PIM ④I)=(M&I)p ⇒ IMEI)P*=P

*
IM@I) ⇒ plm*☒I)=µ*☒I)P

and thus M
#
c- f. (since 8 has a 01-basis

,
it is closed under

complex conj. ; since the basis is closed under transpose,

b is closed under transpose . )



Note that I☒M commuter with P if & only if

M commutes with each entry of P , equivalently
if M lies in the algebra 1 Pi;) .

Graphs with adjacency matrices A & B are

quantum isomorphic if there is a quantum permutation P
such that

(AQI)P= PIB☒I)

Accordingly , B⑦I = P*(A-☒I)P ⇒ A & 8 are similar
.

In fact
,
if A#I )P=P (BEI) & A.☒IIP =P 18,811 , then

((A. ④1) •Hit) ) P = (AQI)Po AEI)P = . . =P (10,8510%1)



Hence it X and Y are quantum isomorphic,
their coherent algebras are isomorphic .


