


Resolvents

(Remark : we're following Kato, roughly )



A rational matrix is a matrix whose entries

are rational functions over some field F-

A rational function Plq is proper if degCpk degcqj .

Theorem Assume F- is algebraically closed and

pltllqlt, is a proper rational function over F-.

Assume on. ..DK are the distinctgenes of get) , with

respective multiplicities m
, , -→ mk .

Then there are

polynomials p, , .. .,p,
with deg Cp; )=mi , such that

Pg÷, = §
Pr A) partial fraction

r=, ¥87m " expansion



A rational matrix is proper if each entry is proper .

From the theorem , if A is a proper rational matrix

A = £ It-0,5
"

Pr A)

Here the or range over the poles of the entries
of A and deg# D) <Mr . This is a partial
fraction expansion of A .

If 0 is a pole of order m, we also have a

series expansion

A = E Air
,
It-of 1bar suitable

h ?-m matrices Are )



For an already familiar example of a partial
fraction expansion :

GI-A)
"
= § It-Ort

' Er

If A is a square matrix, its resolvent

Rtg ] is GI-AT
'

.

We seek a partial fraction expansion of

Rlz ) , for general matrices .



Lemma RG) - Rcw) = -G-WIRGIRCW)

Proof

(zI-A) (RG ) - Real )(wI-A)

= (WI-Al - fgI-A)

= (w-g)I

and so

1281 -Rlw) = - G-wkzI-AFCWI.AT ! ☐

Corollary : dqRG)= -1285



We present one application .
Lemma If A is symmetric , all poles of Rfgj are simple.
Proof Assume it is an eigenvalue of A .

If An - on

then GI- AT'u= É n and therefore o is a

pole of Rbs. So

RG) = { Arts -05
r? -m

where m > 1
,
and we assume without loss that A.info .

Then RGjR g) is equal to Aim A.m Iz -05
"

, plus

terms of higher order
.

As A is-Ytri.RGF.RS .

not zero



By the previous lemma . R'b) = -Rfgj and the

lowest order term of R'IN is -mA.mg -01?"
.

Therefore mm = 2m & m = 1 . ☐

We derive information about the coefficients

in the series expansion of Rfgl .

Lemma
.

If 0 is an eigenvalue ofA with

multiplicity m & Rtg] = Early-05, then
v3-n

-Arts-11 , V
,
S 30 j

Ar As =

+µ, ,
r
,
s c- -1

,
r-1s > -m ;

0
,

otherwise .



Proof
.

Assume first that 0=0
.

Since

RG ) -RIN =
- ly -w) Rez ] Rlw)

we have

E. Ar

8"+wj-4. +wa,

z -w
= -E ARA, zrts

t> -m, r.SI -m

comparing coefficients of ziwi yields

Anja =
-Ai Aj , i.jzo

{ Ai Aj , -mtlfiij ; i.jf -1

0
,

otherwise
.

Ar = c-JAI
"

Ai
, = Am .

A., Ar s -Ar Inn

A-zt-r-A.ir ⇒ A
-s
- (Az)
"



Te make this dearer
, suppose m=3 . Then LHS is

A
→ ÷Y + A.

, %W÷ + A. , Y?÷ + A , +Right A, liang-1Wh.-
= -

Z'jwY_A, - 35¥. A, - forA. , * A. • A G-WH - -

.

The coefficient of ziwi on the RHS
is - AiAj .



Since

Anja = f-
Ai Aj , i.jzo

Ai Aj , -mtlfiij ; i.jf -1

0
,

otherwise
.

we get

Ar=c-ÑAi#
A- , A-r

= A
-r Iran ⇒ A?,-"

A-2A-r = A-r- , er > a) ⇒A.rs/A-z)*lA-z)m--o
Hence series is determined by A%A, &A→ .



Note that A-, is idempotent & A, is nilpotent.
Set E
,
= A-, , No - A-2 .

Now

a-I-AIR G) =/Ct_zlI+zI-A) RG)
= It-g)1281 +I

and setting 6--0 yields

r§m cot-A)Arts -05 = I -fg.fr/z-oM
'

cot-A)Ar = An Intel

⇒ { (at-A) Ao = -A., -I ⇒loI-AJCo-Noi-y@I-mA.m
= o

HEAT fro -- Nj



Principal parts
we define the principal part Po G) of Rg) by

Po (g) = r&r A-r G-of
Se

Po Cz ) = 13-05
'
Eo +É

,
Nj g.or

"'

= (g-oj
'É lot-ATC-o ly - o)

-r

r= o

We also have Eo Rlz ) = Po (g)

Theorem R (g) = § Pots )



Proof The entries of Rtg ) and Po b) are

proper rational functions , and therefore each

entry of

Rg ) - § Polo
is a proper rational function . As each pole of

RG ) occurs at an eigenvalue ofA. the above
difference has no poles . Therefore it is a pdyomial
but , since Rfg) a § Do ⑦ go tozero as g →a ,
it is zero. ☐



Lemma Ep is a polynomial in A ; § Go __I

Proof

it Eo = f
,
(zI-AT

'

dz

2) felzt-AT'dz is a limit of weighted
sums of matrices lz,I

-A)
"

3) Any matrix, that commutes with A commutes
with Eo

KI Eo is a polynomial in A. ( Theorem 4.8.11



For the second claim
,

↳I-AJ
'

= g-
' II - g-

'A)

and so

flyI-AT'dz = I
e



Order of poles of Rlg ,
Assume O has multiplicity m . Then A→=e
when re -m , equivalently when lot-ÑEg- 0

So the order of the pole of R (g) ab o is

at most m .

Theorem The order of the pole of Rig ) ab

o equals the multiplicity of 0 as a zero of

the minimum polynomial of A .



Corollary Any square matrix A is the sum
of a diagonalsizable matrix and a nilpotent
matrix

, each a polynomial in A


