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Preface

These notes are meant to provide a working knowledge of linear algebra, as
might be applied to problems in combinatorics. I assume the reader has
had a first course in linear algebra, and is familiar with determinants.
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I
Spaces and Subspaces

We review the basic results on vector spaces.

1.1 Vector Spaces

We assume familiarity with the basic terminology of vector spaces—linear
combinations, subspaces, linear dependence and independence, span,
spanning sets, and bases. We present a proof of the existence of bases (in
vector spaces with a finite spanning set).

We define a circuit in a vector space V to be a minimal dependent
set. Thus if C is a circuit and x is any element of C then C\ x is linearly
independent. Hence C\x and C have the same span.

1.1.1 Lemma. If the vector v lies in the span of a set S, then there is a circuit
in SuU v that contains v.

Proof. Suppose that v is a linear combination of the vectors x,..., x; from
S, and that v is not a linear combination of any subset of S with fewer
than k elements. Then xi, ..., xi is linearly independent, for otherwise it
contains a circuit and by deleting an element of this circuit, we obtain a set
of k — 1 vectors whose span still contains v. It follows that if for some i, the
set

{v,x1,..., x,3\ x;

is linearly dependent, then v is a linear combination of at most k — 1 ele-
ments of S. Therefore this set is linearly independent for each i, and so we
conclude that {v, x1,..., x;} is a circuit. O

A basis, we recall, is a linearly independent spanning set. We show they
exist if V has a finite spanning set S. If S is linearly independent, there
is nothing to prove. Otherwise S contains a circuit C; if x € C then C\x
and C have the same span, and consequently S\ x and S have the span.
Therefore, by deleting a finite number of elements from S, we obtain a
linearly independent set S; with the same span as S, and so S; is our basis.
Now we show that all finite bases have the same size. To do this we

prove the following:
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1.1.2 Lemma. Let V be a vector space. If S is a finite linearly independent
subset of V and T is a spanning set, then |S| < |T|.

Proof. We prove the result by induction on |S\ T|. Set k equal to |S\ T[; if
k = 0 the result is immediate, so suppose k > 0. Choose a vector u from
S\T.

Since T is a spanning set, u is a linear combination of elements of T,
and therefore by the lemma above there is a circuit C in T U u that contains
u. Since S is linearly independent, C is not contained in S and therefore
there is an element v in C that does not lie in S. Now v lies in the span of
C\v, and

C\vc(T\v)uu.

Therefore v belongs to the span of (T'\ v) U u. Since this span contains T\ v,
it contains T.

We conclude that (T'\ v) U u is a spanning set in V that meets Sin k +1
elements. O

It follows from this that any two finite linearly independent spanning
subsets of V have the same size, which we define to be the dimension of
V. A vector space has finite dimension if and only if it has a finite basis.

If V has dimension n then any independent set of size n is a basis, as is
spanning set of size n. Each independent set is contained in a basis and, as
we already knew, each spanning set contains a basis.

Ifa = (vy,...,v,) is an ordered basis for the vector space Vand w e V
then there are unique scalars ay, ..., a, such that

n
w = Z a;v;.
i=1

The coordinate vector [w], of w with respect to « is the n x 1 matrix with
entries ay, ..., a,. The function that maps w to [w]4 is an injective map
from V to F". We can also show that

[w+x]q = [W]g + [X] g, [cw]q = clw]g.

This shows that the coordinate map is an example of a linear mapping.

1.2 Subspaces

The intersection of any two subspaces (indeed, of any collection of sub-
spaces) is a subspace. The union of two subspaces is rarely a subspace—in
particular no vector space over an infinite field can be expressed as the
union of a finite set of proper subspaces. There is a replacement for union
though: the sum U + V of two subspaces U and V. We define this by

U+V.={u+v:uelU,veV}.
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We see that U + V is the span of U U V and therefore it is a subspace and it
is contained in any subspace that contains U and V. Consequently it is the
intersection of all subspaces that contained U and V and it follows that the
subspaces of a vector space, with the operations of intersection and sum,
forms a lattice. If U n V = {0}, we say that U + V is the direct sum of U and
V.

Here we are concerned with the dimension of U + V. For this we need
some preliminaries. Suppose U is a subspace of W. We say that a subspace
V of Wisa complement to Uif UnV = {0} and U + V = W. We construct
examples as follows. Suppose S is a basis of W and (81, S») is a partition of
S into two parts. Let U; denote the span of S;. Then U; + U, contains S, and
hence it is equal to V. It is also not hard to show that U; n U, = {0}. Hence
U, is a complement to U; (and vice versa).

1.2.1 Lemma. Let W be a vector space with finite dimension. Then any
subspace of W has a complement.

Proof. Let U be a subspace of W and let S be a basis for U. Then there is a
basis T for W that contains S, let V be the span of T\ S. O

1.2.2 Theorem. If U and V are finite-dimensional subspaces of V, then
dim(U + V) =dim(U) + dim(V) —dim(U N V).

Proof. We first establish a special case of the theorem: if U; and U, are
subspaces and Uy N U, = {0}, then

dim(U; + Up) = dim(U;) + dim(Uy).

To derive this, we note that if S; is an independent subset of U; (i = 1,2)
and U; N U = {0} then S; U S, is linearly independent. Hence the union of a
basis of U; and a basis of U is a basis for U; + Us.

Now we consider the general case. Let V; be a complement to UnN V in
V. Then by what we have just proved,

dim(V}) = dim(V) —dim(U n V).
We show that V; is a complement to U in U + V. First
U+Vi=U+((UnV)+V)=U+V.
Second, UnVicUnVandUnNV; € Vi, so
UnVic(UnV)nV;={0}.
Therefore V; is a complement to U in U + V and consequently
dim(V}) =dim(U + V) — dim(U).

The two expressions for dim(V}) imply the result. O
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1.3 Linear Mappings

Let V and W be vector spaces over the same field. A function T with do-
main U and codomain V is a linear mapping from U to V if, for all vectors
uy and uy in U,

T(uy + up) = T(ur) + T(u2)

and if, for all scalars ¢ and all vectors u in U,
T(cu)=cT(u).

To specify a linear mapping, we must explicitly give its codomain. (This
matters most when we consider adjoints.)

A bijective linear mapping is called an isomorphism. All this should be
familiar. The image and kernel of a linear mapping T are subspaces. The
dimension of im(7) is its rank and the dimension of ker(T) is its corank.
The following important relation between these parameters is sometimes
called the “dimension theorem” for linear mappings.

1.3.1 Theorem. If T is a linear mapping with domain V then
tk(T) + cork(T) = dim(V).

Proof. Choose a basis vy,..., v, for V such that vy, ..., v is a basis for
ker(T). Let U be the span of vi,1,...,v,. f ue U and Tu =0, then

ue Unker(T) = {0}.

Hence the set T'(vg+1),-.., T'(vy) is linearly independent, and consequently
it is a basis for im(T). O

This is perhaps the most useful formula in linear algebra. An important
consequence is that, if T maps V to itself, then it is onto if and only if it is
one-to-one.

The coordinate map with respect to a basis is an important example of a
linear mapping.

If Ais an m x n matrix over F then the function that sends x € F’” to
Ax in F" is a linear mapping, often denoted T4. This gives an even more
important class of examples. Note that ker(T) is the null space of A and
im(T,) is the column space of A, so the dimension theorem yields that

rk(A) + cork(A) = n.

As an application, we rederive the formula for the dimension of the sum
of two subspaces. If U and V are vector spaces over the same field, their
external direct sum is the vector space with vectors

{(u,v):ueV, veVy,
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where
(U1, v1) + (U2, v2) = (U1 + Uz, V1 + 12)

and
c(u,v) = (cu,cv).

We denote this by U & V, and claim that
dim(UeV)=dimU +dimV.

Now suppose that U and V are subspaces of W. Then we can define a
linear map S from U V to W by

S:(u,v)—u-—vo.

Note that S is a linear map from U & V to the subspace U + V of W. It
is easy to see that S is onto, and that its kernel consists of the vectors (x, x),
where x € UN V. Hence

dim(U + V) =1k(S) = dim(U) + dim(V) —dim(U n V).

Define
(U,0) :={(1,0): ue U}

and define (0, V) similarly. Then (U, 0) and (0, V) are subspaces of U & V
having zero intersection and

UeV=(U,0)+(0,V).

Thus an external direct sum is a direct sum of subspaces, as in the previous
section.

The term “external direct sum” is somewhat confusing. It may help to
view this as follows. We have a simple construction of a vector space W
from two vector spaces U and V over a field F. The space W is the direct
sum, in our original sense, of subspaces isomorphic to U and V.

1.4 Duals and Adjoints

Since we can add linear transformations from V to W and multiply them
by scalars, the set £ (V, W) of all linear transformations from V to W forms

a vector space. Hence:

1.4.1 Theorem. If V and W are vector spaces over [, then £(V,W) is a
vector space with dimension dim(V) dim(W).

Proof. We present you a set of linear mappings, and invite you to prove
they form a basis.
Let vy,..., v, be abasis for V and wy, ..., wy, be a basis for W. Let Ej, j be
the element of £ (V, W) given by
wj, ifr=4i

Ei,j (Ur) = .
0, otherwise.

5
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(We use the fact that a linear transformation can be defined by specifying
its values on a basis.) This set of dim (V) dim(W) operators is the subset we
promised. O

Here we will be most interested in the dual space £ (V,[F), which we
denote by V*. We consider some examples.

Suppose V is the space of all polynomials over F. If y € V*, then v is
determined by its values on a basis, and hence determined by its values on
the powers of x. If we denote ¥ (x") by ¥, then we find that

m . m
v pix' =) piyi.
i=0 i=0

Thus each sequence (¥,,) ;>0 determines an element of V*. It follows that
we can identify V* with the space of all formal power series in x.

Each element v of V gives rise to a map from V* to F, that sends v in
V* to w(v) in F. This map is linear and injective, and allows us to identify V
with a subspace of (V*)*. The previous example shows that this map need
not be an isomorphism in general, but it is an isomorphism when dim(V)
is finite. (This follows from the observation that V, V* and V** all have the
same dimension.)

If V = F", then the map that sends an element v to its i-th coordinate is
linear, and so belongs to V*. In this case V* = V.

If V = Mat,«,(F), then the trace function is an element of V*.

We cannot resist remarking on one special property of V*. There is a
natural product onit: if f, g € V* then fg is defined by (fg)(v) = f(u) g(w).

Let T be a linear map from V to W. If g € W*, then the composition
go T is alinear mapping from V to F; hence it is an element of V*. Thus we
have a mapping that takes an element g of W* to an element go T in V*.
This map is linear (prove it!), and is called the adjoint of T. We denote it by
T*.

(1) Prove that T* is linear.

(2) Prove that T is one-to-one if and only if T* is onto, and that T is onto if
and only if T* is one-to-one.

(3) Provethat T**=T.

(4) Prove that V is isomorphic to a subspace of V**.

1.5 Bilinear Forms

Suppose @ is a linear mapping from V to V*. If u, v € V, then the map
(w,v) = ®(u)(v)

is linear in each variable. Such a map is called a bilinear form. The simplest
example arises if we take V to be the space of n x 1 matrices over F. Then



MORE LINEAR ALGEBRA 7

we can identify V* with the space of 1 x n matrices. If vTev*andueV,
then the value of v” on wis v u. So we may take @ to be the transpose
map, and then the bilinear form takes (u, v) to ulv. We generally denote
the value of a bilinear form by (u, v).

If u € Vand @(u)(v) = 0 for all v then @ (1) must be the zero vector, and
so u € ker®. If ®(u)(v) = 0 for all u, then im @ lies in the subspace of V*
formed by the elements f such that f(v) = 0. If V is finite dimensional,
then V and V* have the same dimension and ker @ is the zero subspace if
and only if im® = V*. We say that a bilinear form is non-degenerate if ®
is invertible; in this case @ is an isomorphism and we have the following
description of V*:

1.5.1 Lemma. Let V be a finite-dimensional vector space with a non-
degenerate bilinear form. If f € V*, then there is a vector v in V such
that f(x) = (v, x). O

A bilinear form is symmetric if
(u,v) ={v,u)
for all u and v. It is alternating if
(U, vy =—(v,u)
and (u, u) = 0 for all u. (The first condition implies the second unless we
are working over a field of characteristic two.)

We describe one simple construction of bilinear forms. Let Abean n x n
matrix over F. If z and v belong to F", define

(u,v) := ul Av.

It is easy to verify this is bilinear. It is non-degenerate if and only if A is
invertible. It is symmetric if and only if A= AT and alternating if and only if
both AT = — A and all diagonal entries of A are zero.

If S is a subset of V then we define S* to be the set of vectors v such that
(v,x) =0forall xin S. (In practice, S will usually be a subspace or a vector.)
It is true that if U is a subspace of V, then

dimU*t =dimV — dim U;
but we leave you to prove this. (See the exercises at the end of this section.)
(1) If U is a subspace of V, show that V = U+ U+ ifand only if Un U+ = {0}.

(2) Given that dim(U+t) = dim(V) — dim(U), prove that U++ = U.
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1.6 Counting

We count bases and subspaces in vector spaces over GF(g). Throughout
this section we assume that F has order ¢q. Let V = F”. Then V contains
exactly g" elements.

We begin by counting the number of subspaces of dimension 1. First we
note that two distinct subspaces of dimension 1 have only the zero vector
in common, and that a subspace of dimension 1 contains exactly g — 1 non-
zero vectors. It follows that there are exactly (g —1)/(g — 1) 1-dimensional
subspaces of V. This number plays quite a role in what follows, so we

defi
efine -1

q-1"
(We will write [n] 4 if we need to make the order of F explicit.) Note that
[ll=1and [2]=g+1.

We next determine the number of ordered k-tuples (vy, ..., v) of vectors

[n] =

from V such that vy, ..., vk is linearly independent. Suppose we have such
a (k — 1)-tuple. We can extend it to a k-tuple by choosing vector not in
the (k — 1)-dimensional subspace spanned by the (k — 1)-tuple. There are
q" — q*~! such factors, and now a simple induction argument yields that
the number of ordered k-tuples of linearly independent vectors is

@" =D (q" - = 49 (g -V =11 n-k+11,
Since each k-tuple of linearly independent vectors spans a unique sub-
space of dimension k, and since each subspace of dimension k gives rise to
exactly

¢ gD klk-11---11)

k-tuples of linearly independent vectors, we find that the number of sub-
spaces of dimension k is

q@(q—l)k[n][n—1]---[’1_—kk+1](q—1)kk[k—1]-~-[1]
40
[nln—-1]---[n—k+1]
= 1.6.1
(kllk—1]---[1] ( :
This suggests the use of the following notation. We define
[n]!:=[n][n—1]---[1]
and
g L (1.6.2)
k| [k!n—k)! o

The right side of (1.6.2) is known as the Gaussian binomial coefficient.
Using it, we have:

1.6.1 Theorem. The number of subspaces of dimension k in a vector space
of dimension n over a field of order q is[}]. O
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We note another consequence. An ordered basis for F” is the same thing
as an invertible n x n matrix. Hence:

1.6.2 Lemma. The number of invertible n x n matrices over a field of order

qis g (g-1)"n)!. O

Although it may not be immediately apparent, the Gaussian binomial
coefficient is a polynomial in g.

(1) Derive two recurrences for the Gaussian binomial, analagous to

n| [n-1} ([(n-1
kKl \ k) \k-1f
(2) Show that the coefficent of ¢ in [IC J,;[] is the number of partitions of n

with at most k parts, each of size at most ¢.

(3) Let U be a fixed subspace of F” with dimension k. Compute the num-
ber of /-dimensional subspaces V of F” such that V n U = {0}.

(4) Let U and V be subspaces of F” such that dim(U) = k, dim(V) = n—k
and U NV = {0}, where 2k < n. Compute the number of subspaces W
with dimension k such that

WnU=WnV={0}.






2

Incidence Matrices and Rank

We consider examples of rank arguments in Combinatorics. The basic
problem is to derive an upper bound on the size of some set of objects. The
solution strategy is to encode the objects as vectors, and then argue that
the resulting set of vectors is linearly independent and hence its size is
bounded by the dimension of the ambient vector space. It is often natural
to present the set of vectors we get as the rows of a matrix, in which case
our conceren is the rank of the matrix.

2.1 Fisher’s Inequality

A design is a collection of k-subsets (called blocks) of a point set V of size v;
itis a t-design if there is a constant A; such that any subset T of V with size
t lies in exactly A;. The number of blocks is denote by b. Lacking warnings
to the contrary, we assume ¢ = 2. (A 1-design is a semi-regular bipartite
graph.) If 2 is a t-design, and s < ¢, then a simple counting argument

yields that
k
s s

Hence a f-design is an s-design if s < . We note that 1y = b and that 1, (the
number of blocks on a point) is denoted by r.

The incidence matrix N of a ¢-design is the v x b 01-matrix with rows
indexed by points, columns by blocks and with N, g =1if v e §.

2.1.1 Lemma. If N is the incidence matrix of a 2-design,
NNT =(r-2A)I+Az]. O
Since NJp,, = rJp,,, the lemma yields that
N(NT - %]b,v) =(r-2A)l.

Therefore N has a right inverse and so its rows are linearly independent.
This implies the number of columns of N is at least v and this yields
Fisher’s inequality: for any 2-design, b = v.
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One view of what we have done is that we have encoded each point of
the design as the characteristic vector of the blocks that contain it, and
then verified that these vectors are linearly independent.

2.2 Subset Incidence Matrices

We define W, i (v) to be the incidence matrix of z-subsets versus k-subsets
of aset V of size v. Thus (W 1 (v))q,pe = 1if a is a t-subset, § a k-subset of
Vand a c B (and (W, (V) g, pe = 0 otherwise). When v is clear from the
context, we will write W, .

Although there is no apparent need, we also define a second 01-matrix
V_Vt’ x(v), with rows indexed by ¢-subsets, columns by k-subsets of V such
that

(Wt,k(l/)) 5 =1

a,

if and only if @ N = @. Again we will abbreviate this to W, ; when conve-
nient.

To completely define these matrices we should specify an ordering of
t-sets and k-sets, but we leave this choice to the reader. As an exercise you
might prove that there is a permutation matrix P such that

Wk =Wy ,_iP.

The fundamental result is that if ¢ < k, then W, j has full rank. In par-
ticular if £ < k and 2k < v, the rows of W, ;. are linearly independent. Note

that
whow T = v-1) (v-2 I+ v—2 J
VERLET W k=1) (k-2 k-2

Since the right side here is the sum of a positive definite matrix and posi-
tive semidefinite matrix, it is positive definite and therefore it is invertible,
from which we deduce that the rows of W | are linearly independent. As
W, i is the incidence matrix of a 2-design, its rows are linearly independent
too. Proving that, in general, W} i has full rank requires more preparation.

2.2.1 Lemma. We have:

@ Wi Wi = (]Z:;)VVzk

(b) V_Vi,ngk = (U,;_t;i) Wi

(c) Wi,kWtT,k = (V;:l) Wi t
We will make a lot of use of the first of these three identities.

2.2.2 Lemma. We have:

@ Wop=Xi=D'W W,



(b) Wip=Xi(~D'W W,

Proof. We prove (a) and leave (b) as an exercise. Suppose « is a t-subset of
V snd B is a k-subset. Then (I/_Vt,k) 5 = 1if B lies in the complement of «,
a,

and is 0 otherwise.
Now

(Wi,T;Wi,k)a,,B - (m r; ‘6|)

and therefore the («, B) entry of the sum in (a) is equal to

Ciflenpl) _J1 ifanf=a;
zo )

0, otherwise.

The lemma follows. |

The next lemma provides the main step in proving that W; ; has full
rank.

2.23Lemma. Ift < k < v - t, the matrices W, ;. and W,, « have the same
row space.

Proof. From Lemma 2.2.1(a) we have

-1
k-1
Wi = i Wi, Wy i

and hence Lemma 2.2.2(a) implies that

-1

— (k-1

Wt,k:(z(_l)l(t_i) Wi,TtWi,t) Wi k-
i

Therefore each row of V_V[' k is alinear combination of rows of W, j.
It is easy to verify that

— v—k-i|l—
Wi,tWt,k = i Wi,k

whence Lemma 2.2.2(b) implies that

v—k—i

-1
Wt,k = (Z(_l)l( f—i ) WthWl,I) V_Vt,k'

1
and therefire each row of Wy is a linear combination of rows of Wt, - |
Now the main result of this section.
2.2.4Theorem. If t < k < v — t, the rows of W; ;. are linearly independent.

Proof. We first consider the case where v = ¢ + k. Then W; ,—; and Wt,,,_ ¢
are square of the same order. As Wt,,,_t is a permutation matrix, it is invert-
ible and since V_Vt,v_t and W; ,—; have the same row space, they have the
same rank and therefore W;, ,_; is invertible.

MORE LINEAR ALGEBRA
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Nowif t < h<v-tthen

v—2t

Wt,hWh,v—t = ( h—t

) Wt, v—t-
Since the matrix on the right of this equation is invertible, it follows that the
rows of W, j, are linearly independent. O

The observation that this theorem follows from the fact that W; ,_; is
invertible seems to have appeared first in Graver and Jurkat !. !

2.3 Equitable Partitions

We develop a version of equitable partitions for m x n matrices.

Let p be a partition of the rows of the matrix’> N and let o be a partition 2 ysually an incidence matrix
of its columns. Let R and S respectively be the characteristic matrices of
p and o. If 7 is partition, let ] pi; denote its i-th cell We say that the pair
of partitions (p, o) is equitable if for each i and j the submatrix of N with
rows indexed by p; and columns indexed by the ¢ ; has constant row and
column sums.

Examples. If N is the incidence matrix of an incidence structure .#, the
automorphisms of .# are given by permutation matrices P and Q such
that PNQT = N. (Note that Q may not be determined by P, for example,
if there are blocks with the same point set.) If p is the orbit partition of the
automorphism group on points and o is the orbit partition on blocks, then
(p,0) is equitable. To make this more concrete, consider Wy ;, and let S
be a subset of V with size s. We take p to be the partition of the z-sets a
according to the size of a N S. Similarly we take o to be the partition of the
k-subsets 8 according to the value of BN S. Then (p, o) is equitable, with

[pl=lol=s+1.

You might verify that p and o are orbit partitions, corresponding the sub-
group of Sym(V) that fixes the set S.
The matrix N gives rise to a bipartite graph X with weighted adjacency

Ao N
“\NT o)

If N is an incidence matrix, the cells of p and o form a partition of the

matrix

vertices of this graph that refines the partition into colour classes, denote it
by puo. Then (p, sg) is equitable (as defined above) if and only if p U o is
an equitable partition in our usual sense.

We may refer to the bipartite graph with weighted adjacency matrix

v )

as the dual of X. It might be isomorphic to X.3 3 and it might not
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2.3.1 Theorem. Let W be a matrix and let p and o respectively be partitions
of the rows and columns of W, with characteristic matrices R and S. Then
(p,0) is equitable if and only if there are matrices ® and ¥ such that WS =
R® and RTw =wsT.

Proof. Let W; ; denote the submatrix of W with rows indexed by the entries
of p; and columns indexed by the entries of o ;.

We have
o w\(R o) [0 WS
w? o)lo s/ \w'r o
nd
0 RO _ R 0}(0 @
s¥ o) |o s/\¥ of
Therefore
0 WS\ (0 Ro
wir o] (s¥ o
if and only if
o w\[R o) (R o\fo @
w? o]lo s] lo s/\l¥ of
We see that
Ao w
\wT o
is symmetric, n x n say, and that
R 0
Q= 0 S

is the characteristic matrix of the partition p U o of {1,..., n}. Let Q be the
normalized characteristic matrix of this partition. Then A fixes col(Q) if
and only if A commutes with the projection

QQT®QT,

But this projection is block-diagonal with diagonal blocks of the form % T
and the projection commutes with A if and only if (p, o) is equitable. O

Our equations yield that
vs's=R"WS=R"Ro

where STS and R” R are diagonal with entries equal to the sizes of the
corresponding cells and therefore

o=R'R'RTws, w=RrRTwsiTs)™.

This shows that @ and ¥ are determined by R, S and W.
Now R(RTR)~'RT represents orthogonal projection onto the space of
functions on points that are constant on the cells of p, and hence R® = WS
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16 CHRIS GODSIL

if and only if R(RTR)"'RT WS = WS, that is, if and only if the columns of
WS are constant on the cells of p. Similarly R” W = ¥ ST if and only if the
rows of RT W are constant on the cells of 7.

We also note thatif RTW = ¥ST and zT¥ = 0, then (Rz)TW = 0. There-
fore if the rows of W are linearly independent, we have that z = 0. This
shows that, if the rows of W are linearly independent, so are the rows of V.

2.4 Induced Partitions

Let p be a partition of the rows of W with characteristic matrix R. Equality
is an equivalence relation on the columns of R” W we define this partition
of the columns to be the partition induced by p. We denote it by p*.

2.4.1 Theorem. Let p be a partition of the rows of the matrix W. If the rows
of W are linearly independent, |p| < p*.

Proof. Let R be the characteristic matrix of p. If zZT RTW =0, then z" RT = 0.
As columns of R are linearly independent, this implies that the rows of
RTW are linearly independent.

Since the rows of RT W lie in row(W), we have lpl < rk(W).

The number of distinct columns of RTW is an upper bound on k(RTw),
and the number of distinct columns is |p*|. Our inequality follows. O

This theorem has a very wide range of applications.

Let I" be a group of automorphisms of an incidence structure of points
and blocks, let p be the orbit partition on points and let o be the orbit parti-
tion on blocks. We claim* that o is a refinement of the induced partition p*. 4 and you should prove
Hence

2.4.2 Lemma. Let .# be an incidence structure of points and blocks with
incidence matrix W and let I" be a group of automorphisms of .#. If the
rows of W are linearly independent, then the number of orbits of I' on
blocks is at least as large as the number of orbits on points. O

A simple corollary is that if .# is a 2-design and I is transitive on its
blocks, it is transitive on points.

Let ¢4 (n, e) denote the set of isomorphism classes of graphs on n vertices
with e edges.

2.4.3 Lemma. If2 < (;), then|9(n,e—1)| < |%(n,e)|.

Proof. Set N = (};). We view a graph on 7 vertices with e edges as an e-
subset of some fixed set of size N (e.g., E(K,)). Let W denote W ¢_; (N).
Then Sym(n) acts as a group of automorphisms of the incidence structure
of (e — 1)- versus e-subsets of {1,..., N}; the orbits on (e — 1)-subsets are the
elements of 4 (n, e — 1) while the orbits on e-subsets are the elements of

% (n, e). Since the rows of W are linearly independent, the lemma follows. [
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We offer a more technical application of Theorem 2.4.1 due to Cameron
and Liebler °. 5

2.4.4 Lemma. Let p be partition of the rows of W. fWW T = al + b] for
some a #0and b and |p*| = |pl, then (p, p*) is equitable.

Proof. T WWT = al + bJ with a # 0, then WW 7 is invertible and the rows
of W are linearly independent. Let R and S be the respective characteristic
matrices of p and p*. Then there is a matrix ¥ of order |p| x |p * | such that

RTw=wsT

Since |p| = |p*|, we see that ¥ is square. If z7 ¥ = 0, then z RTW = 0 and it
follows that z = 0. Therefore ¥ is invertible.
From equation (2.4) we find that

WwlirR=wsyT

and consequently
(aI+b)HRY T =WwSs.

Assume W is m x n and |p| = r. We write /(4 to denote the all-ones matrix
of order k x k. As R1 =1, find that

JowR=RInR"R
and therefore
WS=(aR+bJimyRY¥Y T =(@aR+bRJ RTRW T =R(al+ JRTR)¥WT.

Combined with Equation (2.4), this implies that (p, p*) is equitable. O

We present two more applications of this theory as exercises.

We recall that the Gaussian binomial coefficient [*£] is a polynomial in
g, and can regarded as the generating function for the number of integer
partitions of n with at most k parts, and with each part of size at most ¢.

It is easy to see (given this description) that the coefficients of this poly-
nomial form a symmetric sequence. Your problem is to prove that it is
unimodal.

Let I" be the wreath product Sym(¢) : Sym(k), acting on a k x ¢ array
of squares by permuting the ¢ squares in a row independently, and by
permuting the k rows without changing the orders of the squares in a row.
(So II'| = (¢))¥ k!, and we might also view it as the automorphism group of
k vertex-disjoint copies of K,). Show that the number of orbits of I on the
sets of n squares from the array is the coefficient of g” in [kz[].

The second application is another proof of Theorem 2.2.4. We work with
the incidence structure formed by the ¢-subsets and k-subsets of a v-set,
with incidence matrix W; . Let T be a t-subset and let I" be the subgroup
of Sym(v) formed by the permutations that map 7 into itself. (Its order is

17



18 CHRIS GODSIL

t!(n—1)!.) Then I has t+1 orbits on t-subsets, and ¢+ 1 orbits on k-subsets.
Show that matrices @ and¥ provided by Theorem 2.3.1 are triangular with
non-zero diagonals and hence are invertible. Also show that if there is a
non-zero vector zE such that zATWt, « = 0, there is a non-zero vector 2
constant of the cells of the row partition such that ZTWL r = 0. Hence derive

a contradiction.

2.5 Null Designs

Let Q2 denote the set of all k-subsets of our v-element set V. We may define

a t-design to be a non-negative integer-valued function f on 2 such that,

for each f-subset T of V the sum of f on the k-subsets that contain T is

equal to 1.5 Equivalently, viewing f as a vector, 8 A design is simple if f is 01-valued.

Wl’,kf = A[l.

If f and g are two t-designs, then Wy ,.(f — g) = 0. We say that h is a null
design if W; ;h = 0. The characteristic function of  itself is a t-design’, 7 the complete design
whence it follows that each ¢-design is the sum of a null-design with the
complete design.
We give a concrete example, related to Steiner triple systems. Consider
the following two sets of triples.

W N =
[ BN SN
(=23 >RENS) BENOL]
w N oo,
[ BN NN S o
— = 01 W

Let V be the set of integers {1,..., v}, where v = 6 and let f be the function
on triples from V which is 1 on the four triples from A, —1 on the four
triples from B and 0 on all other triples. Then f is a null design.

If we are given a Steiner triple system which contains four triples form-
ing a configuration isomorphic to A then we may replace these by the
four triples in B. The result is a different Steiner triple system, which may
or may not be isomorphic to the original one. As an exercise, construct a
Steiner triple system on 13 points that contains a copy of A.

2.6 Supports

We derive a lower bound on the size of the support of a null (¢, k)-design.

The foundation of a null (¢, k)-design is the union of the blocks in its sup-
port. Suppose f is a null (¢, k)-design on the point set V and 1 € V. By ?2?
we have

=0. (2.6.1)

Wi ,-1(v=1) 0 h
Wir1(v=1)  We(v=-DJ\f
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From this it follows that f; is a null (¢ — 1, k — 1)-design on the point set
V\1. We call it the derived design with respect to the point 1. We call f,
the residual design of f with respect to 1. The next result shows it is a null
design too. Either the derived or residual design of f could be identically

zero.

2.6.1 Lemma. Let f be a null (t, k)-design on the point set V and suppose
1€ V. Then the derived design of f relative to 1 is a null (t — 1, k — 1)-design
and the residual design is a null (t — 1, k)-design.

Proof. We have already proved the first claim. As f is also anull (£ - 1, k)-
design, we may apply Equation (2.6.1) with ¢ — 1 in place of ¢ to get

Wit k-1fi+ Wik f2=0.

As W;_y k-1 /1 =0, it follows that f> is anull (¢ -1, k)-design. O

2.6.2 Theorem. The support of a null (t, k)-design on V contains at least
21*+1 blocks; its foundation contains at least k + t + 1 points.

Proof. We consider supports first. Our assertion is easily verified when ¢ =
0, so we assume that ¢ > 0. Suppose 1 € V and let f; and f> respectively be
the derived and residual designs relative to 1. By the previous lemma, both
/f1 and f5 are null (¢ — 1)-designs and, if they are both non-zero, we may
assume inductively that each is supported by at least 2 blocks. Since the
supports of fj and f; are disjoint, the claim follows. If fj = 0 then ??? yields
that W; v —1f, = 0. Thus f, is anull ¢-design and we may assume that its
support has size at least 2/*!. Similarly if f, = 0 then W ;v —1f; =0 and
f1 is a null £-design, therefore its support has size at least 2/+1.

For the foundation, let f be a null #-design on V and choose a point i in
V which does not lie in all the blocks in the support of f. Then the residual
design g of f relative to i is non-zero and so, by Lemma 2.6.1, it is a null
(t—1, k)-design on V' \i. By induction it follows that the foundation of g
contains at least k + ¢ points, whence the foundation of f contains at least
k+t+1. |

One corollary of this theorem is that if v = k + ¢ then the columns of
the incidence matrix W; . are linearly independent, butwhen v = k + ¢
this matrix is square. Hence we have shown (again) that W; ,_; is invertible
over the rationals and it follows (again) that the rows of W, ;. are linearly
independent over the rationals when t < k< v — k.

2.7 Null-Designs on Subsets

This section is based on work of Frankl and Pach.
We have defined null (¢, k)-designs as functions f on k-subsets of V =
{1,...,n} such thatif 7 is a £-subset of V, then f sums to zero on the set

BSV:Ifl=k 1B
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As
Wi, Wi = (k= t+ D) Wiy i,

the row-space of W;_,  is a subsopace of the row space of W, i and if so
|sg < t| anull-design sums to zero on the k-subsets that contain 0. We may
extend f to a function on subsets of V by defining it to be zero on sets of
size not equal to k.

This leads us to redefine a null-design of strength at least ¢ as a function
on subsets of V that sums to zero on the subsets that contain a given set of
size at most ¢. (So a null (¢, k)-design is a null design of strength at least ¢
whoe support consists of subsets of size k.)

If f is a function on subsets of V, define a new function f* by

f@:=) 1.
p=2r
Then f is a null-design of strength at least ¢ if f* is zero on all subsets of
size at most .
Because of the way we defined f*, we can recover f from f* by Mdbius

8

inversion: 8 For Mébius inversion see, for example,

f(ﬁ) — Z (_l)lﬁ\alf* (ﬁ)- https://arxiv.org/abs/1803.06664
a:a=2f
With this in hand, we can create a null-design fy on a subset U of V from
anull design f on V by Mobius inversion on subsets of U applied to the
restriction f* [U.

2.7.1 Lemma. If f is a null-design on V and U € V, then

ful@= Y fm.

ynU=«a

Proof. We have

ful@= Y P9 p

acfcU

Y 0Py fp)

acpcU v=2p

Z f(},) Z (_1)\ﬁ\0€\

ysv acpsUny

= Y fm. i

ynU=a

One consequence of this lemma is that if fi7(a) # 0, there is a subset y of
VsuchthatynU = a@ and f(y) # 0. The next lemma follows immediately
from the definition of f;.

2.7.2 Lemma. Let f be a null design of strength at least t and V and let U
be a minimal subset of V such that f*(U) #0. Ifa < U, then

fo(@) = D'V £ ). O


https://arxiv.org/abs/1803.06664
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2.7.3 Corollary. The support of a null design of strength at least t has size
at least 2",

Proof. Let U be a minimal subset of V such that F*(U) #0. Then |U| = t+1.
By the lemma, fi7 is non-zero on each subset « of U, and by our remark
above, for each such a there is a subset y of V withynU =a and f(y) #0.0

2.8 Edge Reconstruction

We apply our bound on the support of null design to the edge-reconstruction
problem.

The edge-reconstruction conjecture is the claim that a graph is deter-
mined by the collection of its edge-deleted subgraphs. This statement is
vague, we offer a precise version of it. We say that the graph Y is an edge
reconstruction of X if there is a bijection § : E(Y) — E(X) such that, for
each edge ein Y we have Y \e = X\ f(e). A graph X is edge reconstructible
if any edge of X is isomorphic to X.

The graph K3UK] is an edge reconstruction of Kj 3. The edge reconstruc-
tion conjecture? is the assertion that any graph with at least four edges is 9 Harary, 1964
edge reconstructible.

In the following discussion, we view a graph on 7 vertices as a subset
of the edges of K;,. (So we are fixing our vertex set.) Thus a graph is just

a subset of E(K},;) and hence there are 2(2) graphs on n vertices. (Some
» 10

people might say that we are dealing with “labelled graphs”. 1 We will return to this below, we do not

find this terminology useful.

For a graph X, define px (F) to be the number of edge-deleted sub-
graphs of X isomorphic to F. Let X and Y be graphs on n vertices with
e edges, with e = 4. The edge reconstruction conjecture asserts that if
Ux = Uy, then X and Y are isomorphic.

We translate the problem into linear algebra. Let N denote (g) and
define

W= We_1,0(N).

If X is a graph on e edges, let vx be the function on subsets of E(K},) de-

fined by
1, F=X;
vx(F) =

0, otherwise.

We view vx as a column vector; we can also view it as the characteristic
function of the set of graphs isomorphic to X.

2.8.1 Lemma. Graphs X and Y on e edges and n vertices have the same
collection of edge-deleted subgraphs if and only

W (Aut(X)|vx — |Aut(Y)|vy) = 0.

Proof. The entry of Wvy indexed by the graph F on e — 1 edges is equal
to the number of graphs isomorphic to X that contain F (as a subgraph).

21
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Hence the F-entry of |Aut(X)|Wvx is equal to
@ € Sym(n) : F< X%} = [{a € Sym(n) : F* ' < X} = ux(F).

Therefore |[Aut(X)|Wvx = px and this yields the lemma. O

2.8.2 Theorem. Let X be a graph on n vertices with e edges. If 2e = (’21) +1
or2°~' > nl, then X is edge reconstructible.

Proof. Assume px = uy and set
z=|Aut(X)|vx — [Aut(Y)|vy.

We show that if the stated conditions on 7 and e hold, then z = 0.

For the first claim, recall that W has full rank and so if the number of
rows is greater then the number of columns, the columns of W are linearly
independent. Therefore z = 0 and this yields the first claim.

For the second claim, we note thatif z # 0 and Wz = 0, then zis a
null (e — 1, e)-design and therefore its support has size at least 2°. The
number of non-zero entries in vy is n!/|Aut(X)| and the number in vy
is n!/|Aut(Y)|, so z has at most 2n! non-zero entries. This implies that
2¢ < 2n! and accordingly 267! < n!. O

The two parts of the theorem are due respectively to Lovasz and Miiller.
Both parts of the above proof can be extended to reconstruction of k-edge-
deleted subgraphs (see Godsil Krasikov, Roditty) and, even more generally,
to k-edge reconstruction of hypergraphs.

Labelled graphs: you are invited to try to express the above arguments
using the language of labelled and unlabelled graphs. One point of diffi-
culty is that I do not recall seeing a precise definition of “unlabelled graph”
in writing.



3
Primary Decomposition

We use the primary decompostion to decompose vector spaces and linear
mappings.

3.1 Modules

Let V be a vector space over [F and let T be an endomorphism of V. A
subspace U of V is T-invariant if u € U for all elements u of U. If U is T-
invariant, it is invariant under all matrices in the ring F[ 7] of polynomials
in T. Hence it is a module over this ring; we may also refer toitasa 7T-
module.

(1) If T = I then a T-invariant subspace is just another name for a sub-
space.

(2) The zero subspace and V itself are T-invariant, for any T.

(3) ker(T) is T-invariant, because if u € ker(T) then Tu = 0, and certainly
0 € ker(T).

(4) Therange of T is T-invariant. For if u lies in the range of T then Tu is
contained in the range of T.

(5) If Uis asubspace of V, the preimage of U relative to T is the set
{veV:TveU}.

If U is T-invariant, then so is its preimage relative to T'. (Since ker(T) is
the preimage of {0}, this shows that ker(7) is T-invariant.)

(6) The intersection and sum of T-invariant subspaces are T-invariant.

If U is a T-invariant subspace, then T [ U denotes the endomorphism of
U that is defined by
(TTU)(w) = Tu,

for all u in U. We call T the restriction of T to U. If U is a 1-dimensional
T-invariant subspace and u spans U, then Tu must be a scalar multiple of
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u. If u is a non-zero vector and Tu = O u, we say that u is an eigenvector of
T with eigenvalue 6.
If u € W, then the subspace spanned by vectors

T"v, r=0,1,...

is easily seen to be T-invariant. We call it the T-invariant subspace gener-
ated by v, and observe that is the smallest T-invariant subspace of W that
contains v. A T-invariant subspace generated by a single vector u is called
a cyclic subspace for T. Cyclic subspaces are perhaps the most important
class of invariant subspaces.

(1) If T € End(V) and T is invertible, show that a T-invariant subspace is
T~l-invariant.

3.2 Control Theory

Consider a system of n + 1 bodies arranged in a line. Assume that if the tem-
perature of the i-th body (1 < i < n) at time r is #;(r), then its temperature
attime i + 1 is given by

1
ti(r+1= Z(ti—l(r) +28;(r) + t41(r))

The temperature of the 0-th body is entirely under our control, we denote
its value at time r by u(r). The temperature of the (7 + 1)-st is fixed at zero.
If £(r) is the vector in R” with i-th entry ¢;(r) then t is determined by the
equation of the form:

t(r+1)=At(r)+u(r)b

and the temperature vector £(0) at time zero. In particular, if n =5 then

0 0 0 0 0 0
025 05 025 O 0 0
0 025 05 025 O 0
0 0 025 05 025 O
0 0 0 025 05 0.2
0 0 0 0 0 0

5

S O ©O © O =

By choosing different values for the terms of the sequence
u(0), u(l)...u(m)

we can reach a variety of different temperature distributions; are there any
we cannot reach?
To study this we assume that #(0) = 0. Then

t(1) =u(0)b

1(2) = u(l)b + u(0)Ab
t(3) = u2)b+ u(1) Ab + u(0) A%b
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and
r .
tr+1)=) u(r-i)A'b.
i=0

If W, is the matrix

W,:(b Ab - Ar—lb)
then we see that
u(0)
tr+1) =W,
u(r)

The state #(r + 1) is therefore reachable if and only if it lies in the column
space of W,. When r = n, this column space is precisely the A-cyclic sub-
space generated by b. (As the vectors A’ b lie in R" we have that A” lies in
the column space of W,, and, in general, the rank of W,,, equal to the rank
of W,,, whenever m = n.)

In our particular example above, W is an upper triangular matrix with
diagonal entries 4177, for r = 1,...,6. Therefore the cyclic subspace gener-
ated by b is R®, and so all states are reachable after at most six steps. If we
change b to

—_ o O O O

then the space of reachable states has dimension two—in this case all
reachable states have #;(r) = #6(r), t2(r) = t5(r) and 3(r) = t4(1).

(1) Show that, even if £(0) # 0, it is still true that all states are reachable
after at most n steps if and only if the A-cyclic subspace generated by b
is all of R™.

(2) Asystem given by
(r+1)=Atr),  z)=c'ir

is observable if, given z(0), z(1),...z(m) (where m = n) we can compute
t(i) fori = 0,..., m. (Note: the input for the computation is A, ¢ and
the values of z.) Show that this system is observable if and only if the
cyclic A”-subspace generated by c is equal to R”. Show further that, if
the system is observable, we need at most z consecutive values of z to
determine all previous states of the system.

25
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3.3 Sums

We consider direct sums of subspaces. Suppose Uy, ..., Uy are subspaces
of V, and define Ulf to be the sum of the subspaces U;, where j # i. We
say that V is the direct sum of the subspaces U; if V is the sum of the sub-
spaces U; and

U,-ﬂUlfz{O}, (i=1,...,k). (3.3.1)

If this condition holds, we write
V=U & & Uy. (3.3.2)

There is a condition equivalent to (3.3.1) that is often easier to work with: V'
is the direct sum of Uy, ..., Uy ifand only iffori = 1,...,n -1,

UinUj1 +---+ Up) = {0}

We leave you to verify that these two conditions are equivalent.
As an easy consequence of the definition of direct sum, we have

dim(V) =dim(U;) + - - - + dim(Uy).

There is a converse to this: if Uy, ..., Uy are subspaces of V whose sum is V'
and

)" dim(U;) = dim(V),
i

then V is the direct sum of the U;’s.

If (3.3.2) holds and v € V, then v can be written in exactly one way as a
sum

v=up+-+ Uy,

where u; € U;. Define amap E; : V — U; by E;(v) = u;. Then E; is linear,
Ei+---+E.=1,

and

E;, ifi=j;

E;Ej= ! ]

0, otherwise.
Note that the last condition implies that E; is idempotent, that is, El2 =
E;. We call E; the projection onto U;. Conversely, if E, ..., Ej is a set of
idempotents satisfying these conditions and U; is the range of E;, then V is
the direct sum of the spaces Uj;.

1. Ifuy,..., u, are elements of V and U; = span(u;), show that V is the
direct sum of Uy, ..., U, if and only if u;, ..., u, is a basis for V.
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3.4 Invariant Sums

If T is an endomorphism of V, we say a direct sum decomposition of V'
is T-invariant if each summand is. If V is the T-invariant direct sum of
Uy,...,Urand v € V then

V=1uy+--+ Ug,

where u; € U;. Hence
T(w) = (T U () + -+ + (T Up) (ug),

and so we say that T is the direct sum of the operators T [ U;. It can be
extremely useful to be able to decompose V into a T-invariant direct sum.

We develop a characterization of invariant direct sums in terms of pro-
jections. We use the following simple tool.

3.4.1 Lemma. If E is idempotent, then x € im(E) ifand only if x = Ex.

Proof. If x e im(E) then x = Ey for some y and therefore
Ex:Ezy:Ey:x.

If x = Ex then clearly x € im(E). O

3.4.2 Theorem. SupposeV = V; @ --- @ Vi and let E1, ..., Ej. be the set of
projections corresponding to the subspaces V;. Let T be a linear operator
on V. Then the direct sum decomposition of V is T -invariant if and only if
TE; =E;T foreachi.

Proof. We first claim that if E is an idempotent then im(E) is T-invariant if
and onlyif (/- E)TE =0.

Now (I — E)TE = 0if and only if T maps im(E) into ker(I — E). But
(I - E)x = 0ifand only if x = Ex and so the previous lemma implies that
ker(I — E) =€ (E). This proves our claim.

It follows from this claim that im(I — E) is T-invariant if and only if
ET(I-E)=0.

If TE=ET, thenboth ET(I - E) and (I — E) TE are zero. Conversely, if

ET(I-E)=(UI-ETE=0

then
O0=ETU-E)-(I-EYTE=ET-TE

and so T and E commute. Hence we have shown that im(E) and im(I — E)
are T-invariant ifand only if ET = TE.

Let Vl./ be the sum of the subspaces V; for j # i. Then Vl.’ =im(I - E;),
and so V; and Vl.’ are both T-invariant if and only if E; commutes with T.
The theorem follows directly from this. O

27
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Our next result identifies one case where we can express V' as a sum of
T-invariant subspaces.

3.4.3 Lemma. Let T be an endomorphism of V. Then V =im(T) + ker(T) if
and only ifim(T) nker(T) = 0.

Proof. Suppose rk(T) = k and dim(W) = n. Then dim(ker(7T)) = n— k and so
im(T) +ker(T) = nif and only if im(7) nker(T) = {0}. O

The constraint on T here may also be expressed thus: if w € W and
T?w =0then Tw =0.

As an application of this lemma, suppose that T is idempotent. If T?v =
0, then T'v = 0 and so no non-zero vector Tv lies in ker(T). Hence V is the
direct sum of im(T) and ker(T). Note that T [ker(T) is the zero map.

1. Show that a square matrix of the form

0 X
0 I

is idempotent. If T is represented by the matrix

P:=

A B
C D

’

show that T fixes ker P if and only if C = 0 and that T fixes col(P) if and
only if
XCX-AX+XD-B=0.

3.5 Minimal Polynomials

Let T be an endomorphism of the n-dimensional vector space V.If v e V,
then there is a least positive integer r such that T" v lies in the span of v,
Tv,...,T""1. Hence there are scalars a, ..., a, such that

T v+a, T 'v+-+agv=0.

It follows that there is a monic polynomial ¢(f) such that ¢(T)v = 0. If ¢
and ¢, are two polynomials such that ¢;(T)v = 0, then for all polynomials
ay(#) and ay (1),

(a1 (T)p1(T) + ax (T2 (T)v =0,

from which it follows that if ¢(¢) is the gcd of ¢, () and ¢, (?), then p(T)v =
0. Consequently:

3.5.1 Lemma. Suppose T is an endomorphism of the finite-dimensional
vector space V and v € V. There is a unique monic polynomial of least
degree v, (t) such thaty,(T)v = 0. The degree of v, is equal to the dimen-
sion of the subspace generated by v. O
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We call v, (t) the minimal polynomial of T relative to v. Since dimV =
n, the degree of v, () is at most n.

Next we observe that space of endomorphisms of V has dimension n?,
and therefore there is a least integer r, at most n? suchthat I, T,...,T" are
linearly dependent. It follows that there is a unique monic polynomial y of
least degree such that ¢ (T) = 0. It is called the minimal polynomial of T.
(If L7 denotes the linear operator on End(V) given by L7 (M) = T M, then
the minimal polynomial of T is the minimal polynomial of Lt relative to T
itself.)

If v € V, then certainly y(T)v = 0, and it follows that v, (#) must divide
w(t). Hence () is the least common multiple of the polynomials v, (), as
v runs over a basis of V.

3.5.2 Lemma. Suppose T is an endomorphism of the finite-dimensional
vector space V and v is the minimal polynomial of T. Then each zero of y
is an eigenvalue of T

Proof. Suppose v, (0) = 0. Then
y() =(t-0)p2)

and therefore
(T-6Dp(T)=0.

Since ¢ is a proper factor of 1, we see that ¢(T) # 0. Let w be a non-zero
column of ¢(T). Then (T —6)w = 0, and so w is an eigenvector for T with
eigenvalue 0. O

If v, is the minimal polynomial of T relative to the vector v and vy, () =
(t—0)p(2), then @(T)v is an eigenvector for T with eigenvalue 6. When
dim V is small, this provides an effective way of finding eigenvalues.

For example, suppose dim V' = 2, and choose a non-zero vector v. If
we are very lucky, v is an eigenvector for T. If not, then T?v is a linear
combination of v and Tv, and v, is quadratic. If 6 and 7 are the zeros of
v, (1), then (T —01)v is an eigenvector for T with eigenvalue 7.

3.6 Primary Decomposition

We use the minimal polynomial of an endomorphism to derive a direct
sum decomposition of the space on which it acts. We use the following fact:
the greatest common divisor of the polynomials ¢, ..., ¢ is 1 if and only if
there are polynomials ay, ..., ai such that

apr+ -+ arpr = 1.

3.6.1 Theorem. Let T be an endomorphism of V with minimal polynomial
v (t). Suppose that y(t) = H;zl v;(t), where the factors y; are pairwise
coprime. Set ¢, = w/y, and let a;(?),...,a,(t) be polynomials such that
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Y ai(t)pi(t) = 1. Then V is the direct sum of T -invariant subspaces Uj,
where U; is the range of the idempotent a;(T)¢;(T). The minimal polyno-
mial of T|U; iswy;(t), and U; = kery; (T).

Proof. The greatest common divisor of the polynomials ¢; is 1, and so
there are polynomials a; such that

a1(p1+...+ar(pr:1‘ (3.6.1)

Define
E;:=ai(T)p;(T).

Then
;
Y Ei=1.
i=1
If i # j then y divides ¢;¢ j, whence
E;Ej=0.

Together the last two equations imply that El2 = Ej; thus Ej; is an idempo-
tent.
Let U; denote the range of E;. If u € U; then E;u = u and so

Tu=TE;ju=E;Tu.

Therefore Tu lies in the range of E;, and therefore U; is T-invariant. Hence
V is a direct sum as described.

Next we show that the minimal polynomial of T [U] is ;. Suppose p is
a polynomial such that p(T)U; = 0. Then

0=p(ME =p(Mai(T)e1(T)

which implies that pa, ¢, is divisible by ¢ and consequently that v di-
vides pa;. Since y divides each of ay, ..., a;, it follows from (3.6.1) that
a; and v are coprime. Hence v, divides p, and we conclude that v, is
the minimal polynomial of T | U;. Setting 1 equal to 7, the general result
follows. O

Remark: If T has minimal polynomial (), the ring of all polynomials in
T is isomorphic to the quotient ring F[¢]/(w(#)). The preceding theoryis a
reflection of the structure theory of this ring.

We use the primary decomposition theorem to prove the following
fundamental result.!

3.6.2 Theorem. Let T be an endomorphism of the vector space V over

the fieldF, whereF is algebraically closed. Then there is a diagonalizable
endomorphism S and a nilpotent endomorphism N such that S and N are
both polynomialsin T and T = S+ N.

! The Jordan-Chevalley decomposition
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Proof. Let y be the minimal polynomial of T. Since [ is algebraically
closed, we may write v as

y =]Je-6n".
i

Define y; by
w(1)
(t—0)mi’

Let E; denote kery;(T). The polynomials v; are coprime (as a set) and so

vi(t) =

by the primary decomposition theorem, the E; are pairwise orthogonal
idempotents summing to I. Further each E; is polynomial in 7.
Define S by

SZZGiEi.
i
If x e ker(T —0;)™ then
(T-8)Mix=(T-0;)™x=0,

from which it follows that T — S is nilpotent. As E; is a polynomial in T, we
see that S is too. O

3.7 The Degree of the Minimal Polynomial

We have seen that the minimal polynomial of an endomorphism 7 of V is
equal to the least common multiple of the minimal polynomials v ,,, where
v runs over the vectors of a basis V. Fortunately something more concrete
is true.

3.7.1 Theorem. If T is an endomorphism of F", then there is a vector x
such that the minimal polynomial of T relative to x is the minimal polyno-
mial of T.

Proof. Assume first that the minimal polynomial ¢ of T equals p(£)",
where p is irreducible. Then p(T)™ = 0 but p(T)™~! # 0. Choose a vector x
such that p(T)™ ! x # 0. If ¢ is monic and ¢(T) x = 0 then ¢ must divide .
If ¢ divides p™~! then ¢(T)x # 0. Consequently ¢ = p™.

Now suppose that the minimal polynomial of T has the coprime factor-
ization Y1, and that U; and U, are the summands of the corresponding
direct sum decomposition of F”. Let E; and E» be the associated idempo-
tents. Suppose that x; is a vector in U; such that the minimal polynomial of
T relative to x; is ;. If ¢ is monic and

P (x1+x2) =0

then
0=E1¢p(T)(x1 + x2) = Pp(T)E1(x1 + x2) = Pp(T) x7.
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This implies that ¥, divides ¢ and a similar argument shows that y; di-
vides it. So ¥ divides ¢ and x; + x; is the vector we need.

An easy induction argument based on the last two paragraphs yields
that there is always a vector x such that the minimal polynomial of T is the
minimal polynomial of T relative to x.

If the field we are working with is infinite, there is an alternative proof.
First, the set of relative minimal polynomials v, is finite, since they are all
monic divisors of ¥. Suppose ¥1,...,¥, is a list of all the possibilities, and
let V; be the set of vectors v such that y;(T)v = 0. Then V; is a subspace
of V and the union of the spaces V; is V itself. But a vector space over an
infinite field cannot be the union of a finite number of proper subspaces,
hence V; = V for some i and y; is the minimal polynomial of T

3.7.2 Corollary. IfdimV = n and T € End(V), then the degree of the mini-
mal polynomial of T is at most n.

Proof. If T € End(V) has minimal polynomial ¥ (), then there is a vector

v in V such that ¥ (¢) is the minimal polynomial of T relative to v. Hence,

if ¢ has degree d, the vectors v, Av,..., Avg_; are linearly independent.
Therefore dim(V) = d. O

(1) Let T be an endomorphism of F” and let xj, ..., x, be a basis for F”. If
w; denotes the minimal polynomial of T relative to x;, show that the
minimal polynomial of T is the least common multiple of ¥1,...,¥,.

(2) Prove that a vector space over an infinite field cannot be the union of a
finite number of proper subspaces.

3.8 Root Spaces

We consider primary decomposition when the field of scalars is alge-
braically closed. In this case, if T is a linear operator on V with minimal
polynomial ¥ (), then y(¢) has the coprime factorization

k
y()=[]e-0)",

i=1
where 01,...,0y are the distinct zeros of y. It follows that V is the direct
sum of the subspaces
ker(T -0;)™.

We call these subspaces the root spaces of T.

If ve Vand (T - 61)"v = 0, then the minimal polynomial of T relative
to v divides (¢ — ). We say that v is a root vector for T if its minimal
polynomial relative to T has the form (¢ — 6)", for some integer r. If (T —
01 v=0and v #0, then 6 is an eigenvalue of T.

Since V is the direct sum of the root spaces of T, we have the following
fundamental result.
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3.8.1 Theorem. Let V be a finite-dimensional vector space over an alge-
braically closed field. If T is a linear operator on V, then V has a basis
consisting of root vectors of T. O

The dimension of the root space of an eigenvalue 8 of T is called its
algebraic multiplicity. (The dimension of ker(T — 61) is the geometric
multiplicity of the eigenvalue.)

3.8.2 Lemma. Let T be a linear operator on V and let vy,..., v, be non-zero
root vectors. If the respective eigenvalues of these vectors are distinct, then
they are linearly independent.

Proof. Assume dim(V) = n. Suppose that we have scalars ay, ..., ai, not all
zero, such that

k
Y a;v; =0, (3.8.1)
i=1
We prove by induction on k that a; = --- = ax = 0. When k = 1, this claim

is trivial. Assume k > 1. If we apply (T — 0. I)" to both sides of the above
expression we get

a (T =0, D)" vy +++++ ag_y (T =0 D" vg_q = 0. (3.8.2)

Since none of vy,..., vx_1 lie in the root space belonging to 6, none of the
k — 1 terms in this sum is zero. Since each root space is T-invariant, (T —
0; )" v; is therefore a non-zero root vector in the root space containing v;.
So by induction, (3.8.2) implies that a; = - ax_, = 0. From (3.8.1) it follows
that a; = 0 too, and we conclude that vy, ..., Vi are linearly independent. O

(1) Let T be alinear operator on V with an eigenvalue 6. Show that all root
vectors belonging to 0 are eigenvectors if and only if

ker(T —601) nrange(T —61) = {0}.

3.9 Examples of Root Spaces

We give three examples of root spaces.
Suppose dimV = n and ey, ..., e, is a basis for V. Thene there is a linear
operator T on V such that
T(es) = eiv1, ifi<m;
0, ifi=n.
Thus, if r < nthen T" (e1) = e;,, and T"e; = 0. In this case V is the root
space belonging to the eigenvalue 0.
Let V be C*°(R) and let D be differentiation. Then ker D" is the space
of polynomials of degree less than r. With some work, we can determine
ker(D — AI)". First we define a linear operator M, on V by

My (f) :=eMf.
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We claim that D— AT = M3;DM_,. (So D and D — AI are similar.)
To verify this we compute

_d
DM_y(f)= e f(1)

=-de Mf)+e Mf(p)
=e MAf(1)+ D(f(1))
=M_(D-ADf.

Since M;l = M_,, it follows that for all fin V,
(MyDM_)(f) = (D-AD(f),

which is what we claimed.
Now we determine ker(D — AI)". We have

(D-AD"=M;D"M_,
and therefore (D — AI)"(g) = 0 if and only if
M;D"M_,(g) =0.
Since M), is invertible this holds if and only if

D"'M_,;(g) =0.

—At

Accordingly ker(D — aI)" consists of the functions g(t) such that e™** g (1)

is a polynomial of degree less than r. Therefore ker(D — AI)" consists of the
functions e* p(r) where p(t) is a polynomial of degree less than r.
Let V = CN and let S be the left shift on V. Define a linear operator M)

by
M (ag, a1, az,...) = (ag, Aay, A’ ay,...).

If A #0, then M;' = M;-1 and
S—AI=My(S-DM;".
We can show that ker(S— I)" consists of the sequences
(p(0),p(1), p(2),...)

where p is a polynomial of degree less than r, and hence we can show that
ker(S—AI)" consists of the sequences

(p),Ap),A%p(2),...)

where p is again a polynomial of degree less than r.
The kernel of S” consists of the sequences (a;) ;o such that a; = 0 if
i>r.
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3.10 Differential Equations

We begin with two technical results. In this section V is a vector space over
C.

3.10.1 Lemma. Let T : V — V be linear and suppose that if A € C, then
dim(ker(T—-AI) < 1. If p(t) is a polynomial of degree n, then dim(ker p(7)) <
n.

Proof. We prove the result by induction on the degree of p(?). If n =1, there
is nothing to prove. Assume n > 1.
Suppose 0 is a zero of p(t). Then

p(H)=(-0)q(D,

where g is a polynomial of degree n — 1. By induction on n, we see that
U =ker q(T) has dimension at most n — 1.

Now ker p(T) consists of all vectors v such that g(T)v lies in ker(T — 61).
Hence q(T) maps ker p(T) into ker(T —01). Let S denote the restriction of
q(T) to ker p(T). Then by the dimension theorem,

dim(ker p(7)) = dimker(S) +1k(S) < dim(ker(g(T))) +1 < n. O

The hypotheses of this lemma hold when V = C*°(R) and T is differenti-
ation, or when V = CN and T is the left shift.

3.10.2 Theorem. Let T be a linear operator on V and let p(t) be a polyno-
mial whose zeroes are 01, ...,0y, with respective multiplicities vy, ..., V. If
ker p(T) has finite dimension, it has a basis consisting of root vectors of T;
the eigenvalues of these root vectors are the zeros of p(t) and the index of
the root vectors with eigenvalue 0; is at most v;.

Proof. Suppose K :=kerp(T). If u € K, then
p(NTu=Tp(Tu=0

and therefore K is T-invariant. Hence K is spanned by root vectors of the
restriction of T to K, and these are root vectors of T. Suppose z is a root
vector of T with eigenvalue 8 and index m. Then

(T-0N"z=0, p(T)z=0.

Therefore the minimal polynomial of T relative to z divides (¢ — 6)™ and
p(1), and thus it divides (¢ — 6)", where v is the multiplicity of 6 as a zero of
p(1). |

Let V = C*°(R) and let D be differentiation. if

p():=t"+a t"  +-+ay,,
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then the set of solutions to the differential equation
D'f+a;D" ' f+--+a,f=0

is the kernel of p(D). By Lemma 3.10.1 we see that ker p(D) has finite
dimension and so by Theorem 3.10.2, it follows that ker p(D) is spanned
by root vectors of D whose eigenvalues are zeros of p(t).

We want to find all solutions to

D’f+3Df +2f =0.
The solution set of this equation is ker p(D), where
p(t):=t2+3t+2=(t+1)(t+2)

From our work above, this subspace has a basis consisting of root vectors
for D. Since the zeros of p(f) are simple we only need root vectors of index

one, that is, we only need eigenvectors. Hence the functions
el et

form a basis for the solution space of this differential equation and there-
fore every solution can be written as

Ae t+Be %,

for some scalars A and B.
Suppose we want all solutions of

D*f+2Df+f=0

Here
p(t) = (t+1)?,

whence we see that ker p(D) is spanned by root vectors with eigenvalue —1
and index at most two. Therefore it is spanned by

et te !
the solutions all have the form

(A+Bpe !

for some scalars A and B.

3.11 Linear Recurrence Equations
The Fibonacci sequence ¢ = (f,) ;=0 is defined by the recurrence

Jfue1=fat fua (3.11.1)
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and the initial conditions fp = fi = 1. We want to find an explicict expres-
sion for the terms of this sequence.
Let S denote the left shift on CN. Then we may rewrite (3.11.1) as

52(p =S¢+ y;
this suggests we should study ker p(S), where
p)=t>—t-1.

The zeros of p(t) are
1+
2

Bl

’

denote these by 8 and 7, where 8 > 7. It follows from Theorem 3.10.2 that
ker p(S) is spanned by root vectors for 8 and 7 with index at most one,
hence by eigenvectors.

The eigenvector for S with eigenvalue a is the geometric series

(1,a,d°..))
and therefore there are constants a and b such that
fun=ab" +bt".
Setting n = 0 and n = 1 here gives two equations in the unknowns a and b:
l=a+b, 1=a0+ br.

We can rewrite the second equation as

b -b
12452, 40 .

2 2
since a + b =1 this implies that
1
a-b=—.
V5
Therefore
_1+v5 6
2v5 V5
and
b= —-1++v5 T
2v5 V5
We conclude that

fn — i(gnJrl _ Tn+1).

V5
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3.12 Diagonalizability

A matrix A is diagonalizable if there is a diagonal matrix D and an invert-
ible matrix L such that A = LDL™!, that is, A is similar to a diagonal matrix.
If A= LDL™! then A*¥ = LD*L~!, and so computing ¥ can be reduced to
the simpler task of computing D¥. More generally, it is often possible to
reduce questions about diagonalizable matrices to questions are diagonal
matrices (which are often trivial).

3.12.1 Theorem. For an n x n matrix A over an algebraically closed field [,
the following are equivalent:

(a) Ais diagonalizable.
(b) F" has a basis that consists of eigenvectors of A.
(c) The minimal polynomial of A has no repeated factors.

Proof. If two matrices are similar, their minimal polynomials are equal, and
so (a) implies (c).

If the minimal polynomial has no repeated factors then there are no root
vectors of index greater than one, and thus it follows that F” has a basis
formed from eigenvectors of A.

Finally, suppose that the columns of L are a basis consisting of eigen-
vectors. Then each column of AL is a scalar multiple of the corresponding
column of L, and therefore there is a diagonal matrix D such that AL = LD.
Since L must be invertible, (a) follows. O

If F is not algebraically closed (or close to it, like R), then diagonalizabil-
ity is not usually a useful concept.



4
Frobenius Normal Form

We derive some properties of matrices from the theory we have established,
and then develop the theory of the Frobenius normal form.

4.1 Companion Matrices

Let T be an endomorphism of the finite-dimensional vector space V. One
of the best ways to study T is to find T-invariant subspaces of V, and cyclic
subspaces are the most accessible of these.

The dimension of the subspace U generated by a vector v is the least
integer k such that T* v lies in the span of the vectors

U,Tv,...,Td_lv,

and this set of vectors forms a natural basis for U. Let v; denote T?v. Then
there are scalars ay,..., a; such that

Tvg_1=—-agvg—--—ayvq_. (4.1.1)

If i <d—-1, then Tv; = vi4; and therefore the matrix representing the action
of T on U, relative to the ordered basis vy, ..., v4_1, has the form

0 0 0 -ay
1 0 0 —ag,
01 0 -ag— (4.1.2)
00 - 1 -

We call this matrix the companion matrix of the polynomial
p(t) = td+a1td71 +--+ay.

(We will also refer to this as the right companion matrix of p; we will meet
other flavours as we proceed.) Since v; = T vy, from (4.1.1) we find that

p(Mvg= (T +a, T+ +azDvy =0.

Thus p(t) is the minimal polynomial of T relative to v.
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We now consider a matrix view of the previous material. Suppose v € F”
and A € Mat,,«,(F). Assume that the A-cyclic subspace generated by u has
dimension d and let the matrix R be given by

R::(u Au - Ad‘lu).

Thus col(R) is the A-cyclic subspace generated by u. If w(¢) is the minimal
polynomial of A relative to u and C is the companion matrix of v, then

AR=(Au Ay - Adu):RC.

There is a third view, which is also quite important. Suppose v is a poly-
nomial of degree d over [F and let V;, be the vector space of polynomials
over F modulo . This vector space is usually denoted by F[z]/ (y (z)); its
elements are equivalence class of polynomials, where polynomials f and
g are equivalent if and only if f — g is divisible by . Each equivalence
class contains a unique polynomial of degree less than d, and these are the
natural representatives of the equivalence classes.

The powers

provide one basis for V;,. Multiplication by z is an endomorphism of V,
and the matrix respresenting multiplication by z relative to this basis is
easily seen to be the companion matrix of y.

1. Let p(z) be a polynomial of degree k as above and let Cy, denote its
companion matrix. If f is a polynomial of degree less than k, let f be the
coordinate vector of f relative to the standard basis 1, x,...,x*"1. Use
the fact that f(z)z’ and z’ f(z) have the same remainder modulo p to
prove that

FC=(f Cof .. ©F]).
Deduce that f(C,)§ = g(Cp) f.

2. If Cp is a companion matrix of order n x n, show that tk(C, -01) z n-1,
for any element 0 of F. Deduce that the geometric multiplicity of any
eigenvalue is at most 1. (This implies that C is diagonalizable if and only
if the zeros of p are all simple.)

3. Let U be the subspace spanned by the vectors T" u, where r = 0. If
Su € U, show that there is a polynomial p such that Su = p(T)u. Hence
deduce that if U is S-invariant and ST = TS, then S| U is a polynomial in
TIU.

4.2 Transposes

We introduce a second basis for V. If

v =t "+ a1+t ay,



define polynomials v1,...,w 4 by

d—i d—i-1

wi(z):=t*""+art +tag-g.

These polynomials can also be defined by the initial condition v 4(z) = 1
and the backwards recurrence
Vi—1(2) = 2y (2) + ag—;41- (4.2.1)

As a third alternative, we can view v;(z) as the polynomial part of the
rational function z =/ (z). Since v;(z) is monic of degree d — i, we see that
these polynomials form a basis for V;,, sometimes called the control basis.

Suppose v € V and T is an endomorphism of V with minimal polyno-
mial v (z) relative to v. Then the vectors

Y1), ...,y a(Tv

form a basis for the T-cyclic subspace U generated by v. It follows from
(4.2.1) that
—agv, ifi=1;
Tyi(Tv=
vi-1(Mv—-ag.1-iv, if2<i<d.
Let % be the matrix with columns

Yo(DV,..., a1 (T)v.

Then you may check that T% = % C;, from which we see that C;, and C,;
are similar. We can say more about this.

4.2.1 Lemma. Let T be an endomorphism of V with minimal polynomial

d-1

v =t a i+t ay
IfQ is the d x d matrix
ag-1 aqg-» ... a1 1
ag-2 Ad-3 10
Q=
ay 1 0
1 0 0

then C,Q = QC,,.
Proof. If # is the matrix with columns
v, Tv,..., Td-1 v,
then & =# Q. Now T% =% C,, and therefore
THWQ=WQC,,.

As

we deduce that QC; Q™" = Cy. O
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Note that Q is symmetric and
CyQ"=QC, =CyQ,

therefore Cy Q is symmetric. Consequently C = (QC)Q ! is the product
of two symmetric matrices. Using this you may prove that any real square
matrix is the prpoduct of two symmetric matrices.

4.3 Eigenvectors for Companion Matrices

We give explicit formulas for the left and right eigenvectors of a companion
matrix. We use ey, ..., e; to denote the standard basis vectors of [Fd, as
customary.

4.3.1 Lemma. Let y/(z) be a polynomial of degree d and let C be its com-
panion matrix. Then

(1 z e zd_l)sz(l z e zd_l)—w(z)eg.

Proof. Suppose

v =t + a7 v+ ay.

If i < d, the i-th entry of
(1 z - zd’l)(]
is z/*1; while the d-th entry is
—(a1+a2z+---+adzd_1=zd—1//(z).

The lemma follows at once from this. O

If, in the above lemma, we take z to be a zero 6 of v, then it follows that
(1 0 .. gdfl)

is a left eigenvector of C with eigenvalue 6.
Our next lemma will provide right eigenvectors. Let y1,..., 4 denote
the control basis for V.

4.3.2 Lemma. Let y/(z) be a polynomial of degree d and let C be its com-
panion matrix. Then

1 1
Cl : |=z|: |-v(2e.
Ya Ya

Proof. This is again routine; we leave it as an exercise. O
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These two lemmas provides right and left eigenvectors for C, one for
each zero 0 of y(z). If w(z) has d distinct zeros, we obtain d distinct left
eigenvectors for C. Since the eigenvalues are distinct, these eigenvectors
are linearly independent.

If we are working over R or C, we can say something useful when y(z)
has zeros with multiplicity greater than 1. The idea is to differentiate both
sides of the identity in Lemma 4.3.2. Define

Y1
Y(z):=

Va
and let ¥ (z) denote the r-th derivative of ¥ (z). Then
C¥(2) =297 (2) + rv "V —y(2)e.

If 6 is a zero of y with multiplicity m and r < m, then " (6) = 0 and
therefore

C-60n"v"©O) =r'v@®).

Note the since the polynomials ¥; form a basis for the polynomials of de-
gree less than d, they cannot all be zero at 8; therefore ¥ (6) # 0. It follows
that the vectors ¥ () are a basis for the root space associated with 6.
(Exercise: show that these vectors are linearly independent.)

1. By expanding the expression

in two different ways, derive the identity
(w-2)Y wyi(2) =yw) -y().
i

(If we take w and z to be zeros of v, this gives the orthogonality relation
between the right and left eigenvectors of C.)

2. Let Q be the symmetric matrix from 22. Show that
Y(@=Qf . |,

and hence deduce that CT = Q~'CQ.
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4.4 Inverses of Companion Matrices

Suppose A € Mat,«,(F) and that u € F” that generates an A-cyclic subspace
of dimension d. Let ¢ be the minimal polynomial of A relative to u. If

w():=tF+a i ot ay,

then C is invertible if and only if a;. # 0. (There are a number of ways to see
this. Perhaps the easiest is to note that if we move the last column of C to
the first position, the resulting matrix C’ is lower triangular with (C)1; =
—ay and all other diagonal entries equal to 1.) If C is invertible, there is a
simple expression for C~!. To describe this, we need a new operation on
polynomials.

If q is a polynomial with degree k, let § denote the polynomial t*q (™).
(This is g with its coefficients reversed.) Note that if A is invertible, then
p(A) =0if and only if

Afpah=o.
It follows that if p is the minimal polynomial of A, then a,;l p is the mini-
mal polynomial of A™!.

Let R be the matrix given by

Rz(u Au - Ad‘lu).

Then AR = RC and col(R) is the A-cyclic subspace generated by u. If A
is invertible, then A~ !isa polynomial in A and therefore col(R) is AL
invariant. Hence there is a matrix D such that

AT'R=RD
and D=C"!. Now
A_l(u Au .- Ad‘lu)z(A‘lu u - Ad‘z),

whence D is a d x d matrix of the form
Y g
Cd 0 |

0
Id,1 a

then the equation DC = I implies that

If we write C in the form

(I d-1 aqy+ a)
I; =

0 agqxq
Consequently we must have

cdzagl, yz—agla
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and therefore

D= (_a‘;ia Id_l).
a; 0

This expression for D makes sense if and only if a; # 0, because C can be
invertible even when A is not. Hence we have proved the following:

4.4.1 Theorem. Let p be a polynomial with degree k and let C be the com-
panion matrix of p. Then C is invertible if and only if p(0) # 0. If p(0) # 0,
then

C'=TDT,

where D is the companion matrix of alzl p and T is the matrix whose
columns are the standard basis vectors in reverse order. |

By way of example, we have

—c/d 1 0 0)f0 0 0 -d
~bid 0 1 off1 0 0 —c|_,
—ald 0 0 1{[o 1 0 -b
~1/d 0 0 0Jl0 0 1 -a

If C is a companion matrix and T is the permutation matrix in the previ-
ous theorem, we say that TCT is a left companion matrix. Analogously we
will call CT a bottom companion matrix. And to round off the list, TCT T is
a top companion matrix. All four flavours occur in practice.

4.5 Cycles

Let P be the n x n matrix such that Pe; = e, and, if 2 < i < nthen Pe; = e¢;_;
and Pe, = e;. Thusifn =5,

0 0 0 01
1 0 0 0 O
P=j0 1 0 0 O0].
0 01 0O
00 01 0

We see that P = [ and P is a companion matrix for the polynomial ¢" — 1.
Further P71 = PT, and therefore P is orthogonal.
Let vg be the vector of length n with i-th entry 8=, Thus

Vg = Z o1 e
i
and consequently, if 9" = 1, then

Puy ZZOi_IPei = Zﬁi‘lei_l =0vy.
i i

1
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Therefore the vectors vy, as 6 runs over the distinct n-th roots of unity, are
eigenvectors for P. It is not hard to show that, if n is odd, any real eigenvec-
tor of P is a scalar multiple of v;.

Now let A= P+ PT. Then A is symmetric and

Avg =0+ 9_1)119.

Therefore the vectors vy, as 6 runs over the distinct n-th roots of unity, are
eigenvectors for A. Note that here the eigenvalues

0+ '=60+0

are real, even though the eigenvectors themselves are complex (unless 6 is
real).

The eigenvalues of P are roots of unity. Suppose Q is orthogonal and v is
an eigenvector for it with eigenvalue 6. Then Qv = 0v, but

lvll=1Qul =l6vi=161lvl.

It follows that all eigenvalues of an orthogonal matrix lie on the unit circle
in the complex plane.

4.6 Circulants and Cyclic Codes

Let P,, be the companion matrix for the polynomial ¢"* — 1. Thusifn =5

then
0

(]

Ps

1
o o o ~ o
S -
o~ o o o
- o o o ©
===

0

We see that P,,e; = e;11 if i < nand Py e, = e;1. A circulant matrix is a matrix
which is a polynomial in Pj,. This is equivalent to stating that a matrix is a
circulant if it is square and each row is a cyclic right shift of the row above it.
If the first column of the circulant A is

a

dp

then .
A= Z a; P -1,
i=1
It follows that there is an isomorphism between the vector space of n x n
circulant matrices and the space of polynomials with degree less than n.
But this is misleading. Suppose a and b are polynomials with degree less
than n, and associated circulants A and B respectively. Then the product
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AB is a circulant, but the polynomial belonging to it cannot be ab unless
the degree of this product is less than 7. In fact the polynomial is the re-
mainder of the product a(t)b(¢) on division by ¢" — 1. Thus the space of
n x n circulants is isomorphic to the quotient ring F[x]/(x" — 1). This iso-
morphism is an algebra isomorphism. If deg(a) < n, we use C, to denote
the circulant associated with g.

The row space of an n x n circulant over [ is a cyclic code of length n.
Suppose f is a polynomial and that g is its greatest common divisor with
t"" — 1. Then there are polynomials a and b such that

a®)f()+bn) " -1)=g1).

Hence
Cg=Cyur=CaCy

and therefore row(Cg) S row(Cy). On the other hand, f = f1 g and so
Cr=CpCy,

which implies that row(Cy) € row(Cg) and hence that row(Cy) = row(Cg).
This proves that a cyclic code of length n over [ is equal to Cg, for some
divisor g of " — 1.

One of the most important parameters of a code is its dimension. Thus
we would like to determine rk(Cy). If g has degree d, then the submatrix
formed by the intersection of the first n — d columns and last n-d rows of
Cg is the identity matrix I,,_ 4. Therefore

k(Cg) = n—d.

Suppose a(t) is a polynomial of degree less than 7, and let [a] denote its
coordinate vector with respect to the ordered basis 1, ¢,..., R I § Cglal =
0, then

0= Cglal = P"Cglal = CgP'[al

for all r and consequently
CgCu=0.

Equivalently, C;C, = 0 ifand only if C;C4e; = 0. Now C¢C, = 0 ifand
only if " — 1 divides g(#)a(t), and accordingly the null space of Cg consists
of the vectors [a] such that (t" — 1)/ g(t) divides a(t). If we set h(t) equal

to (1" —1)/g(1), then the null space of Cg is the column space of Cy. The
dimensions of the row and column spaces of Cj, are equal, and therefore

tk(Cp)=zn—-(n—-d)=d.
So by the rank+nullity theorem,
tk(Cg) +1k(Cp) = 1,

which forces us to conclude that rk(Cg) = n—d.
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If Cgz[a) = 0 then C,2C, = 0 and so ¢" — 1 divides g(r)?a(z). If " —
1 has no repeated factors, then t" — 1 divides g(#)?a(t) if and only if it
divides g(#)a(z). In this case it follows that Cy is diagonalizable. If x"-1=
p(t)zq(t), then C?, q= 0 and Cpq is nilpotent, and not diagonalizable.
However x" — 1 has a repeated factor if and only if its gcd with its deriva-

=1 is not constant, in other words, if and only if 7 is not divisible

tive nx
by the characteristic of F. In particular, if the characteristic of F does not
divide 7, then " is the direct sum of ker(Cg) and col(Cy).

Let E be an extension field of F in which ¢ — 1 splits into linear factors.
If n and the characteristic of F are coprime, these factors are all distinct. It
follows that each divisor g of ¢ — 1 is determined by the set of n-th roots
of 1 on which it vanishes. Let vy be the vector of length n with i-th entry

equal to 0~ Thenif" =1,
Cgvp=g6™")
and so row(C, g) consists of the vectors x” such that
xT vg=0

whenever 07! is a zero of g.

4.7 Frobenius Normal Form

A square matrix C is in Frobenius normal form if

(a) Itis block-diagonal, with diagonal blocks Cy, ..., Cp,.

(b) Each diagonal block is the companion matrix of a polynomial v ; (¢).
(¢) Fori=1,...,m—1, the polynomial y;; divides y;.

Thus the Frobenius normal form can be specified by giving the sequence of
polynomials ;.

We want to prove that two matrices over a field are similar if and only if
they have the same Frobenius normal form. he next lemma is the key.

4.7.1 Lemma. Let A be an n x n matrix over F. If U is a non-zero cyclic
A-module, then:

(a) There is a cyclic A-module that contains U nad has a complement.

(b) Ifdim(U) equals the degree of the minimal polynomial of A, then U
has an A-invariant complement.

Proof. Let u be a non-zero vector and suppose that the A-invariant sub-
space it generates has dimension k. Let U be the n x k matrix with the
vectors
k-1
u,Au,...,A" u
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as its columns. Then the columns of U are linearly independent and there-
fore there is a n x k matrix V such that VI U = I. Let w denote the last
column of V. (Now that we have w, we will ignore V)
We have
DT AT At e T AT+ g 1, ifr=k-1-s;
0, ifr<k-1-s.

If W is the matrix with columns
AT w, (AT, ATw,w

then WU is a lower triangular matrix with diagonal entries equal to 1.
Therefore it is invertible, and therefore rk(W) = k. Let ¢ be the dimension
of the AT -invariant subspace generated by w. Since rk(W) = k, we see that
k<¢.

If k # ¢, then repeating the above argument with A” in place of A and w
in place of U, we obtain a cyclic subspace for A with dimension at least ¢.
By repeating both these steps a finite number of times, we bring ourselves
to the case where k = ¢.

Therefore we may assume that col(W) is AT -invariant, and so there is a
matrix L such that ATW = WLT. If WT x = 0 then

0=IW x=wTAx;

accordingly the null-space K of W7 is A-invariant. Since W' U is invert-
ible, no non-zero element of col(U) lies in K. Since rk(W) = k, we see that
dim K = n — k and therefore K is an A-invariant complement to col(U).

To obtain the last statement of the proof, note that A and AT have the
same minimal polynomial. So if k equals the degree of this polynomial,
then rk(U) = rk(W). O

It follows readily from this lemma that every square matrix is similar to
a block diagonal matrix, where each block is a companion matrix. We can
also use it as follows to verify the existence of the Frobenius normal form.

4.7.2 Theorem. Every square matrix is similar to a matrix in Frobenius
normal form.

Proof. Let Abe an n x n matrix with minimal polynomial v (#) of degree k.
By 22, there is a vector u such that v is the minimal polynomial of A with
respect to u, and therefore u generates a cyclic subspace V of dimension
k. By the previous lemma, it follows that this subspace has an A-invariant
complement K.

Choose a basis for F” consisting of the columns of V followed by a basis
for K. Relative to this basis, A is represented by a block-diagonal matrix

b3
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where L is the companion matrix of the minimal polynomial of A. The min-
imal polynomial of B divides the minimal polynomial of A. By induction
on n we see that B is similar to a matrix in Frobenius normal form; stacking
L on top of this produces a matrix in Frobenius normal form that is similar
to A. O

4.7.3 Lemma. Assume the matrices N1 and N, are in Frobenius normal
form. If Ny and N, are similar, they are equal.

Proof. Suppose that

S
N = . Ny:=
0 D 0 Dy
are both in Frobenius normal form and that L; and L, are companion
matrices. Then p(N) = 0 if and only if p(L;) = 0 and p(D;) = 0 and hence
the minimal polynomial of N, is the minimal polynomial of ;. Since N;
and N, are similar, they have the same minimal polynomial, and this is
also the minimal polynomial of L,. Thus L; and L, have the same minimal
polynomial, and as they are companion matrices this implies that they are
equal.

Assume now that L, is in Frobenius normal form (not necessarily a
companion matrix) and that L; = L,. Let ¢, be the minimal polynomial of
D;. Then w1 (IN7) and w1 (IV2) are similar and thus

wil) 0 | (L) 0
0 0 0 YD)
This implies that v, (D,) = 0 (prove it!) and we conclude that D, and D,

have the same minimal polynomial. An easy induction argument now
yields that D; = D;. O

We can use Lemma 4.7.1 to compute the minimal polynomial of a
square matrix. First compute a block-diagonal matrix similar to A, with
companion matrices as its blocks. The least common multiple of the poly-
nomials associated to these companion matrices is the minimal polyno-
mial of A.

4.8 Applications

We use € (M) to denote the commutant of M, that is, the set of matrices
that commute with M. This a subspace that contains all polynomials in M.

4.8.1 Theorem. Let A and B be square matrices. If € (A) < €(B), then B is a
polynomial in A.

Proof. Assume A is n x n. We can decompose F” as the direct sum of A-
invariant subspaces V1, ..., Vi. For each subspace there is a cyclic vector v;
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such that the powers A" v; span V;. If y; is the minimal polynomial of A[Uj,
then its degree equals dim V;, and v, divides v;.

Let P; denote the projection on V;. From 22, the projections P; com-
mute with A. Hence they commute with B and, again by 22, it follows that
the subspaces V; are B-invariant. Therefore Bv; € V; and therefore there is
a polynomial g; such that Bv; = g;(A)v;. As AB = BA, we have

BA"v;=A"Bv; = Argl' (Av;=g; (AA v;,

and therefore Bv = g;(A)v for all vin V;.

To complete the proof, we show that g;(A)v; = g1(A)v;. This implies
that B = g1 (A).

Let g; := w1/vw;. Consider the map that sends f(A)v; to g;(A) f(A)v;.
If f(A)v; =0, then v; divides f and so v = v;q; divides g;(A) f(A)v;. It
follows that this is a well-defined linear map from V; to V;. We extend it
alinear map X; from V to V by defining X; (v) = 0ifv € Vi and j # i; if
v=f(Av; then X;v = qi(A) f(A)v:.

Ifi # jand v € Vj, then AX;v = X; Av = 0. Further

AX;f(Av; = Aqi(A f(An

and
XiAf(Av; =qi(AAf(A)v.

Therefore X; commutes with A, and therefore it commutes with B. Now
X,‘B Vi = X,'g,‘ (A) V1 =8i (A)qi (A) 141

and
BX;v; =Bgq;(Avi = qi(A)Bv: = q;(A) g1 (A) 1.

Since X; and B commute, this implies that
(gi(A)—g1(A)gi(A) v =0,

whence (g; — 1) g1 is divisible by p; = g;p;, and so p; divides g; — g1.
Consequently
gi(Avi =g (Av;,

for all i. O

The above proof follows Prasalov.

4.9 Nilpotent Matrices

A linear mapping or a matrix is nilpotent if some power of it is zero. The

N[00
2'_10)

canonical example is

51



52 CHRIS GODSIL

whose square is zero. If T is nilpotent then its minimal polynomial is £
for some k, sometimes called the index of nilpotency of T (but not very
often, if we can help it). A nilpotent matrix of index 1 is the zero matrix. We
note that N; is the companion matrix of #>. More generally the companion
matrix of ¥ is a nilpotent matrix with index k, which we will denote by Ng.
Note that Nie; =0and Nie;+; = e; wheni = 1.

Nilpotent matrices are interesting and useful, but also a source of diffi-
culties. Since Nie; = 0, we see that e; is an eigenvector of Ny with eigen-
value 0. Since the minimal polynomial of Ny is ¢, we see that 0 is the only
eigenvalue of N. Further, since rk(Ny) = k — 1, the eigenspace associated
with 0 has dimension 1, and therefore equals the span of e;. Consequently
eigenvalues and eigenvectors provide very little information about nilpo-
tent matrices.

We have the following structure theorem.

4.9.1 Theorem. If M is a nilpotent matrix, then it is similar to a block diago-
nal matrix, where each diagonal block is equal to Ny for some k.

Proof. The required block diagonal matrix is the Frobenius normal form of
M. m|

One corollary of this is that the number of similarity classes of n x
n nilpotent matrices over a field equals the number of vectors of non-
negative integers

(kly---)kn)
suchthatk; =z ky=---2kjand ¥; k; = n.

4.9.2 Lemma. Let A be an n x n matrix over an algebraically closed field
with minimal polynomial v (t). Then A is similar to a block diagonal matrix
with diagonal blocks of the form 81 + Ny, where 0 runs over the zeros of

v, and Ny is nilpotent with index equal to the multiplicity of @ as a zero of

w(t).

Proof. By the primary decomposition theorem Theorem 3.6.1, we know
that A is similar to a diagonal matrix with diagonal blocks Ay indexed by
the zeros of , such that the minimal polynomial of Ay is (t —0)™, where
mg is the multiplicity of 0 as a zero of w(¢). Hence A — 61 is nilpotent, with
index my. Thus we may write

Ag =01+ Np,

where N is nilpotent, of index mny. O

The corank of (A — 61)" is known as the algebraic multiplicity of the
eigenvalue 0. This distinguishes it from the geometric multiplicity, which
is the corank of A-01.
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We present one application. We wish to determine when a matrix A
has a square root, that is, when there is a matrix X such that X 2= A If
A=LBL!and Bhasa square root Y, then

(LYL Y =1y?L '=LBL '= A

This allows us to use the primary decomposition theory; more precisely, we
assume that A is block diagonal with blocks of the form

Ag =01+ Ny.

It follows that A has a square root if and only if each of its blocks does.
Suppose M is nilpotent. Then I + M has a square root

1

Note that this is a finite sum, since M" = 0 for all but finitely many values of
r. It follows that, if 6 # 0, then

01+ Ny=60(I+6""Np)

has a square root. Hence we are left with the case where 8 = 0, and this our
questions reduces to deciding which nilpotent matrices have a square root.
If N is nilpotent with index k and X? = N, then X2 = 0 and so X is nilpo-
tent with index 2k. (This implies that the matrices Ny are not squares.)
Assume now that N is in Frobenius normal form. We claim that the

(k+1) % (k+1) matrix
N, 0
0 O

has a square root. (You do it!) It follows that N has a square root if and only
if its corank is at least as large as the number of non-zero blocks.

4.10 A Similarity Condition
We are given the following two n x n matrices:

A 0
0 D

A B
0 D

) )

where A and D are square. We ask for which matrices B are they similar.
We note that
I X
0 I

I -X
0 I

and deduce that they are similar if there is a matrix X such that

A B
0 D

0 D

A AX—XD+B)

AX-XD=B.

53



54 CHRIS GODSIL

We show that this condition is necessary.
Suppose that our two matrices are similar. Then there is an invertible

matrix S such that
A 0

0 D

A B
0 D

S.

We define linear mappings T; and T» on the space of n x n matrices by

A 0 A 0
T,(Y):= Y-Y ,
D 0 D
A B A O
To(Y):= Y-Y .
D 0 D
We have
1 A 0 A 0
S(T(STY)=S S'Y-Y
0 D 0 D
_ A B A 0
“lo D 0 D
=T (Y),

and therefore ker(T;) and ker(7») have the same dimension.
Let Y be the matrix

Y =

ip Y2
Yo1 Yool

where the partitioning is compatible with the partitioning of the other
matrices above. Then

AV11-Y11A AY1p-Y12D

hY)=
DY;1-Y2,1B DY;5—-Y2D
and
T,(Y) = AYl,l_ Y1'1A+BY2'1 AYlyz—Yl,2D+BYZ’2
77 DYai-vauD DYsp~Yp2D |’
We note that
Yi1 Y2
0 -1

lies in ker(T>) if and only if AY; ,—Y7 2D —B =0, and we can prove our claim
by showing that there is a matrix of this form in ker(75).
Let 9; denote the restriction to ker T; of the linear map

Yi1 Y2
Y1 Yoo

J (e )

We will prove that 97 and 9, have the same image.
From the expressions for 77 (Y) and T»(Y), we see that ker 97 = ker 5.
Further

imJi ={(Ya1 Yao):DYa1-Ya14=0, DYsp~Yo2D=0)



and im 9, consists of the elements of ker 77 for which there are matrices
Y11 and Y3 2 such that

CYZ,I = Yl,lA— AY1,1; CY2,2 = Yl'zD—AYLg.
It follows that im 93 < im 97. Now

dim((97)) + rk(97) = dim(ker )
dim((93)) + 1k(93) = dim(ker T»).
Since 97 and 9> have the same corank and since T; and 7> have the same

corank, it follows that 97 and 93 have the same rank.
Finally, it easy to verify that

0 0
ekerTh
0 -I

whence

(o —I)Eimf]'l -imJ;

and accordingly there is a matrix in ker 7> of the form

Yip Y2
0 -1

This completes the proof.

4.11 Triangular Maps
A flag in V is a sequence V), ..., V; of distinct subspaces such that
VOC Vl cC--C Vr.

Ifdim V = n, then a flag contains at most n + 1 subspaces, and a maximal
flag is a flag with n + 1 elements. A maximal flag V, ..., V}; has V; = {0} and
V,=V.Ifvy,..., v, is a basis for V and we define V; = {0} and

Vi :=span{ry,..., v}

then Vj,..., V}, is a maximal flag. There is a converse to this. Suppose that
V..., Vp is amaximal flag, and for i = 1,..., n choose a non-zero vector w;
in V;\V;_;. Then wy,..., w, is a basis (as you are invited to prove). Let T
be an endomorphism of V. A flag & is T-invariant if each subspace of & is
T-invariant. If & is T-invariant, we also say that T fixes &.

4.11.1 Lemma. If § = x3,..., X, is a basis for the vector space V and the
linear map A fixes the flag associated to f, then the matrix that represents
A relative to B is upper triangular. O
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4.11.2 Theorem. An endomorphism of a finite-dimensional vector space
over an algebraically closed field fixes a maximal flag.

Proof. We prove the result by induction on dim V. We define a hyperplane
in V to be a subspace with dimension dim (V) — 1. It will be enough to prove
that any endomorphism of a vector space fixes a hyperplane H for then, by
induction, we may assume that T | H fixes a maximal flag of H.

By Lemma 3.5.2, the adjoint T* of T has an eigenvector in V*. Choose
such an eigenvector f. Then T* f = Af for some scalar A, but T* f is the
composition f o T and therefore

f(Tv)y=Af(v),

for all elements v of V. This implies that if f(v) = 0, then f(Tv) = 0 and
therefore ker f is T-invariant.

Since f # 0, there is a vector v such that f(v) # 0. If f(w) # 0 too, then
the vector

fwyv-fw
lies in ker f, from which it follows that ker f is a hyperplane. O

In Section 4.12, we will prove a more concrete version of this result using
a variation of the above argument.

(1) Prove that each maximal flag determines a basis, as described above.
(2) Prove thatif f € V*, then ker f is a hyperplane.

(3) Let Sand T be endomorphisms of V that fix the same flag, and sup-
pose n = dim V. Prove that the minimal polynomial of ST — T'S divides
t".

4.12 Triangulations

We prove that if A is a square matrix over C, then there is a unitary matrix
L such that L™' AL is triangular. We have already proved a version of this
result for linear mappings (see Section 22) but our argument there did not
yield the fact that we could choose L to be unitary.

4.12.1 Theorem. Let A be an n x n matrix over C. Then there is a unitary
matrix L such that L AL is lower triangular.

Proof. We proceed by induction on n. Let u; be an eigenvector for A* with
eigenvalue 8 and let U denote the subspace

ut={xeC":u*x=0.
Then U is A-invariant: if v € U, then

quvz(A*ul)Tvzﬂufvzo.
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Let uy,..., u; be an orthonormal basis for U. Since u; ¢ U, the vectors
Uy, Uy, ..., U, form an orthonormal basis for C”. If we define the matrix L;

by
lez(ul Uy - un)
then L, is unitary and
a 0
ALy =L .
b A

We may assume inductively that there is a unitary matrix M such that
M~1 A, M is lower triangular; then L = L M is the unitary matrix we need. O

Suppose that M is an upper triangular n x n matrix. If Mv = v, then
(M -0Dv =0andso M - 01 is not invertible. The matrix M — 61 is also
upper triangular; it is invertible if and only if its diagonal entries are non-
zero. We conclude that the eigenvalues of M are precisely the diagonal
entries of M. This generalises the fact the the eigenvalues of a diagonal
matrix are its diagonal entries.

4.13 The “Fundamental” “Theorem of Algebra”

The fundamental theorem of algebra is the assertion that any polynomial
with coefficients from C has a root in C. It is equivalent to the claim that ev-
ery complex matrix has an eigenvector, and we offer a proof of this due to
Harm Derkson. The original appears in the American Math. Monthly, and
on his web page. (It has been stated that this result is theorem of analysis,
not algebra, and is not fundamental. I tend to agree.)

This proof is due to Harm Derksen, American Math. Monthly, 110,
(2003), pp. 620- 623.

4.13.1 Theorem. Every square complex matrix has an eigenvector.

Before setting out on the proof, some terminology. Let o be a set with a
multiplication defined on it. If A, B € &, we denote their product by AB. A
set « of endomorphisms of V is an algebra if

(a) & is avector space over F.
(b) If A,Be «f,then AB€ «.
(c) Thereisan element I in of such that AI=1IA= Aforall Ain «.

If V is a vector space over [, then End(V) is an algebra. If the elements of
an algebra «f are endomorphisms of V, it is called an operator algebra;

if the elements of of are matrices we call it a matrix algebra. The set of

all upper triangular matrices is an example of a matrix algebra. The set

of strictly upper triangular matrices is not an algebra according to our
definition, because it does not contain the identity matrix. An algebra «/ is
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commutative if AB = BAfor all Aand B in . If A is a square matrix, the
set of all polynomials in A is a commutative algebra.

We note next that if f(¢) is a polynomial over R with odd degree, then f
has a real zero. (This is a comparatively simple exercise in calculus.)

We now start the proof of the theorem. We divide it into a number of
lemmas.

4.13.2 Lemma. If A is an n x n real matrix and n is odd, then A has an
eigenvector.

Proof. The space R" is a direct sum of cyclic subspaces for A. Since n is
odd, there is a cyclic subspace U for A with odd dimension d. The minimal
polynomial ¥ of A[U has degree d, and therefore there is a real number 6
such that ¥(6) = 0. It follows that A has an eigenvector with eigenvalue 6. O

4.13.3 Lemma. If o/ is a commutative algebra of real n x n matrices and n
is odd, there is a vector z which is an eigenvector for all matrices in A.

Proof. Let Ay, ..., Ax be a basis for /. If of is generated by I, there is noth-
ing to prove, so we may assume A; # I. By the previous lemma, A; has

an eigenvector z; let 6 be its eigenvalue. The subspaces ker(A; —81) and
im(A; —01I) are proper non-zero subspaces of R” and by the rank theorem,

dim(ker(A; —01)) + dim(@im(A; —61) = n.

Therefore one of these subspaces has odd dimension; we denote it by U.
If Ayju=0u, then
AjAjiu=A;Aju= HAiu

and consequently A;u € ker(A; —01) if u e ker(A; —01). If v = (A; -0 w,
then
Aiv=A;{(A —-0Dw = (A -0 A;w € im(A; —01).

Hence U is invariant under each matrix Ay, ..., A, and so it is invariant
under all matrices in <.

Since U is a proper non-zero subspace of R” with odd dimension, it
follows by induction that there is a vector in U which is an eigenvector for
each matrix in <. O

4.13.4 Lemma. If A is an n x n complex matrix and n is odd, then A has an
eigenvector.

Proof. Let W denote the vector space of all 7 x n Hermitian matrices (which
is not an algebra if n > 1). We define linear operators L, and L, by

1
LiM) = 5(AM+ MA™),

1
Ly(M) = Z(AM—MA*).
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If M = M*, then
1 1
(Li(M)* = E(AM+MA*)* = E(MA* +AM) =L{(M)

and
1 1
(Lo(M)* = _—Zi (AM-MA"* = _—Zi (MA* — AM) = Ly(M).

Therefore L, Ly € End(W). Also

LILZ(M)zé [A(AM—MA*)+(AM—MA*)A*]=% [A>M — M(A*)?]

1 1

2i 2i

and

LoLy(M) = %%[A(AM+MA*) —(AM+ MA")A*] = %%[AZM—M(A*)Z].

Therefore L; and L, commute.

2 over R, and n? is odd. If we

Now W is a vector space of dimension n
choose a basis for W, the matrices representing L, and L, relative to this
basis have order 1 x n? and they commute. Consequently they have a com-
mon eigenvector, and this is an eigenvector for L; and L, This eigenvector

is a non-zero matrix M such that
Li(M) =AM, Lpy(M)=puM.
Then
AM=Li(M)+iLy(M)=A+ipM

and this shows that each non-zero column of M is an eigenvector for A. O

4.13.5 Lemma. If & is a commutative algebra of complex n x n matrices
and n is odd, there is a vector z which is an eigenvector for all matrices in
A.

Proof. We simply apply the proof of Lemma 4.13.3. If Ay, ..., Ay is a basis
for o/ and A; has an eigenvector, then there is a non-zero proper subspace
of C" of odd dimension over C which is invariant under /. By induction
this contains an eigenvector for <. O

4.13.6 Lemma. A square complex matrix has an eigenvector.

Proof. Assume n = 2¥n;, where n; is odd. We prove the lemma by induc-
tion on k. Let W denote the space of all matrices M in Mat,,«,(C) such that
MT = — M. We note that

dim(W) = (Z)

and therefore 2¥ does not divide dim(W). We define two mappings L, and
L, as follows:

Liy(M)=AM+ MAT,
Ly(M) = AMAT.
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Then L, L, € End(W) and L; L, = L, L;. Choose a basis for W. The matrices
representing L; and L, relative to this basis commute and have order

(5) x (5). By induction on k, the algebra generated by these matrices has
an eigenvector M; this is an eigenvector for L; and L, and we may assume

that its eigenvalues are A and p respectively. Hence
uM = AMAT = A(L; (M) - AM) = (AA— A>)M

and so
(A2—AA+ulhM=0.

Let z be a non-zero column of M. Then the minimal polynomial of
Arelative to z is quadratic, and so the A-cyclic subspace generated by z
has dimension at most two. Assume that the minimal polynomial y of A
relative to z is quadratic, and is equal to

2 -At—p.

This quadratic has two roots in C, and so there are complex numbers 6 and
7 such that
(A-0D(A-1DHz=0.

If (A-1I)z = 0, then z is an eigenvector for A with eigenvalue 7; if (A -
1)z # 0 then (A - 71)z is an eigenvector for A with eigenvalue 6. Thus we
have shown that A has an eigenvector. O



5
Tensors

5.1 The Kronecker Product

If A and B are matrices over [, we construct their Kronecker product A® B
by replacing the i j-entry of A with
AjjB,
forall i and j. We find that
(A®B)(u®v)=Au® Bv
and, more generally that
(A®B)(C®D)=AC®BD,

provided only that the products AC and BD are defined. It follows that
if x is an eigenvector for A and y is an eigenvector for B, then x ® y is an
eigenvector for A® B. Consequently the eigenvectors of A® B are just the
products Ay, where A is an eigenvalue of A and p is an eigenvalue of B. We
also have
(AeB)" =A"eB".
If X is an m x n matrix, then vec(X) is the mn x 1 matrix we get by
stacking the columns of X one above the other. In other terms
vec(X) = ZX,',je,- ®e;.
We have
vec(AX) = (I ® A)vec(X), vec(XB) = (B ® I vec(X).
It follows for example, that there is a matrix X such that
AX-XB=C
if and only if
(I® A-B" ® D)vec(X) = vec(C).

The eigenvalues of the matrix I ® A — BT ® I are the differences u — A,
where A is an eigenvalue of A and p is an eigenvalue of B, and therefore it is
invertible if and only if A and B have no eigenvalues in common.
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Let P be the matrix such that
Pxeoy)=yox.

Then Pmaps U® V to Ve U. If V = U, then P? = P. We say an element u of
V ®V is symmetric if Pu = u and antisymmetric if Pu = —u. Thus u® u and

uelv+rveu

are symmetric and
USUV—-1v®U

is antisymmetric. (Thus symmetric and antisymmetric elements of V@ V
are eigenvectors for P, with eigenvalues 1 and —1 respectively.) If A and B
belong to End(V), then

P(A®B)P(u®v)=P(A®B)(veu)=(B®A)(us ).

We also have
Pvec(X) =vec(XT).

(1) Show that the matrix P(A® AT) is symmetric.

(2) Let V be Mat,»,(F) and let A be a fixed matrix. If X € V, define the
map Ady4 in End(V) by

Ads(X) = AX - XA.

If A" =0, prove that Adi" =0.

5.2 Tensor Products

The tensor product U ® V of two vector spaces U and V over [ is defined as
a quotient space. We start with the space of all finitely supported functions
FU*V the tensor product is the quotient of this subspace modulo the

subspace spanned £ by vectors of the following forms:

(@ a(u,v)-(au,v), alu,v)—(u,av)foracFand (u,v)inUx V.
(b) (uy+u,v)—(ug,v) — (U, v) for uy,up e U, veV.

©) (u,v1+v)—(u,v1)—(u,vy)foruel, vi,eV.

(Here we are using formal sum of finitely many terms to represent elements
of FY®V ) We denote the image of (¢, v) in U ® V by u ® v. The map that
sends (u, v) to u® v is bilinear.

For finite-dimensional vector spaces, there is no harm in identifying the
tensor product with Kronecker product.

The tensor product is not commutative, the spaces U® V and V ® U are
isomorphic but not equal. The tensor product is associative, in that

UeV)eW=U& (Ve W).
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The vectors of the form u® v are known as pure tensors; they span U® V
but do not form a basis. We note that a scalar times a pure tensor is a pure
tensor, and so any element of U ® V can be expressed as a sum of pure
tensors. If @ € U ® V, we define the tensor rank of a to be the least integer r
such that a can be expressed as the sum of r pure tensors, that is, the least
integer r such that

r
a:Zu,@v,-.
i=1

The key property of the tensor product is that it allows us to deal with
linear maps in place of multilinear maps (at the cost of increasing dimen-
sions). Thus if we have a bilinear map

B:UxV—-W,

then there is a linear map f from U ® V to W such that

N

Bu®v)=pw,v).

If A and B are linear maps defined on U and V respectively, we define
their tensor product A® B by

(A®B)(u®v)=Au® Buv.
If we have inner products defined on U and V, we can define
((u1 ® v1), (U2 ® V2)) = (U1, U2)(V1, V2).

This is a consequence of our definition of the tensor products of maps,
because the maps (u;,?) and (uy, ?) are elements of U*.

The field [ is a 1-dimensional vector space and so the tensor product
F® V is defined. The map that sends 1® v to v is an isomorphism. If ¢ € U*,
then vy x I is alinear map from U ® V to F ® V, and hence it determines a
linear map from U ® V to V. We will usually identify these two maps.

5.3 Quadratic Tensors

We investigate properties of elements of the tensor product U® V.

5.3.1 Lemma. Ifa € U® V has tensorrankr anda = }.;_,

some vectors uy,...,u, and vy,..., v, then both of these sets of vectors are

u; ® v; for

linearly independent.
We leave the proof of this as an exercise.

5.3.2Lemma. If « € U ® V has tensor rank r and
r r
a=> ui®v;=) x;i®y;
i=1 i=1
then

span{uy,..., U;} = span{xy,..., X}, span{vy,..., vy} =spaniy,..., yr}.

63



64 CHRIS GODSIL

Proof. There are vectors y1,...,, in U* such that y;(u;) = §; j. So the
image of @ under the map ¥ ® 1 is vk, according to the first expression for
a, and its image is
,
Z vi(x)yi.
i=1
This shows that vy € span{yy, ..., yr}, and now everything follows. |

The previous results are analagous to properties of the usual rank of a
matrix. This is no accident:

5.3.3 Theorem. For any two vector spaces U and V, the spaces Lin(U, V)
and U* ® V are isomorphic. Under this isomorphism elements of U* ® V
with tensor rank r map to operators with rank r.

Proof. If y € U* and v € V, let the map Ay, , be given by
Ayp (W) =y (Wv.

This assigns a linear map to each pure tensor in U* ® V and hence gives us
alinear map from U* ® V to Lin(U, V). Denote this map by A.

We show that A is onto. The first step is to show that each linear map in
Lin(U, V) with rank one is the image of a pure tensor. We leave this as an
exercise.

The second step is to show that any m x n matrix can be written as a sum
of rank-one matrices. Suppose A is m x n. If A # 0, there are vectors x and
y such that xTAy # 0, and so we may assume that we have vectors x and y
such that x” Ay = 1. Define

B=A-AxyT AT,

Each column of Axy” AT is a scalar multiple of Ax, and it follows that the
column space of B is contained in the column space of A. Next, Ax # 0 but

Bx=Ax— AxyTATx =Ax— (xTAy)Ax =0.

Therefore the column space of B is a proper subspace of the column space
of A and so rk(B) < 1k(A). On the other hand

1k(A) = k(B + Axy” A) < 1k(B) + tk(AxyT AT) <1k(B) +1

and we conclude that rk(B) = rk(A) — 1. It follows by induction that A can
be expressed as the sum of r rank-one matrices. O

Note that it is imediate that a matrix with m rows is the sum of m rank-
one matrices, and we can use this to provide a simple proof of the isomor-
phism in the above theorem. However the relation between tensor rank
and the usual rank is inmportant.

5.3.4 Theorem. We have

dim(U ® V) = dim(U) dim(V).
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Proof. If uy, ..., uy and vy,..., v, are basis for U and V respectively, then
the pure tensors u; ® vj span U ® V.
Now suppose that the pure tensors u; ® v; (for all i and j) are linearly

dependent. Then there are linearly independent vectors uy, ..., u#, in U and
vectors wy,..., w, in V such that
;
0= Z u; ® wj.

i=1
As before, choose elements fi, ..., f; in U* such that wi(uj) = 0;,j. ifwe
apply v ® 1 to each side of the above expression, we get

0= w. O

5.4 Cubic Tensors

Consider a tensor a in U ® V ® W given by
r
a = Z u;® ,61'
i=1

where f1,..., By € V® W. The subspace € (a) of V ® W spanned by the
tensors f1,..., B is an invariant of a. Define the order of a subspace of

V ® W to be the least integer s such that it is contained in the span of s pure
tensors. If € (a) has order s, then there are vectors vy,..., Vs in V and pure
tensors yy,...,Ys in V.® W such that

s
a= in®)/i
i=1

Hence the tensor rank of « is at most s. Since no proper subset of y1,...,ys
spans % (a), it follows that s is the tensor rank of a.

We give one example of the order of a subspace. Identify VV ® W with the
vector space of matrices of order dim(V) times dim(W). If € is the space of
upper-triangular 2 x 2 matrices then %4 has dimension three and order four.

For quadratic tensors, we have the following theorem.

5.4.1 Theorem. For vector spaces V and W, the set
S ={TeVeW|rk(T) <k}
isclosed (i.e., iflim; .o, T; = T and rk(T;) < k, then rk(T) < k).

Proof. Each T € V ® W is associated with a matrix A whose rank is equal
to the tensor rank of 7. Hence the sets Sy are determined by algebraic
equations and are closed. O

The set of matrices of rank at most r is a closed set, and so the limit
of any sequence of matrices with rank at most r is a matrix with rank at
most . Tensor rank is in general less well behaved. Let V be R? with the
standard basis ej, e>.
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5.4.2 Lemma. The element
T:=e1®e1®ej+e1®ex®ex+ex0e; e

of R> ® R? ® R? has tensor rank three, but is the limit of a sequence of tensors
with rank at most two.

Proof. Define
T,1 = /1_1 [e1 ®e® (—82 + /161) + (e1 + Aeg) ® (61 + /182) ® 92)].
Then
Ty—T=2Aex®er® e,

whence T) convergesto T'as A — 0.
The only difficulty is to verify that T has tensor rank three. Suppose by
way of contradiction that

T=(aje1+aze))®b®c+ (U161 +2e2) @V W.
Then
T=e1®(@bec+myvew)+e®(ab®c+ v w).

Comparing this with the definition of T, we deduce that

e1®e1+er®er=a1b®c+rveow

e1®er=ab®c+ v w.

The two vectors on the left in these expressions are linearly independent,
and therefore these equations imply that b ® c and v ® w are linearly in-
dependent and that they are linear combinations of the vectors on the
left.

Now we use the isomorphism between R? ® R? and Mat,x»(R). The
image of the span of the vectors on the left consists of all matrices of the

b

All rank-one matrices of this form must have x equal to 0, and so the rank-

form

one matrices of this form span a 1-dimensional space. It follows that b® ¢
and v ® w are linearly dependent. This the contradiction we wanted—we
conclude that the tensor rank of T is three. O

5.5 Multiplication

Let M be the space of n x n matrices over some field. Matrix multiplication
defines a linear map from V ® V to V. By Theorem 5.3.3 we have

LVRIV,V)=ZEM*@M"* oM,



and so matrix multiplication can be viewed as a particular element of this
space. More concretely, if the elements E;, j form a basis for M and ¢;,
denotes the element of M* that sends a matrix to its i j-entry, then

AB= ) €;j(Ae;r(B)E;
i,j,k

and so matrix multiplication corresponds to the tensor

Z €i,j®€jk®Ejk.
ik

This is a sum of n3 terms, which reflects the fact that the implies algorithm

for the product of two n x n matrices requires n® multiplications of scalars.

It is surprising and significant that the rank of this tensor is less than n3.
Strassen proved that when n = 2, its rank is at most seven, and this has
lead to algorithms for matrix multiplication that, for large values of n, are
substantially faster than the natural one.

For further information, start with Prasolov.

In the most general sense, an algebra is a vector space V with a bilinear
multiplication u defined on it. As above we can identify p with a cubic
tensor. Foris vy,..., v4 is a basis for V and y; is the element of V* that
maps a vector v to its i-th coordinate, then for x and y in V, we have

d
pxy) = Y iy ui,v)).
ij=1

and so we can identify p with the element

2 Yi®Y;®uwi,v))
L]

of V* ® V* ® V o, if we willing to be flexible, with an element of Ves,

5.6 Semifields

If
Vi=Vie--8V,

and ¢ lies in the dual space Vj*, we define ¢ to be the linear map such
that

(p(j)(vl ® - ®Ug) =) (V1®--®Vj_1)® (Vj+1® - ®Vg)

We refer to ¢/ as a contraction. Following Liebler ! we define, an element
of a tensor product V] ® --- ® V; to be non-singular if

(@) d =1, any non-zero element of V is non-singular.

(b) d > 1, and any non-zero contraction is non-singular.

MORE LINEAR ALGEBRA
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The second-simplest case is when d = 2, in this case an element of
V1 ® V, is non-singular if the corresponding matrix is non-singular (in the
usual meaning of the term).

(1) Suppose T € End(V) and rk(T) = 1. Prove that there is f in V* and v in
V such that Tx = f(x)v.



6
Type-1I Matrices

6.1 Definitions

If M and N are m x m matrices, their Schur product is the m x n matrix
Mo N defined by
(MoN);j=M;jjNj;j

This is a commutative associative product with the all-ones matrix J as
multiplicative identity. If no entry of M is zero, we define the matrix M~
by
(G AW 9t
(M™7),j =M, ;

and call it the Schur inverse of M; clearly M o M ) = J. If M is a Schur
invertiblematrix we define

Mi/j = (Me,-)O(Mej)(_).

Thus M;j is the ratio of the i-th and j-th columns of M.
An n x n complex matrix w is a type-1I matrix if it is Schur invertible and

wwOT =1

Any Hadamard matrix is a type-II matrix, as is the character table of an
abelian group. For any nonzero complex number ¢, the matrix

Il
— =

is type-II.
If W) and W5 are type-I, so is the Kronecker product W; ® Ws.
We define a monomial matrix to be any product of permutation matri-
ces and invertible diagonal matrices. Matrices Wj and W, are monomially
equivalent if there are monomial matrices M and N such that W, = MW, N.
If W is monomially equivalent to a type-II matrix, it is a type-II matrix.! ! as you may show
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If W is type-11, so is its transpose w7, butin general W and w7 are not
monomially equivalent.

Our next result introduces an important class of type-II matrices. We say
that a complex matrix is flat if its entries all have the same absolute value.

6.1.1 Lemma. Suppose W is a square Schur-invertible matrix. Then any
two of the following statements imply the third:

(a) W istype-II
(b) W isflat.
(c) W is unitary.

A flat unitary matrix is commonly referred to as a complex Hadamard
matrix.

6.2 Traces and Type-1I Matrices

6.2.1 Lemma. An n x n matrix W is type-II if and only if for any two diago-
nal matrices Dy and D»,

1
(D1, W'Dy W) = — tr(Dy) tr(Dy).
n
Proof. We have
<e,—eiT,W_1ejejTW> = tr(eieiTW_lejejTW) = eiTW_lejejTWei =W W,

and so our claim holds for D; = e;e] and D, = ¢; ejT if and only if
(Wﬁl)i,j Wii=—

Itholds forall i and j ifand only if W' = LW DT i, if W is type-II. The
result now follows by linearity. O

6.2.2 Corollary. If W is type-II of order n x n and D is diagonal,

1
(W IDW);; = —tr(D). O
n

6.3 Compressions and Projections

A resolution of the identity is a sequence of projections Qy, ..., Qy, such
that }_; Q; = I. (So each direct sum decomposition of a vector space pro-
vides a resolution of the identity.?)

6.3.1 Lemma. If Py, ..., P,, are projections and their sum is a projection,
then P;Pj =0 wheni# j.

2 The converse is also true
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Proof. Assume Q =) ; P;. Then

QZQZZZPi+ZPin =Q+ZPin
i i£] i#j
and therefore

0=tr (Z Pipj) =) tr(P;P)).

i#] i
Since projections are positive semidefinite, if tr(P; P;) = 0, then P;P; =0. [

If follows that if }_; P; = I, then the matrices P; commute. Since these
matrices are normal, there is a change of basis that makes them diagonal.
Hence if Py, ..., Py, is a resolution of the identity, by making a change of
basis we may assume each P; is diagonal, with all diagonal entries 0 or 1.

If «/ is an algebra and Py, ..., P;, is a resolution of the identity formed by
projections in <, we define a map ¥ from «/ to itself by setting

¥(M):=) P;iMP;.
i
You may verify that the image of ¥ is a subalgebra of End(<¢). The map ¥
is referred to as a compression. (If we have chosen a basis so the P;’s are

diagonal, then ¥ (M) will be block diagonal—equivalently ¥ just sets the
off-diagonal blocks to zero.)

6.3.2 Lemma. Let ¥ be the element of End(«/) arising from the resolution
of the identity P,..., Py,. Then

(a) Y is self-adjoint.
(b) Y is a projection.
(c) The image of ¥ is set of matrices in o/ that commute with Py, ..., Py,.
Proof. We calculate:
(M,¥(N)) = Ztr(M*PiNPi) = Ztr((PiM*P)N) —((PHY(M), N).
i i

This gives (a) and, since Y2 -y we get (b).

Since ¥ (M) is a sum of matrices that commute with P;,..., P,;,, it com-

mutes with each element of Py, ..., Py,. Since ¥ acts as the identity on the
commutant of Py,..., P;,, we see that ¥ is onto. O

6.3.3 Lemma. Suppose Py, ..., Py are pairwise orthogonal projections
summing to I. If W is a k x k type-II matrix and we define

1
U=—) W;;P; (i=1,...,k),
1 \/ﬁ; L]t ]
then Uy, ..., Uy are invertible and
Y PieP=) UwoU "
i i

If W is unitary, so are Uy, ..., Uy.
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Proof. We have U; ' = ™12y ; Wl.jjl P; and consequently

nU;eU; ' = (Z Wl-,jpj) ® (; W Py
J

Pj®Pk.

= (Z Wi, Wit
Jk

Therefore

Pj®Pk

S
1

ki

=Y WOTw); (Pj & Py
ik
=n Z P;®P;.
J
If W is flat, the eigenvalues of the matrices U; are complex numbers of
norm one, since U; is Hermitian it follows that U; is unitary. O

6.4 Classical Colourings

We give a description of classical colourings of graphs in linear algebraic
terms, with a view to presenting a quantum analog later.

A colouring of the graph X is a partition 7 of V(X), such that the sub-
graphs induced by the cells of 7 are cocliques. We can represent a partition
by its characteristic matrix. If || denotes the number of cells of 7 this is
the |V (X)| x || matrix whose i-th column is the characteristic vector of the
i-th cell of 7. So the characteristic matrix is a 01-matrix with column sum
equal to 1.

If N is the characteristic matrix of a partition with m classes we can, for
each i, convert the i-th column to a diagonal matrix P;. (Thus (P;),,, =
(Nej)y.) Then Pl? = P;and }_; P; = I, and we have a resolution of the
identity. We refer to the matrices P; as the projections associated to the
cells of 7.

6.4.1 Lemma. Assume Py, ..., P,, are the projections associated to a parti-
tion m of V(X). Then n is a colouring if and only if}_; P; A(X)P; = 0. O

We use this lemma, along with earlier work, to derive an eigenvalue
bound on the chromatic number.

6.4.2 Theorem. Let X be a graph on n vertices with eigenvalues
0,=---=20,.
Then

x=1-4
1X)z1-2=.

n



Proof. Let  be the partition of a c-colouring of X. Let Py, ..., P. be the cor-
responding projections and let Uy, ..., U, be the unitary matrices derived
from the projections using some flat type-II matrix. Then

C
0=) P;AP;=) U;AU;}
i=1 i

and therefore .

U1AU ==Y U; AU}

i=2

whence c

A=-) U U;AU; Uy.

i=2

This implies that

0:<(c-1 max{Hl(Ul*Ui(—A)Ui*Ul) :2<i<c¢}
<(c-1)max{f;(-A):2<i=<c}
=(c—-1)(-0,)

and the bound follows. O

6.5 Quantum Permutations

A quantum permutation P is an n x n matrix such that each entryisa d x d
projection, and the projections in each row and column sum to I;. We
prefer to view P as a matrix over the ring of d x d matrices but, occasionally
it is convenient to view it as an nd x nd matrix with blocks of size d x d. In
this case we will write P to warn the reader of the change of viewpoint.

Note that if Qy,..., Qf are projections and }_; Q; = I, then Q;Q; = 0 when
i # j. If the entries in a quantum permutation P all have rank one, then P is
also known as a quantum Latin square.

6.5.1 Lemma. Suppose P is an n x n quantum permutation with d x d
projections as entries. Then P is unitary.

Proof. Easy exercise. O

An important consequence of this result is that P and P are invertible.

Following Roberson et al 3, we define two graphs X and Y on n vertices
to be quantum isomorphic if there is a quantum permutation P of order
n x n, with entries projections of order d x d, such that

(AX)® I;)P=P(A(Y)®1,).

If X = Y, we have a quantum automorphism of X. Since P is unitary, the
matrices A(X) ® I and A(Y) ® I are similar, and so we see that quantum
isomorphic graphs are cospectral. We'll see that more is true, but there are
graphs that are quantum isomorphic but not isomorphic. (See *.)
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An automorphism of the graph X on n vertices can be specified by an
n x n permutation matrix Q such that QA = AQ. ThenQ® Iand A® I
commute, and we see that any automorphism of a graph gives rise to
quantum automorphism,

6.5.2 Lemma. If P is a quantum permutation, P commutes with J® I;. O

This result is easy to prove, and is left to the reader. One consequence
of it is that quantum isomorphic graphs are cospectral with cospectral
complements.

Our next results holds provided the entries in any row of P satisfy

PijPir=0kPij;
they do not need to be projections.

6.5.3 Lemma. If P is a quantum permutation and P commutes with M ® I
and N ® I, it commutes with (Mo N)®I.

Proof. The ij-block of (M ® I) P is
Z Mi,rPr,j
-
and, by hypothesis, this is equal to the i j-block of P(M ® I):
Y M iPis.
N

We have
Y M; Pr;Y NisPsj=) (M NP
r S r

where the right side is the i j-block of (M o N) ® I) P. Similarly
ZMr,jPi,rZNr,jpi,r :Z(Mr,er,j)Pi,r
r r r

where the right side is the i j-block of P((M o N) ® I). Since the left sides of
the previous pair of equations are equal, our result follows. O

6.5.4 Lemma. Let P be a quantum permutation. The set of matrices M
such that M ® I commutes with P is *-closed.

Proof. Since the entries of P are Hermitian, we have
(PM*® 1)y, = ;Px,rM:jy = ; (PerMyy)) = ((B(Me D)y,
and, if P and M ® I commute, then
(P(M®D)xy)" = (M*®D)P)y,.

It follows that if M ® I commutes with P, so does M* ® I. O

From the previous two lemmas we see that the set of matrices M such
that P commutes with (M ® I) is a coherent algebra.
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6.6 Quantum Colourings

We introduce a quantum version of colouring. The basic idea is that a
quantum c-colouring of X is given by an n x ¢ matrix whose entries are
d x d projections, with the projections in each row sum to the identity
matrix I;. (If d = 1, we will get a classical colouring.)

6.6.1 Lemma. If Qy, ..., Qn, are projections with sum I, then Q;Q; = 0 if
i=j.IfRy,...,Ry is a second sequence of projections summing to I;, then
Y ;Q;R;=0ifand onlyifQ;R; =0 for all i.

Proof. Set S=Y; Q;. Then

=) Qi+) QiQ;.

i i#j

As § = I, this implies that };; Q;Q; = 0 and consequently

0=} tr(Q:Q).
i#]
Since projections are positive semidefinite, tr(Q;Q;) = 0 and equality holds

ifand only if Q; Q; = 0. O

IfQ,...,Qm and Ry, ..., Ry, are resolutions of the identity such that

Q;R; =0 for all i, we say the resolutions are orthogonal.5 % just what we need, another meaning

We now define a quantum m-colouring of X to be a |V(X)| x m matrix N assigned to ‘orthogonal’

of d x d projections such that:
(a) Eachrow is a resolution of I,.

(b) Ifvertices i and j are not adjacent in X, the partitions in the rows ef N
and e].TN are orthogonal.

We refer to d as the index of the quantum colouring. The quantum colour-
ings of index one are precisely the clasical colourings.

6.6.2 Lemma. A quantum m-colouring of K, is a quantum permutation.

Proof. if N is a quantum m-colouring of K;,;, then the projections in any
column of N are pairwise orthogonal and hence each column sum is an
idempotent of order d x d. Therefore

andso }.; D; >= 0. But

501"

m

U-YNip=Y Z(I ZNJ)
=

i=1j=1

|| Ms

1i

and therefore D; =0 for all j, thatis, _; N j = I4. O
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6.7 The Nomura Algebra of a Type-I1I Matrix

If W is Schur-invertible, we define Wj, ; to be the vector We; o (W),
To each m x n Schur-invertible matrix W we associate its Nomura
algebra, defined to be the set of m x m matrices M such that each ratio
Wi, is an eigenvector. Hence M lies in the Nomura algebra of W if and

only if there are scalars @;, ; (M) such that

MW ;=0; j(M)W;;.

We denote this algebra by A4y It contains the identity matrix, so it is at
least not empty.

6.7.1 Lemma. A square Schur-invertible matrix W is type-II if and only if
JeNy. O

So if W is type-II, the dimension of its Nomura algebra is at least two.

There is a non-trivial class of examples based on finite abelian groups.
Assume G is an abelian group of order n, given by n x n permutation matri-
ces, and let W be its character table, with rows indexed by group elements
and columns by characters. Then W, ; is a character of G, and therefore
N consists of the matrices M for which there is a diagonal matrix D such
that MW = WD. Itis not hard to verify that all permutation matrices in G
belong to Ay .

It is surprisingly difficult to provide examples of type-II matrices where
the dimension of the Nomura algebra is greater than two. We can use
products to get examples which we deem trivial: It can be proved that if W
and W, are type-II matrices, then

JVW1®W2 = JVWI ®</VW2.
Hence if W is the Kronecker product of k type-II matrices,
dim(Ay) = 2%,

A type-Il matrix W is a spin model if W € A}y (or, more precisely, if W is
monomially equivalent to an element of .A43y). Spin models are important
because they give rise to link invariants. The character tables of abelian
groups provide examples of spin models where the type-II matrices are flat;
the only known examples where the type-II matrix is not flat is one based
on the Higman-Sims graph (due to Jaeger ®) and a family due to Nomura ”

based on Hadamard matrices.

6.8 The Matrix of Idempotents of a Type-1I Matrix

We describe an operation on type-II matrices which we can use to con-
struct quantum permutations. Assume W is an n x n type-II matrix and, for
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each i and j, define a rank-1 matrix %; ; by
Yij:= 1 MU
n
Let @y denote the n x n matrix with i j-entry equal to Y; ; (for all i and j).
We call it the matrix of idempotents of W.
We observe that )
Vii=—J
n

and
vl v,
ij = L

The latter implies that %}y is symmetric. Further

- T_ .2
Yifj)=nWj/i(Wi/j) =n"Yj;.

If %" denotes the matrix we get by replacing each entry of % by its trans-
pose (i.e., the partial transpose of %), then
v =Ly
n
Finally, if W is flat, then Y; ; is Hermitian.

6.8.1 Theorem. Let % be the matrix of idempotents of the n x n type-1I
matrix W. Then each row and column of % sumsto I.

Proof. Let 8; (M) denote the diagonal matrix such that (8; (M), = (Me;),.
We have

ny Y=y Wiy j(Wyn"=0;(w) (Z(Wej)("(Wej)T) a;(wm).
J J J

Here the inner sum is equal to
woOw! = wwONHT = nl.
Since % is symmetric, the result follows. O

Let S be the endomorphism of C” ® C” that sends u ® v to v ® u. Note
that S? = I and S is a permutation matrix.

6.8.2 Theorem. If W is a type-1I matrix, its matrix of idempotents % is a
type-II matrix. If W is flat, then % is flat and is a quantum permutation.

Proof. For fixed i, the vectors We; form a basis of C" and the vectors
n~'(We;)"” form a basis dual to this. Hence the matrices

1
—(Wept P wep”
n

are pairwise orthogonal idempotents and sum to I. Therefore for fixed i
the matrices Y;, ; are pairwise orthogonal idempotents that sum to I.

Since % T = &, it also follows that each column of % consists of pairwise
orthogonal idempotents that sum to I. If W is flat, then Y; ; is Hermitian. O
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6.8.3 Corollary. If W is a Hadamard matrix, %y is a Hadamard matrix of
Bush type. O

6.8.4 Lemma. If W is type-II, then %, = S%yS.

Proof. We have

T T
Wy Wy j _ Wy i Ws,j _ Wi,r ijS

Wr,j Ws,i B Ws,i Wr,j - W~T WT

i,s j,r

n(Y; )r,s = = n(Y,,s(Wh)y .

Here the left hand and right hand terms are equal respectively to
(ei®e) Wylejoe), (e,®e) Wles®e))

and the result follows. O

6.9 Commutants

After one preparatory lemma, we derive a useful second characterization of
JVw.

6.9.1 Lemma. If W is an n x n type-1I matrix, then (Wk/l-)TWi/j =nbj.

Proof. We have

Wik Wri Wi k (=) . \T
W) Twyy = AL = =W9enTwey
' " ; Wr,i Wr,j Xr: er /

=W

= I’l@j,k.

6.9.2 Theorem. Let W be a type-II matrix. For a matrix M, the following are
equivalent:

(a Me Ny.

(b) Each vector Wy, j is an eigenvector for M.

(c) Each vector (Wj;;) T js aleft eigenvector for M.
(d) M commutes with Y; ; foralli and j.

Proof. From the definition of A3y, (a) implies (b).

If L is a matrix of eigenvectors for A and D is the corresponding diagonal
matrix of eigenvalues, then AL = LD, so L"' A= DL™! and the rows of L™!
are left eigenvectors for A. If

LZ(Wl/j Wn/j)
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then, by the previous lemma,

W’
: L=nl.
(W) "

Therefore the vectors (Wj/;) T are left eigenvectors for M.

Finally, suppose MxyT = xy”. As the column space of Mxy is spanned
by Mx and the column space of xy” M is spanned by x, we see that x is
an eigenvector for M. Similarly y” is a left eigenvector. Conversely, if x is
aright eigenvector for M and y a left eigenvector for M, then xy” and M
commute. Hence (b) and (c) are equivalent to (d). O

6.9.3 Corollary. If W is type-II, then ANy is transpose-closed.

Proof. The matrix M commutes with Y; ;, if and only if M T commutes with
(Y; jpr). Since (Y; jy7) = Y}, the corollary follows. O

6.10 Coherent Algebras

If P is a permutation matrix, then P(Ao B) = (PA) o (PB). We derive an
analogous result for quantum permutations.

6.10.1 Lemma. Let Z be an n x n matrix with entries d x d idempotents.
If the entries in each row and in each column are pairwise orthogonal and
sum to I, then for any n x n matrices M and N,

(MoN)®DZ=(MeDNZ)o(N®1)Z)
Z(MoN)®) =(ZMeD)o(Z(NeI))

Proof. We have

(MeDZ)ij=) Mi,Zrj, (NeDZ)j=Y Ni,Z.
r r

Since the entries in a column of Z are pairwise orthogonal,
(MeDZ);j(N®DZ); ;= ZMi,rNi,rZr,j =((MoN)® D)Z)j,j.

This proves the first equality, the second follows similarly. O

6.11 A Nomura Algebra is Schur-Closed

Let W be a type-II matrix. Recall that if M € Ajy, then ©; (M) is the eigen-
value of M on the eigenvector W;, ;. Accordingly we define Oy (M) to be
the matrix with

Ow(M));,j =0;,j(M);
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it is the matrix of eigenvalues of M. Clearly, if M, N € Ay, then
Ow (MN) =By (M) 0Oy (N).
If M and N are square matrices of the same order, their Lie bracket is
[M,N]:=MN-NM.

Obviously [M, N] = 0 if and only if M and N commute (and this is the only
property of the Lie bracket that we will use.)

6.11.1 Theorem. Let W by type-II and let % be its matrix of idempotents.
Then
Aw={M:[IeM,¥y]=0}

and
Nyt ={N:[Ne I, %y]=0}.

Proof. We have that [I ® M, %] = 0 if and only if [M, Y; ;] = 0 for all i and
j.- Now M commutes with a rank-1 matrix uv* if and only if u is a right
eigenvector for M and v* is a left eigenvector. Hence [M, Y; ;] = 0 for fixed i
and all j if and only if M € Ajy.

For the second claim,

S(IN® D%yw)S =T N)¥yr,

from which the assertion follows. O
6.11.2 Corollary. If W is a type-II matrix, then Ay is Schur-closed. O

Since Ay is closed under transpose, it follows that it is the Bose-Mesner
algebra of an association scheme. Similarly .4}, will be a Bose-Mesner al-
gebra; the relation between these two algebras is described in the following
theorem, which we would like to be able to prove using the machinery at
hand.

We have

MDD =OM)’])o%.

6.11.3 Theorem (Nomura). If W is a type-II matrix of order n x n, then

and )
Ow(MoN) = ;@W(M)@W(N)~ O



7
The Smith Normal Form

In this chapter we study some linear algebra over rings. The most impor-
tant rings we use are Z and F[x].

7.1 Domains

Let R be a commutative ring. We say that an element a of R divides an
element b if b = ax for some x. We call R a domain if it has no divisors of
zero, that is, if a,b € R and ab = 0 then a = 0 or b = 0. Clearly any field is a
domain. Further examples are provided by the integers Z and [F[x], the ring
of polynomials in x with coefficients from F.

An ideal of R is a non-empty subset I such thatif a € [ and r € R, then
ra € I. The even integers form an ideal in Z. The polynomials p in F[x]
such that p(1) = 0 provide a second example. If I and J are subsets of R,
then I] is given by

IJ:={ab:acl, be]J}.

Thus the subset I of R is an ideal if RT < I. The only ideal of R that contains
1is R itself. It follows that a proper ideal cannot contain an invertible ele-
ment of R. If S € R, then the set SR is an ideal; we call it the ideal generated
by S. It consists of all R-linear combinations of the elements of S. An ideal
generated by a single element is called a principal ideal. For example, the
even integers 2Z form a principal ideal in Z. If I is the principal ideal gen-
erated by d, then I consists of the elements of R that are divisible by d. A
principal ideal domain is a ring in which every ideal is principal. Both Z
and F[x] are examples.

Anideal I is prime if it is a proper ideal and, whenever ab € I, either a
or bliesin I. If m € Z, then mZ is a prime ideal if and only if m is a prime. A
ring is a domain if and only if the sero ideal is prime.

Suppose R is a principal ideal domain and a, b € R. The ideal generated
by a and b is generated by some element d, which divides both a and b.
Since this ideal consists of the R-linear combinations of a and b, there are
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elements r and s of R such that
d=ra+sb.

It follows that if ¢ divides a and b, then c divides d and therefore d is a
greatest common divisor of @ and b.
If d divides e and e divides d, we have

d=de, e=ejd
whence d = d; e; d. Therefore
(1-dyje))d=0

and so d;e; = 1; hence both d; and e; are units of R. It follows that, in a
principal ideal domain, any two non-zero elements have a greatest com-
mon divisor, which is unique up to multiplication by a unit.

It can be difficult to verify that a given ring is a principal ideal domain.
There is one case where it is easy. We say R is a Euclidean domain if there is
a function p from R\0 to N such that

(@) If a,be R then p(ab) = p(a).

(b) If a,b € R, there are elements g and r such that b= ga+r and p(r) <
pla).

The advantage of Euclidean domains is that we can compute the greatest
common divisor of any two elements using the usual Euclidean algorithm.
Also, a Euclidean domain is a principal ideal domain.

We consider examples. If R = Z, take p(a) to be |x|. If R = F[x], use
p(p) = deg(p). If p, g € F[x], we say the rational function p/q is proper if
deg(p) < deg(q). If we define p by

0 (g) = deg(q) - deg(p).
The set of proper rational functions over [, with this function p, forms a
Euclidean domain. If F = C, the proper rational functions are the rational
functions that are bounded at infinity.

1. Prove that a finite domain is a field.
2. If (R, p) is a Euclidean domain and x is a unit in R, show that p(ax) =
p(a) forall ain R.

7.2 Localization

Let R be a domain. A subset S of R is multiplicatively closed if

(@) 0¢gSand1l€S,
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(b) Ifa,be S, thenabeS.

In Z, the set of integers not divisible by a given prime is multiplicatively
closed. The set of non-zero elements of R is also multiplicatively closed.

Using S, we can construct a new ring, denoted R[S71]. It elements are
equivalence classes of ordered pairs from R x S. We define (a, s) and (b, t) to
be equivalent if there is an element x of R such that b = ax and ¢ = sx. The
product of the pairs (a, s) and (b, t) is (ab, st); their sum is

(at + bs, st).

These definitions will seem more familiar if we write our pairs as ratios a/s.
We then see that if R = Z and S consists of the non-zero integers, R[S =
Q. If R = F[x] and S consists of all powers of x, then R[S™!] is known as

the ring of Laurent polynomials. It consists of the rational functions of the
form x*p(x), where p € F[x] and k € Z.

If S = R\0, then the ring R[S™!] is called the quotient field of R. The
quotient field of Z is @, as we have just noted. The quotient field of F[x] is
ring of rational functions in x, denoted [ (x).

We can view R[S™!] as being constructed by adjoining the multiplicative
inverse of each element of S to R. The element of R[S™!] of the form a/1
form a subring isomorphicto R. If a € Rand s € S, then a/1 and a/s gen-
erate the same ideal. It follows from this that ideals of R[S~!] correspond
to the ideals I of R such that I n S = . An important consequence is that
R[S™'1is a principal ideal domain if R is.

We consider some examples. Let R = C[x] and let C be a subset of C, for
example, the unit disc. Then the polynomials p(x) with no zeros in C form
a multiplicatively closed subset S. The ring R[S7Y] consists of the rational
functions with no pole in the unit disc.

1. Prove thatif I is an ideal of R, then R\ I is multiplicatively closed if and
only if I is prime.

2. Let S be a multiplicatively closed subset of the domain R. Prove that
each ideal of R[S™!] consists of the elements a/s, where a comes from a
given ideal I of R, and s € S.

7.3 Binet-Cauchy

We prove a useful determinental identity. If C is a k x n matrixand S <
{1,...,n} of size k, define ps(C) to be the determinant of the submatrix of C
formed by the columns of C indexed by entries from S.
The following in the Binet-Cauchy identity. The cases k = 1and k = n
should be familiar.! ! proof by Tao, from wikipedia

7.3.1 Theorem. If A and B are k x n matrices over a commutative ring, then

det(ABT)= Y ps(A)ps(B).
|SI=k

83
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Proof. Recall that
det(t1+ BT A) = " *det(¢s1+ ABT).

On the right, the coefficient of "k g det(ABT). On the left, this coefficient
is the sum of the principal k x k minors of BT A2 1f |S| is a k-subset of 2 using a result of Laplace
{1,ldots, n}, the (S,S) minor of BT Ais ps(B) ps(A). O

IfQiskx kand Ais k x nand Sis a k-subset of {1, [dots, n}, we have

ps(QA) = det(Q)ps(A)

The quantities ps(A) are the Pliicker coordinates of the row space of A.
You may show that A and B have the same row space if and only there is a
non-zero scalar y such that pg(A) = yps(B) for all k-subsets S.

7.4 Fitting Invariants

Let A be an m x n matrix over a ring R. We define the Fitting invariant Fy(A)
to be the ideal generated by the k x k minors of A, where 1 < k < min{m, n}.
If R is a principal ideal domain, then the ideal Fi(A) is generated by an
element f}, and so we may use the sequence of elements fi,..., fiman,
rather than the ideals Fy(A).

7.4.1 Lemma. Let A be an m x n matrix over R, where m < n. Then the
following are equivalent:

(a) A has aright inverse.
(b) Fr(A)=Rfork=1,...,m.
(c) Fu(A)=R.

Proof. First suppose that B is a right inverse for A over R. Then Bis m x n
and, since AB = I;;, by the Binet-Cauchy identity,

1=det(AB)=)_ps(A)ps(B)
S

There the ideal generated by the k x k minors of A is R, equivalently
F(A) =R.

Now suppose that F;,;,(A) = R. Let S be a set of m columns of A and set
ds equal to det Ag. Let M be the n x m matrix such that Mg = adj(As) and
Me; =0ifi ¢ S. Then

AM = dgl.

If T is a second subset of m columns of A and N is constructed analogously
to M, then AN = drI and therefore

A(XxM+ yN) = (xds+ ydr) 1.

It follows that if the minors dg generate R, then there is a right inverse for
A. O
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One consequence of this lemma is that if Ais m x n and F,;;(A) = R,
then Fi(A) = Rfor k = 1,..., m. We recall that two matrices A and B are
equivalent over R if there are invertible matrices P and Q over R such that
B =PAQ.

7.4.2 Lemma. Let A and B be two m x n matrices over R. If A and B are
equivalent, they have the same Fitting invariants.

Proof. Assume Q is invertible. By Binet-Cauchy, each r x r minor of QB lies
in the ideal generated by the r x r minors of B and hence F,(QB) < F,(B).
By the same argument, since the entries of Q™! lie in R, we have

F.(B) = F,(Q"'(QB)) < F+(QB).

The lemma follows. O

In Section 7.5, we will see that if R is a principal ideal domain, then two
matrices of the same order are equivalent if and only if they have the same
Fitting invariants. Note that A and A” have the same Fitting invariants.

1. Let Abe a m x n matrix over Z. Show that if, for each prime p, the rank
of Amodulo p equals its rank over Q, then the greatest common divisor
of the m x m minors of Ais 1.

7.5 Smith Normal Form

Let A and B be two m x n matrices over a commutative ring R. (Think Z[x].)
We say that A and B are equivalent over R if there are invertible matrices

P and Q such that PAQ = B. We want to decide if two given matrices are
equivalent.

7.5.1 Theorem. Let A be a matrix over a principal ideal domain R. Then
there is a unique matrix D over R which is equivalent to A such that D;j =0
ifi # j and D; ; divides D;,i+1 fori=1,...,n—1.

Proof. We first show that A is equivalent to a matrix D such that D;; = 0 if
i # j, and only then show that D can be arranged to have the form stated.
Suppose a and b are two elements of R, and suppose that the ideal they
generate is generated by d. Then there must be elements s and ¢ of R such
that sa + tb = d. Further, there are elements a; and b; such that a = a;d

and b = b1 d. Hence
s t\fa)l |[d
—bl ay b - 0 )

As saj + thy = 1 the determinant of

N t
—bl ay

is 1 and therefore this matrix is invertible.

85
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If the i-th of Ais x and the j-th rowis y and we may replace x be sx + ty
and y by —b; x + a, y, the resulting matrix is equivalent to A.

We may permute the columns of A so that any zero columns are last.
Having done this, we may convert A to an equivalent matrix where A;; =
a#0and A;; =0if i > 1. If a divides each entry of the first row of A then A
is equivalent to a matrix of the form

a 0
0 A

and we can prove our claim by induction.

If a does not divide each entry in the first row, then we may operate on
the columns of A, converting it to an equivalent matrix with A; ; = a’ and
Ay,j = 0if j > 1. Further the ideal generated by a is properly contained
in the ideal generated by a’. We hope now that a’ divides each entry in
the first column of A. If so then we reduce to the previous induction. If
not, we operate on the rows again. Since the ideal generated by A;; form
a strictly increasing sequence, and since R does not contain an infinite
increasing sequence of ideals, we conclude that A is equivalent to a matrix
with A;; =0when i >1and A;,; =0 when j > 1. This proves our claim.

To reduce R to the required form, we observe that the two matrices

a 0 a 0
0 bl sa+tbh b

are equivalent; given this it is easy to see R is equivalent to a matrix satisfy-
ing the divisibility condition we gave.

The problem left is to prove that R is unique. This follows because A
and D have the same Fitting ideals, and because a diagonal matrix which
satisfies our divisibility condition is determined by its Fitting ideals. O

If R is a Euclidean domain, then we can use elementary row and column
operations rather than the 2 x 2 matrices we described. Note that over a
principal ideal domain there may be invertible 2 x 2 matrices that are not
products of elementary matrices. Cohn 2 gives an example over Q(v/—19).
(No problems over Euclidean domains.)

The matrix R whose existence is guaranteed by the theorem is called the
Smith normal form of A. If A is square then det(A) is a unit times det(R).
Computing the Smith normal form, even over Z, is one of the more difficult
problems in linear algebra. If implemented as described then the number
of digits in an entry can double at each step.

Generally one only meets the Smith normal form for matrices over Z
and over F[z]; there are a number of interesting Euclidean domains that
arise in control theory, related to rational functions. Call a rational function
p/q inF(z) bounded if degp < degg. If we define

p1(p/q) =degq—degp,
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the bounded rational functions form a Euclidean domain relative to the
function p;.

For a second example, let S be a subset of the complex plane, and call
a polynomial stable if its zeros all lie in S. The set of stable polynomials is
multiplicatively closed, and so the rational functions p/q where q is stable
form a ring. If we define p2(p/q) to be the number of zeros of p notin S
then this ring is a Euclidean domain relative to p,.

The intersection of these two rings has the baroque denotation RH?®. If,
as is standard, S is the open left half-plane, this ring consists of the rational
functions that are uniformly bounded on the closed right half-plane. Itis a
Euclidean domain relative to the function p; + p».






8
Polynomial and Rational Matrices

A polynomial matrix is a matrix whose entries come from the ring F[z]. A
rational matrix is a matrix whose entries come from the field of rational
functions [F(z). We will also have occasion to consider matrices whose en-
tries are formal power series or Laurent series, but we will not assign names
to these. Any matrix polynomial A(z) can be written as a polynomial in z
with coefficients A; from Maty;,x, (F):

AlR) =) Aiz'.
i

(This encodes an isomorphism between the ring of polynomial matrices,
and the ring of polynomials with matrix coefficients, but this distinction
goes beyond the level of sophistication to which we aspire.) The degree
is the maximum degree of an entry. We will also be concerned with the
degrees of the rows and/or columns of polynomial matrices. The key here
is to note that each column of a polynomial matrix is a polynomial matrix,
and so has a well-defined degree.

We consider one pertinent example. If Ais n x n, then I — Ais a polyno-
mial matrix with degree one. We have

(zI - A)adj(zl — A) = det(z] — A)I.
Here adj(zI — A) is also a matrix polynomial, with degree n —1, and

1
— -1 e — i
(zI - A) TR adj(A).

In this chapter, we will study the basic properties of polynomial and
rational matrices.

8.1 Series

A rational function is proper if the degree of its numerator is less than
the degree of its denominator; if the degree of its numerator equals that
of its denominator we say it is bounded! A rational matrix is proper if

! bounded = bounded at infinity; in control
theory the corresponding terms are
“strictly proper” and “proper”.
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its elements are proper and bounded if they are bounded. The bounded

rational matrices form a ring, and the strictly proper rational matrices form

a proper ideal in this ring.? 2In fact they form the unique maximal
We can view the ring of polynomials F[z] as a subring of the ring of ideal, the ring is local.

formal power series F[[z]]. This has some use, for example if p(z) is a poly-

nomial and p(0) # 0, then p(z) has a multiplicative inverse in F[[z]]. Ina

similar way, we can represent rational functions by formal Laurent series.

Suppose
p(2)=z2"+pi1z" 4+ py.
Then .
(g PL L P
pz) =z (1+Z+ +z”)

Hence p(z)~! has a formal power series expansion in z~!, and it follows
that any rational function has an expansion as a formal Laurent series in
z71. If p(2)/ q(2) is a rational function then

pta) = i aiz”™’,

q@ =
where k = deg(p) — deg(k). Hence the ring of rational functions in z is
isomorphic to a subring of the ring of Laurent series in z7!, and the image
of the bounded rational functions under this isomorphism is the ring of
formal power series in z. The proper rational functions map to the formal
power series with contstant term equal to 0.

Since we have used nothing more than the geometric series expansion,

everything goes over to matrix rational functions: these are isomorphic
to a subring of the ring of Laurent series in z~! with matrix coefficients,
bounded rational matrices correspond to formal power series and proper
rational matrices to formal power series with constant term equal to 0.
From this we see, for example, that the bounded rational matrices form a
ring, and the proper rational functions form an ideal in this ring. We note
one other property we will need.

8.1.1 Lemma. If M(z) is a proper rational matrix, then I + M(z) is invertible,
and its inverse is a bounded rational matrix.

Proof. Since M(z) is strictly proper it has a series expansion

M) =Y Mz
i=0
Hence I + M(z) is a formal power series with constant term I, and therefore
it has a multiplicative inverse, which is again a formal power series with
constant term 1. O

8.2 Polynomial Matrices

We develop some of the basic properties of polynomial matrices.
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Every polynomial matrix is a rational matrix. Since
A(z)adj(A(2)) = det(A(2) I
we see that if det(A(z)) #0, then
1 .
det(AGz)) VAP
is the inverse of A(z) in the ring of rational matrices. Thus a polynomial
matrix A(z) has a rational inverse if and only if its determinant is not zero,
although A(z) may not be invertible for certain values of z in F. A poly-
nomial matrix has a polynomial inverse if and only if its determinant is a
non-zero constant. We say that a square matrix over a ring is unimodular if
its determinant is a unit. Since the units in F[x] are the non-zero constants,
a polynomial matrix is unimodular if and only if it has a polynomial inverse.
More generally, we recall from Section 7.4 that an m x n matrix A over a ring
R has aright inverse if and only if the ideal generated by the m x m minors
of Ais equal to R.
Suppose A(z) is an m x n polynomial matrix with linearly independent
rows that is not right invertible. Then the greatest common divisor of the
m x m minors of A(z) is a polynomial of positive degree. It follows that
there are values of z in the algebraic closure of F such that rk(A(z)) < m.

8.3 Division

The degree of a vector over [F[¢] is the maximum degree of an entry. If Ais a
square matrix over [F[#] and d; is the degree of its i-th column, then

deg(det(A) <) d;.
i

We say that A is column reduced if equality holds.
If a(z) and d(z) are polynomials over a field, there are unique polynomi-
als g(z) and r(z) such that degr < degd and

a(z) = q(z2)d(z) + r(z).
We establish a matrix version of this.

8.3.1 Theorem. Suppose D(z) and N(z) are polynomial matrices of orders
nxn and m x n respectively, and D(z) is column reduced. Then N(z)D(z)™}
is proper if and only if each column of N(z) has degree less than the degree
of the corresponding column of D(z).

Proof. Suppose first that G(z) = N(z)D(z) ! is proper. We have
N(z) = G(2)D(2)

and if N;(z) and D;(z) denote the i-th columns of N(z) and D(z) respec-
tively,
N;(2) = G(2)D;(2).

91
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Since G(z) is proper, the degree of an element of N;(z) is less than the
degree of the corresponding element of D;(z). (Note that for this part of the
argument we did not need D(z) to be column reduced.)

Assume now that D(z) is column reduced and that the degree of each
column of N(z) is less than the degree of the corresponding column of
D(z). We may write

D(z) = HS(z) + L(=2),

where H is the leading coefficient matrix of D(z). Then
D) '=8( ' H ' U+L@)S@ ' H !
Therefore
N(@D@ ™" =(N@S@ HYH I+ L@S@ '"H )™

is the product of two rational matrices. The factor N(z)S(z)~! is proper by
hypothesis. Regarding the second factor, L(z)S(z) "' H™! is proper and so by
Lemma 8.1.1, we see that (I + L(z)S(z) "' H~!)~! is a proper rational matrix.
It follows that N(z)D(z)~! is proper, as required. O

8.3.2 Theorem. Suppose D(z) and A(z) are polynomial matrices and D(z)
is invertible and column-reduced. Then there are unique polynomial
matrices Q(z) and R(z) such that for each i, the degree of the i-th column
of Py is less than the degree of the i-th column of D, and

A(z) = Q(2)D(2) + R(z).
Proof. The matrix A(z)D(z)~! is rational and so
A(R)D(z)"! = Q(2) + P(2),
where P(z) is polynomial and R(z) is a proper rational matrix. Hence
A(z) = Q(2)D(z) + P(Z)D(z)

and, since A(z) and Q(z) D(Z) are polynomial matrices, so is P(z) D(z). Let
R(z) := P(z)D(z). Then R(Z)D(z)"! is proper and so by Theorem 8.3.1
the degree of each column of R(z) has degree less than the degree of the
corresponding column of R(=z).
Now suppose
A(z) = Q1(2) D(2) + Ry (2)

where P; and Q) are polynomial and for each i, the degree of the i-th
column of P; is less than the degree of the i-th column of D. Then
(Q-QD+([R-R)=0
and therefore
Q-Qi=(R-RD™.
Here the left side is a polynomial matrix, while by Theorem 8.3.1, the right

side is a proper rational matrix. Therefore both sides are zero, and there-
fore Q(z) and R(z) are unique. O
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Note that we do not get a version of the Euclidean algorithm, because
there is no guarantee that the remainder R(z) is not a zero divisor or, if not,
that it is reduced. So we cannot expect to be able to divide Q(z) by R(z).

8.4 Cayley-Hamilton

Assume A is square. The matrix zI — A is column reduced and linear so if
we divide by it, the remainder must be a constant matrix. We can give an
explicit formula for the remainder.

8.4.1 Lemma. Suppose F(z) = ¥.|_ F;z'. Then remainder of F(z) on right
division by zI — A is ¥_; F; A'. The remainder on left division is ¥_; A'F;.

Proof. We can write

(ZI-At=z1Y Al

i=0
the coefficient of z7 !~/ in F(z)(zI — A)~! is then
FoAl + FLAT™ 4o 4+ FL AT = (Fy+ FlA+---+ F A AL
Therefore there is polynomial matrix Q(#) such that
F(2)(z[-A)"'= Q@)+ (Fo+ LA+ +F.A") (2] - At

and the remainder on right division of F(z) by (zI — A VisFyp+ FLA+---+
F, A", as claimed.
We've left the left division as an exercise. O

We write F(A) to denote the remainder of F(z) on right division by
zl - A.

This last result is an extension of the result that the remainder of p(z) on
division by z — a is p(a). It also implies the Cayley-Hamilton theorem. For
suppose that ¢(z) is the characteristic polynomial of A, and consider the
remainder on left division of ¢p(z) I by zI — A. By the lemma,

PRI =Q(2)(z] - A)+ P(A)
and since ¢(z) = (zI — A)adj(zI — A), we find that
(21— A)(adj(z] — A) - Q(2)) = p(A).

As adj(zI — A) is a matrix polynomial, it follows that adj(zI - A) — Q(z) =0
and consequently ¢(A) is zero.

Let d(z) denote the greatest common divisor of the entries of adj(zI — A)
and let C(z) be the matrix polynomial

C(z) = d(z) ' adj(zI - A).
If p(z) is the polynomial ¢p(z)/d(z) then, since

¢(2)I =adj(zI - A) (z] - A)



94 CHRIS GODSIL

we see that p(A) = 0. Let ¢(z) be the minimal polynomial of A and let ¥ (z)
be the matrix polynomial satisfying

W(2) =Y (2)(z] - A).
If c(2) := p(2) /¢ (), then
C(2)(zI-A) =p@)]=c(2y(2)] =c(2)¥(2)(z] - A).

As zI — Ais invertible, this implies that C(z) = c(z)¥ (). Since the greatest
common divisor of the entries if C(z) is 1, it follows that ¢(z) = 1. Thus we
have shown that ¥ (z) = ¢(2)/d(2).

8.5 Equivalence and Similarity

We derive a characterization of matrix similarity over fields.

8.5.1 Theorem. Tiwo n x n matrices A and B over [ are similar if and only if
t1—- A and tI - B are equivalent over F[t].

Proof. If A and B are similar, say B = L~ 1AB, then
L '(tI-AL=tI-B

and thus ¢t — A and tI — B are equivalent.
So assume that 17 — A and tI — B are equivalent over F[¢]. Then there are
invertible matrices P(t) and Q(#) such that

P()(tI-A)=(I-B)Q(D).

There are matrices Py(#) and P; such that deg(Py(t)) < deg(P(¢)) and Py is
constant and
P(t)=(tI-B)Py(t)+ P

Similarly we have

Q1) = Qo) (tI = A) +

It follows that

((t1=B)Po(1) + P (1= A) = ((t1 = B)Qo (1) + Q1) (11 — A)
and therefore

(t1-B)(Po(t) = Qo(0))(tI—A)=—-Py(tI-A)+ (tI-B)Q.

Here the right side has degree at most one but if Py (#) # Qo(t), the left side
has degree at least two. Consequently Py(#) = Qp(t) and so

tPy-PA=1tQ;—-BQ. (8.5.1)

This implies that P; = Q; and we can complete our proof by showing that
Q, is invertible.
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We may assume that
Q)™ = Ro(N(tI-B) +Ry.
Now

I=Q(1™'Q1) = (Ry()(tT = B) + R)(Qo(1) (11 = A) +Qy)
= Ro()(tI = B)Qo(1)(tI — A) + Ro()(t] = B)Q1 + R1 Qo (1) (tI — A) + R1 Q

and since (from Equation (8.5.1))
(tI-B)Q1=P1(tI-A)
we have
I=(Ro()(tI-=B)Qo(t) + Ro()P1(t1—A)+R1Qo(N)(tI—-A) + Q1R;.

This implies that I = Q; Ry and therefore Q; is invertible. |

It follows that we can decide if two matrices A and B are similar by
computing the Smith normal forms of 11— Aand tI - B.

8.6 An Identity

We will need the following result.

8.6.1 Lemma. Let C = (c;,j) be a square matrix. Then

i(zI— O = (zI- C)_le,-ejT(zI— o~

6(,‘1',]'
Proof. This is an easy consequence of the following identity, which itself is
easily verified.
(zI-C) ' =(zI-D) ' =(zI-C)"(C-D)(zI-D)"". i

The matrix ¥ in the proof of the next result is defined in 22.

8.6.2 Theorem. Let y be a polynomial of degree d, let Cy be its compan-
ion matrix and let Ey (z) denote the d x d matrix with i j-entry equal to
wi(z)zj’llw(z). Let N be the companion matrix of z%. Then
-1 2 d-2 nd-1\T
(2= Cy) ™ = By () = (N+ 2N 404 242N

Proof. The right side of this identity is independent of ¢ (apart from its
degree). By 22,
Y2 'W(2) = (zI-Cy) e

and therefore

Ey@)=@l-Cple(l 2 - 247

95



96 CHRIS GODSIL

Our strategy is to show that (zI — Cu,)‘l - Ey(2) is independent of v, and
then evaluate it when v = z9.

Assume
d-1

v =t + a9 v+ ag;
then C; 4 = —a; and, by the previous lemma

0 -1 _ -1 T -1
g Bl G === Gy ereq el =Gy

From 22 we have

eqzl-Cp =y@ el 2z - 24
and therefore
0
—(2l-Cy) =@ el -Cy) tei(1 2 e 2.
a;
We have 5 5
il - (7] — -1 cer Zd-1
Sa v = 5 -E1-Cy) erl z 2471).
Since
ei(l FAREED zd_l)el(l FAREEE zd_l)ze,-(l FARNEED zd_l),
it follows that

9 (z[-Cy) ' = 9 Ey(2)
a; v _aai v ’

We conclude that (zI — Cy) ™! - Ey(z) is independent of .
Now suppose /(z) = z% and N = Cy. Then Ne =0,
-1
I-N)'=z'U-z"'M7t=Y 27N,
i=0
and
_—it+j-1
(By(2); ;=27

The theorem follows at once. O

(1) Bysetting z=0in Theorem 8.6.2, deduce the expression for the inverse
of an invertible companion matrix in Theorem 4.4.1.

8.7 Resolvents

Let Abe an n x n matrix. In this section we generally work over any field
that contains all the eigenvalues of A. The resolvent R(z) of A is the matrix
(zI-A)7L As

1 .
R(Z) = mad](zl— A),
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each entry of R(z) is a rational function. Let 8 be an eigenvalue of A with
multiplicity m. Then there are matrices A; such that

R@)= ) A(z-0);
r=—m

we wish to determine these matrices.
The key to this is the following identity.

8.7.1 Theorem. If R(z) is the resolvent of some matrix then
R(2) - R(w) = —(z— w)R(2) R(w).
Proof. Let R(z) be the resolvent of A. Then
(zI - A)(R(2) - R (wI - A) = (wI-A) - (z] - A) = (w-2)],
whence the result follows. O
We note a simple consequence of this.

8.7.2 Lemma. If A is symmetric, then all poles of the entries of R(z) are
simple.

Proof. Suppose that 0 is an eigenvalue of A and

R2)= ) A(z-06)".
r=-m
Here m = 1 and we may assume without loss that A_,,, # 0. Then R(z) T R(2)
is equal to AT mA-m(z— 9)~2m plus terms of higher order and, as A is
symmetric, R(z) TR(z) = R(2)2. On the other hand, from Theorem 8.7.1 we
have that

iR(z) =—-R(2)?
dz B )

The term of least order in R(z) is —mA_,,,(z —0)"™1; consequently we
musthave m+1=2m,ie, m=1. O

8.7.3 Lemma. Suppose that R(z) is the resolvent of A and that 0 is an eigen-
value of A with multiplicity m. If R(z) = ¥.%%,, Ar(z—6)" then

—Arisel, 1,820;
ArAg=1 Aryss1, THs=-m-1,r,s<-1;

0, otherwise.

Proof. We assume that 0 is an eigenvalue of A, and seek to determine the
coefficients A; in the expansion R(z) = }.,;»_,, A;z". From Theorem 8.7.1
we have
R(z)— R(w 2l —w"
- ) AAZw'=-R@Rw) = Rz - Rw) _ Y A

rs=—m -—w r=—m i-w

The lemma follows for 6 = 0 by comparing coefficients of z' w/ in the two
series above, and the general result is an easy consequence of this. O
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From this result we see that the matrices A;, i = —m, —m+1,... commute.
We also find that:

Ar=(=D"AJYY,  ifr=o,
A =(A)"h,  ifr=2,
ALA_,=A_,, ifr=o.
Therefore the coefficients in our Laurent series for R(z) are determined by
Ao, A_1 and A_», where (A_;)? = A_j and (42)™ = 0. Thus A_; is idem-

potent and A_; is nilpotent, let us denote them respectively by Eg and Np.
Now note that

(tI-AR(Z)=(t-2)I+z[-AR(2)=(t-2)R(2) + ;
Putting ¢ = 6 in this yields

OI-AA; = Ar, T#0,
OI-AAg=A -1
OI-A)A_p, =0.

Hence
Ny = (01— A)Ey.

Define the principal part Pg(z) of R(z) by

m
Py(2):=) A_r(z—-0)".

r=1

Thus

m—1
Py(2)=(z—0)""Eg+ Y Nj(z—0)"

r=1

m-1
=(z=-0)7' ) OI-A"Ep(z—-0)"
r=0
We note that, if 6 and 7 are distinct eigenvalues of A, then Py P; = 0 and so
EgE; = 0. We have the following result, which provides a partial fraction
decomposition of the resolvent.

8.7.4 Theorem. Let R(z) be the resolvent of A and let Py(z) be the principal
partof R(z) atf. Then R(z) =} ¢ Py(z).

Proof. A rational function in z is called proper if the degree of its numera-
tor is less than the degree of its denominator. A proper rational function
with no poles is constant. The set of proper rational functions is a vector
space.

We note that the entries of R(z) and the entries of Py(z) are proper
rational functions. Hence each entry of the difference

R(z) - ) Py(2);
6
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is a proper rational function. By the construction of Py(z), these rational
functions have no poles. As both R(z) and Py(z) converge to zero as z — oo,
our theorem follows. O

We know that, if m is the multiplicity of 8 as an eigenvalue of A then
A; = 0when r < —m, equivalently (01 — A)™Eg = 0. This implies that the
order of the pole of R(z) at 6 is at most m.

8.7.5 Theorem. The order of the pole of R(z) at 0 is equal to the multiplicity
of 0 as a zero of the minimal polynomial of A.

Proof. Let ¢(z) denote the minimal polynomial of 4, let v(8) be the multi-
plicity of 0 as a zero of ¥(z) and suppose

¥(2)

V’G(Z)= m

Let <7y denote the space spanned by the matrices (01 — A) Eg and let
d(0) be its dimension. Thus d(0) is the greatest integer such that (61 —-
A)AO-15, 40,

As (01— A)4® py(z) = 0, it follows that

[T©O1- @Rz =0.
0

Since R(z) is invertible, this implies that

[T©O1- 4@ =0.
0

From the definition of the minimal polynomial we then deduce that v(0) <
d(6), for all eigenvalues 0 of A. We show next that v(0) = d(6).

The matrices (01 — A)'Eg fori =0,1,...,d(0) — 1 form a basis for <#. As
W (0) # 0, it follows that the matrix representing the action of 14 (A) rela-
tive to this basis is triangular, with non-zero diagonal entries. In particular,
it is invertible. On the other hand, if M € «fj, then

0= (HI_A)V(G)IIJ@(A)MZ WB(A)(HI_ A)V(B)M,

and this implies that (81 — A)" (0) acts as the zero operator on <. It follows
that v(0) = d(6). O
8.7.6 Corollary. For each eigenvalue 0, the matrix Ey is a polynomial in A.

Proof. Since zR(z) — I and zPy(z) — Ep as z2 — oo, Theorem 8.7.4 implies
that

I1=) Ep. 8.7.1)
7}

It follows from the proof of Theorem 8.7.5 that yg(A)E; = 0 if 7 # 0, whence
(8.7.1) yields that

O - A)'pg(A) = (01— A)lyy(A)Ey.
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Referring to the proof of Theorem 8.7.5 again, we see that ¥y (A) Ey lies
in 7. It is not hard to show that the matrices (01 — A) g (A)Ep for i =
0,1,...,v(0) form a basis for <%, and accordingly each matrix in < must be
a polynomial in A. O

8.7.7 Corollary. Any square matrix A is the sum of a diagonalizable and a
nilpotent matrix, each of which is a polynomial in A.

Proof. As EgE; = 0when 8 # 7 and Eg = Ey, the column space of Ey is an
eigenspace for all the idempotents E;. Given this, (8.7.1) implies that "
is the direct sum of eigenspaces of Eg. Hence Ep is diagonalizable; more
generally any linear combination of the matrices Ejy is diagonalizable. It is
also a polynomial in A.

As AEg = Eg + Ny, it also follows from (8.7.1) that

A=) (0Ep+Ny)=) OEyg+) Ny.
0 0 0

Since Ny N; = 0 when 6 # 7, it follows that ) g Ny is nilpotent. Since Ny =
(81 — A)Ey, we see that Ny is a polynomial in A and, therefore, ) g Ny is
too. [}

The last result implies that symmetric matrices are diagonalizable—if A
is symmetric, so is any polynomial in A, but the only symmetric nilpotent
matrix is the zero matrix. It is slightly more difficult to see that the only
normal nilpotent matrix is the zero matrix; from this it follows that normal
matrices are diagonalizable.

8.7.8 Corollary. Let ¢(z) be the characteristic polynomial of A and let g(z)
be the greatest common divisor of the determinants of the (n—1) x (n—1)
submatrices of zI — A. Then ¢(z)/ g(z) is the minimal polynomial of A.

Proof. Let 6 be an eigenvalue of A, with multiplicity m, and let v be its
multiplicity as a zero of ¥(2). Let f; j(z) be the i j-minor zI — A. It follows
from Theorem 8.7.5 that no entry of R(z) has a pole of order greater than
v(0) at 0, and that some entry has a pole of this order at 6. In other words
(z—0)""" divides each polynomial f; ;(z), and divides one of these polyno-
mials exactly. The result follows immediately. O

8.8 Paraunitary Matrices

Suppose
m
Al =) Az,
r=0

where A, € Mat,,,,(C) and let A* (z71) be given by

A* _ u * _—T
(2) = Z ALz .
r=0
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We say that A(z) is paraunitary if
ARA* =1

One consequence of this definition is that if A(z) is paraunitary, then A(z)
is unitary when || z|| = 1. The product of paraunitary matrices is parauni-

tary.
By way of example if v € C" and | v| = 1, then an easy computation
shows that
V(z):=I-vv*+zvv*

is paraunitary. We also see that V(1) = I and, with some effort, that
detV(z) = 1.

Paraunitary matrices of this type are called primitive. Note that V*(z) =
V(z),s0 V()V(z ) =1

8.8.1 Lemma. 3.1 If A(z) is paraunitary, then det A(z) = z" for some non-
negative integer m.

Proof. Suppose p(z) := det A(z), and let p(z) be the polynomial whose
coefficients are the complex conjugates of those of p(z). Then p(z™!) =
det A*(z™!) and since A(2) A*(z7!) = I, we have
p(2)p(z7Y) = det(A(z)) det(A* (z71) = 1.
Suppose p(z) has degree d and that z° is the highest power of z that divides
p(z) Then
_ (2)q(2)
pap =TS,
z

where q(z) is a polynomial of degree d — e. Therefore p(z)q(z) has degree
d — e, and the lemma follows at once. O

8.8.2 Lemma. Let A(z) be a paraunitary matrix. Then A(z) is constant if
and only ifdet A(z) = 1.
Proof. Suppose
m
A(z) = Z z" A,
r=0

and A, #0. If m =0 then A(z) is constant and det A(z) = 1.
If m > 0, then the coefficient of z7™ in the product A(z) A* (z™h is AoA;,,
whence ApAj, =0 and Ay is singular. Then

det A(z)det(Ap + zB(2)),

where B(z) is a polynomial matrix. Therefore the constant term of det A(z)
is det A(0), which is zero. We conclude that det A(z) is a positive power of
zZ. [}
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8.8.3 Theorem. If A(z) is a paraunitary matrix and det A(z) = z%, then
A(z) = A(1)W(z), where W (z) is the product of d primitive paraunitary
matrices.

Proof. If d = 0 then A(z) = A(1) and there is nothing to prove, so we assume
d > 0. As in the proof of the previous lemma, it follows that the constant
term Ap in A(z) is singular and therefore there is a unit vector v such that
v*Ag=0.

Suppose A(z) =-Y"  A;z" and

V(z):=1-vv* +zvv”
and consider the product
B(2)=V(z WA =T -vv* +27'wv")(Ag+ A1z+ -+ Appz™).

Since v* Ay = 0, we see that B(z) is a polynomial matrix and hence that is is
paraunitary.
Since V(z) B(z) = A(z) we have

zdetB(z) = z4
and consequently det B(z) = z%~!. The theorem follows now by induction
on the degree of det A(z). O

Paraunitary matrices play a significant role in the theory of filter banks
and in some treatments of wavelets. For the latter, see Resnikoff and Wells
“Wavelet Analysis” (Springer, New York) 1998.
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9
Orthogonality

We study inner product spaces over R and C.

9.1 Properties of Projections

Let U be subspace of the inner product space V. Then orthogonal pro-
jection onto U is a function P from V to itself such that, for all v in V, we
have v — P(v) € U+. We establish a number of properties of P, the most
important of which is that it is linear.

9.1.1 Lemma. Let P be the orthogonal projection of V onto U. Then P is
linear mapping and

(@) im(P)=U.

(b) ker(P)=U".

(c) P>=P.

(d) Ifv,weV,then(v,Pw) = (Pv,w).

Proof. Suppose v, w € V. Then v — P(v) and w — P(w) both belong to U+,
whence

w+w)—-(PW)+Pw)=w-Pw)+(w-P(w)) € Ut.

Since P(v) + P(w) € U, this implies that P(v) + P(w) is the orthogonal
projection of v+ w onto U. Therefore P is linear.

Since Pv € U for all v in V, we see that im(P) < U, and since Pu = u for
all u in U, we see that im(P) = U and P? = P. This proves (a) and (c).

For (b), we note that if P(v) = 0 then v € U*. On the other hand, v —
P(v) e Ut and so if v € U* then P(v) € U*. Since P(v) € U, this implies that
P(w)=0.

Finally, for any vectors v and w we have

(v—Pv,Pw) =0, (Pv,Pw—w)=0.
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Summing these two expressions yields
0=(v,Pw)—-(P,v)Pw+{(Pv,Pw)—-{(Pv,w),

whence (d) follows. O

Linear mappings P such that P2 = P are called idempotent. If (v, Pw) =
(Pv, w) for all v and w, we say P is self adjoint with respect to the inner
product.

9.2 Matrices Representing Projections

If we are working in Euclidean space—R" with dot product—then we can
give an explicit formula for the matrix representing orthogonal projection.

9.2.1 Lemma. Let V be R" equipped with dot product, and let U be a sub-
space of V with dimension k. If B is an n x k matrix whose columns form a
basis for U, the matrix representing orthogonal projection on U is

B(B'B) BT,

Proof. We offer two proofs. The first is a simple verification that the quoted
formula is correct. First you may easily verify that B(B” B)"! BT is symmet-
ric. Then we compute that

(U-BB'B)'B)yB=B-BB'B) 'BTB=B-B=0
and therefore

w-BB'B) 'BTvB=vTU-BB'B)'B)B
=vT(1-BB"B)'B)B
=0.

So,ifu := BBBTB)™'BTv, then v — uis orthogonal to each column of B.
Hence it lies in U+, and therefore u is the orthogonal projection of v onto
U.

A difficulty with the previous argument is that it gives no indication
how we found the matrix B(B” B)"' BT in the first place. We outline the
reasoning. Suppose Q is the matrix representing orthogonal projection on
U. Then rkQ = k and by Theorem ?? we can write

Q=ABT,

where A and B are n x k matrices with rank k. Since col(A) = col(Q) = U,
the columns of A form a basis for U. Since the columns of A are linearly
independent, if Ax = 0 then x = 0. Therefore ker BT = ker P = U+ and
consequently col(B) € U+ = U. As kB = k, this shows that col B = U.
Since each column of A lies in U, we have

A=QA=ABTA
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and therefore BT A = I. On the other hand, the columns of B form a basis
for U, so each column of A is a linear combination of columns of B, and
therefore there is a k x k matrix M such that A = BM. If BT A = I, this
implies that B'BM = I and so M = (BT B)~!. Accordingly

Q=B(B'B) BT, O

(It might be a useful exercise to identify where in this argument we have
used that our inner product is the dot product.)

To sum up, we have two ways to compute the orthogonal projection of
avector v onto a subspace U. If we are given an orthogonal basis for U, we
can use (?2). If we are working in R” with dot product and given a basis for
U, we could construct Q = B(BTB)"'B7, in which case the answer is Qu.

(1) If (-,-) is the dot product, show that (??) implies that P = pPT.

(2) Suppose B and C are n x k matrices with rank k and the same column
space. Prove that BB B)"'B=cC(cTcC)"!C.

(3) Let uy,..., ux be an orthogonal basis for the subspace U. Show that the
matrix representing orthogonal projection on U is equal to

k

-1, T
Y uiu) uug
i=1

9.3 Least Squares

We consider a version of the least squares problem. Let W be an m x n
matrix where m < n, and rk(W) = m. Then the system of equations

Wx=v (9.3.1)

will have infinitely many solutions, but some may suit us better than others.
For example, in the control theory setting of Chapter 14, a solution x to
an equation of the form Wx = v represented a sequence of inputs that

would drive our system to a chosen state. In this case, x”

X corresponds to
the power that this sequence would require, and it would be very natural
to seek to minimize it. Thus we want to find the solution to (9.3.1) with
minimum squared length.

Suppose that x is any solution to (9.3.1), and let X be the orthogonal
projection of x on col(WT). Then x — % is orthogonal to colwT), and

therefore W(x — x) = 0. Hence
Wx=Wx=v.

If y is another solution to (9.3.1), then Wy = Wx and so y — X is in the null
space of W. Consequently y — X is orthogonal to X and

2 <12 4 1 =12
Iyl= =Ny —%I" + 1%]°.
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Thus X is the solution to (9.3.1) with minimum norm.

How can we compute x? If we can assume that the rows of W are lin-
early independent then, by Lemma 9.2.1, the matrix representing orthogo-
nal projection onto col W7 is

Q:=wlwwhHw
and our solution is Qx. However we do not need to find x; we have
Qx=wTwwhHwx=wlwwhH1y,
and we can proceed as follows: given v, solve the system
wwlz=v,

the desired solution is W z. (This approach avoids the need to compute
the inverse of WW7'. Computing an inverse explicitly is rarely worth the
trouble. It may also pay to avoid computing WW 7T, but we digress. ...)

In 22, we will develop a general method for least squares problems,
which does not require that the rows of W are linearly independent.

9.4 Orthogonal Polynomials

Let V be the space of all real polynomials, or the vector space of polyno-
mials with degree at most n. Assume V is equipped with an inner product
such that
(P, xq) =(xp, q),

and, if p(x) is non-negative and not zero, then (1, p) > 0. All our examples
have these properties.

If we apply Gram-Schmidt to the basis of V formed by the powers of
X, we obtain a sequence of polynomials (p;) =0, where p, has degree r. A
sequence of orthogonal polynomials is an orthogonal set of polynomials
(pr)r=0, Wwhere p, has degree r (and py # 0). If we multiply each member
of a sequence of orthogonal polynomials by a non-zero scalar, the result is
still a sequence of orthogonal polynomials.

9.4.1 Lemma. The sequence of polynomials (p;) ¢ is an orthogonal basis
if and only if p, is non-zero and is orthogonal to all polynomials of degree
lessthanr. O

9.4.2 Lemma. Let (p;) =0 be a sequence of orthogonal polynomials. If
pr(x) = a(x)b(x), where a and b are polynomials and b(x) = 0 for all x, then
b is constant.

Proof. We have
(pr,a) =(ab,a) = (1,a’b).

Now a?b is non-zero and non-negative and therefore (1, a%b) > 0. But, if
the degree of b is positive, then the degree of a is less than r and, by the
previous lemma, {(p;,, a) = 0. We conclude that b must be constant. O
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9.4.3 Theorem. If p is a member of a sequence of orthogonal polynomials,
its zeros are real and simple.

Proof. Suppose 6 is a complex zero of p. Then its complex conjugate 0 is
also a zero of p and therefore the real quadratic polynomial

(x—0)(x—0)

divides p. Since this quadratic has two complex roots and is monic, it is
non-negative. By the previous lemma, it cannot divide p. This proves the
first claim.

For the second, note that (x — 8)? is non-negative and the same tech-
nique yields that this cannot divide p. O

(1) Let(p,q) := fol p(x)g(x) dx. Show that if p is a member of the se-
quence of orthogonal polynomials associated to this inner product, all
zeros of p lie in the interval (0, 1).

(2) Suppose p; and p,; are consecutive members of a sequence of or-
thogonal polynomials. Show that they cannot have a common zero.

9.5 The Three-Term Recurrence

We provide an easier way to construct families of orthogonal polynomials.
The key is to note that

(xpr,pj»=0

if j¢ {r—1,r,r +1}. Forif j < r — 1 then xp; has degree less than r, and
therefore

(xpr,pj) ={xpr,pj) =0.

If j > r +1 then similarly p; is orthogonal to xp,.

9.5.1 Theorem. Let (p;) >0 be a sequence of monic orthogonal polynomi-
als. Then

Pne1 = (X—ap)pn—bnpn-1,
where a, = (xXpn, P} {Pn, Pn) and by = {pn, P}/ {Pn-1, Pn-1)-
Proof. From our remarks just above, xp,, is a linear combination of p,_;,
pn and p,+1. Thus we may write

XPn=YPn+1+apPn+ Ppp-1.

Here
_ XPn,Pn+1)
(Pn+1,Pn+1)

Since pj;+1 is monic, xp, = pp+1 — g, where g has degree less than n. So

(XPn, Pn+1) = Pn+1, Pn+1)
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and therefore y = 1.
Next we see that a = (xp,, pn)/{pn, pn) and

_ XPn,pn-1) '
(Pn-1,Pn-1)
Arguing as before,
(XPn, Pn-1) = {Pn, Pn)
and this leads to the stated expression for b,. O

One consequence of the formulas for the coefficients in this recurrence
is that b,, > 0 for all n.

There is another way of stating the last result. Let (p;) >0 be a monic
sequence of orthogonal polynomials. Let M, denote the linear transfor-
mation that maps a polynomial p to xp. Then the matrix representing M,
with respect to the basis (p;) >0 is

ap bl
1 ay bz
1 a b3

This is an example of a tridiagonal matrix.

9.6 Numerical Integration

We want to compute definite integrals of the form

b
f f(Owrdt.
a

Here w(t) is a weight function. For example if the interval of integration is
[0,00], then we may use w(t) = e!. But for now we take w(¢) to be identi-
cally 1, and the interval of integration will be [0, 1]. So all we want is

1
f fadt.
0

The problem is that we do not know the anti-derivative of f, and so we seek
a procedure that will produce a reasonably accurate answer in reasonable
time.

There are many possible notions of what ‘reasonably accurate’ might
mean. Before we discuss this, we specify the sort of procedure we want in
more detail. The first thing is to note that the map

1
5ﬂ:f—>f fdt.
0

is a linear map from the space C|[0, 1] of continuous functions on [0, 1] to R.
Hence it is an element of the dual space C[0, 1]*. This has the property that
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if f =0, then .#(f) = 0—it maps non-negative functions to non-negative
real numbers. In this context, the elements of C[0,1]* are known as linear
functionals, and we say a linear functional is non-negative if it maps non-
negative functions to non-negative numbers.

There are many other non-negative linear functionals, and amongst the
simplest are the evaluation maps e, for a € R, given by

eq(f) = f(a).

Our aim is to choose an increasing sequence of nodes 04, ...,0,, and a
sequence of weights wy, ..., wy, such that the linear functional

Q= Z w;ep,
1

is a good approximation to .¥. We call a linear functional of this form a
quadrature scheme. Define the degree of precision of 2 to be the greatest
integer k such that

1
9(p)=f0 p(n)dt

for all polynomials p with degree at most k.
By way of example, if 2 has degree of precision 1, then

1
20 =1 Q(t)zi.

These hold if and only if

It is easy to find nodes and weights for which these conditions hold.

We will be more greedy. Suppose we are given nodes a;,..., a,, and
that we try to find weights to go with them. Let p;,..., p, be the Lagrange
interpolating polynomials at the given nodes. Thus

pila;)=6;;.

Then
2(p) =) wjpi(a)) = w;
i

and, if we want degree of precision at least n — 1, we will need
1
w; =f pi(t)dt.
0
There is one problem: there are good reasons to require that the weights w;

be non-negative, and it is not clear how to choose the nodes to ensure this
in general.
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We can go further if we use orthogonal polynomials. Define an inner
product on C[0, 1] by

1
<p,q>=f0 pHgn)dt.

Let py, ..., pn be the first n + 1 members of the corresponding family of
orthogonal polynomials, and let 81, ...,0,, be the zeroes of p,, in increasing
order. (We know by Theorem 9.4.3 that these zeroes are real and distinct.)
Using the Lagrange interpolating polynomials, we compute the weights w;
for a quadrature scheme with degree of precision at least n — 1. Then, as
Gauss first noted, a miracle occurs: the degree of precision of our scheme is
2n-1.

We verify this. Suppose f is a polynomial with degree at most 2n — 1. By
the Euclidean algorithm, there are polynomials g and r, both with degree
at most n — 1, such that

F@®)=q@pn®)+r(2).

Now .
fof(t)dt=(1,f(t)>=<1,q(t)pn(t)>+<l,r(t)>-

Since g has degree less than n,

1 1
ff(t)dt:f r(ndt.
0 0

Because the degree of r(¢) is at most n — 1, the integral on the right can be

and therefore

computed exactly using our (well, Gauss’s) quadrature scheme. Hence this
scheme has degree of precision at least 27 — 1. However it is exactly 2n -1,
because

1
2(pa®) =0< fo pn(D*dt.
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Eigenvectors and Eigenvalues

In this chapter we undertake a study of questions related to existence
of eigenvectors and eigenvalues. Our focus is on self-adjoint operators,
because that is where eigenvalues are most useful.

10.1 Self-Adjoint Operators

If S is an operator on an inner product space V, we define the adjoint S* of
S to be an operator such that, for all #, v in V we have

(S*u,v) =(u, Sv).

It is an easy exercise to show that, if it exists, the adjoint is unique. If V
is C" and the inner product is the usual complex dot product, amd M
is a matrix repsenting S on V, then S? is represented by the conjugate
transpose of M, which we usually denote by M*.

By way of a second example, if V is the vector space of all real polynomi-
als and

b
X I=f p(x)q(x) w(x)dx
a

then

xp,q) ={p,xq).

Hence the operation of multiplication by x is a self-adjoint linear mapping
of V. (This is why the theory of orthogonal polynomials is so rich.)

We turn to the existence question. There is a notational difficulty that
arises because, outside the context of inner product space, the dual of a
linear mapping is often referred as the adjoint (with good reason). We will
temporarily use S¢ to denote the dual of a linear mapping.

There are two steps to the existence proof. Assume V is an inner prod-
uct space. If a € V then we have a map 8, in V* given by

04.(v) =(a,v).
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This is linear, and is an isomorphism from V to its dual V*. If € End V then,
by the definition of the dual,

(U, Svy = (0409 (b) = (570,) (D).

Now §% 06, € V8 and, since the map a — 6, is an isomorphism, there is a
vector S*(a) in V such that

Sd Oea = 03*(@.

As the notation suggests, and as you should prove, the map a — S*(a) is
linear. We say that S* is the adjoint of S.

10.2 Diagonalizability

Our chief tool is the following general result.

10.2.1 Theorem. Let 98 be a commutative matrix algebra with identity over
an algebraically closed field. Assume that if N € 9 and N> = 0, then N = 0.
Then 98 has a basis of pairwise orthogonal idempotents.

Proof. As a first step, we show that each element of 28 is a linear combina-
tion of idempotents.
Suppose A € 4. Let ¢ (1) be the minimal polynomial of A and assume
that
k
w()=[]@-0)".
i=1

If
WD)

(r—0)m’
then from the primary decomposition theorem we know that there are

vi(t):=

polynomials fj (),..., fx () such that

I1=) fi(Ayi(A). (10.2.1)
i

Each f;(A)y;(A) is an idempotent for each i, which we denote it by E;.
Further,
(A-0;)™E; =0

and consequently
[(A-0;DE;]™ =0.

Given our hypothesis, it follows that (A — 0; ) E; = 0 and we may rewrite
(10.2.1) as
I=E +--+Ej.

Therefore
A=AE; +---+ AE =01E1 +---+ 0 Ey,

thus expressing A as a linear combination of idempotents.
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We have shown that 28 is spanned by idempotents. The essential prob-
lem that remains is to show that minimal idempotents exist. Suppose E
and F are distinct idempotents and E < F. Then

F(I-E)=F-E#0

but E(I — E) = 0. Hence the column space of E must be a proper subspace
of the column space of F. Therefore if Ey, ..., E;, are distinct idempotents
and

Ei<---<Ej

then m < n+ 1. We conclude that minimal idempotents exist.

Now we prove that each idempotent is a sum of minimal idempotents.
Suppose F is an idempotent and E is a minimal idempotent. If EF # 0,
then EF < E and therefore EF = E. This also shows that distinct minimal
idempotents are orthogonal. Let Fy be the sum of the distinct minimal
idempotents E such that E < F. Then F is an idempotent. If Fy # F then
F — Fy is an idempotent and so there is a minimal idempotent below it,
which contradicts our choice of Fy. We conclude that 48 is spanned by
minimal idempotents. O

10.2.2 Corollary. Let 8 be a commutative matrix algebra of n x n matrices
with identity over an algebraically closed field F. Assume that if N € 98 and
N? =0, then N = 0. Then there is a basis of F"* relative to which all elements
are diagonalizable.

Proof. Take the union of bases of the column spaces for the idemptoents. O

10.3 Diagonalization of Self-adjoint Operators

We prove that self-adjoint operators are diagonalizable, and more.

10.3.1 Theorem. Let S be a self-adjoint operator on the inner product
space V. Then

(a) The minimal polynomial of S has only simple zeros.

(b) Eigenvectors of S with distinct eigenvalues are orthogonal.

(c) The eigenvalues of S are real.

(d) S is diagonalizable.

Proof. Let o denote the algebra generated by S. If M € &« and M? = 0, then
0=tr(M?) = M|

and therefore M = 0. By Corollary 10.2.2, each element of </ is diagonaliz-
able and, consequently, the minimal polynomial of each element has only
simple zeros.
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Next, suppose
Su=0u, Sv=r1v.

Then
(U, v) ={u,7v) = (U, Sv) =(Su, v) = (Ou, v) =0(u, v);

and we conclude that either 6 = 7, or {(u, v) = 0.

On the other hand, the proof of Corollary 10.5.2 shows that each S* S-
invariant subspace of V contains an eigenvector for S* S with a non-
negative real eigenvalue. Since S*S = S?, any S-invariant subspace is
S* S-invariant. Suppose the eigenvalue of S? on V; is ;. Then o; = 0?, and
therefore 6 is real. O

10.3.2 Corollary. Suppose S is a self-adjoint operator on the inner product
space V. Then there is an orthogonal basis for V formed of eigenvectors for
S. m|

We offer a second proof that for any self-adjoint operator on a finite
dimensional space, there is an orthogonal basis for the space that consists
of eigenvectors. The is a consequence of the following result.

10.3.3 Lemma. Let S be a self-adjoint operator on the inner product space
V. It U is an S-invariant subspace of V, then U+ is S-invariant.

Proof. If v € U+, then
(Sv,u) =(v,Su)

and therefore Sv lies in U-+. O

This makes everything easy. Suppose S is self-adjoint and A is a zero
of its minimal polynomial. Then there is an eigenvector z associated with
A. Its span U is certainly S-invariant, and hence U+ is S-invariant. The
restriction of S to U™ is self-adjoint (prove it) and therefore by induction on
the dimension, U has an orthogonal basis formed from eigenvectors. This
basis together with z provides the basis of V' that we need. O

10.4 Rank-1 Approximation

Let B be a complex m x n matrix. We want the rank-1 matrix Z such that
||B— Z| is minimal.

10.4.1 Lemma. If B is m x n and y and z are unit vectors in C"™ and C"
respectively, then the minimum value of | A— Ayz* 12 is equal to

(A,A> - <J’Z*»A><A,yz*>»

and occurs when A = (yz*, A).
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Proof. We have

(B—Ayz*,B—Ayz*)=(B,B)— Myz*,B) = A(B,yz*) + AL
= (yz*,B)(B,yz") — A(yz*,B) = A(B,yz*) + AL + (B,B) — (yz*, B)(B, yz*)
= ((yz*,B) = M) ((B,yz*) - A) + (B,B) — (yz*, B)(B, yz").
As
(yz*,BY =V ((B,yz") =) = (B, yz*) = AlI*
and the lemma follows. O

Now our task is to determine unit vectors y and z so that (yz*, B){B, yz*)
is maximal. Set Q(y) = (yz*, B)(B, yz*).
Then

Q(y+h) =((y+h*Bz)(z"B(y + h))
=(y*"Bz+h*Bz)(z*By+z*Bh)
=Q(y) + h*Bz+z"Bh+ (h*Bz)(z*Bh).

If h*y =0and | k| is small and y maximizes Q(y), we see that
h*Bz+z"Bh=0.
Replacing & by i h, we also find that
—-h*Bz+z"Bh =0,

and therefore we must have h*Bz = 0. So h € (Bz)* if h € y*, implying that
y* < (Bz)* and hence that Bz lies in ().

A similar argument shows that if z is a unit vector that maximizes
(yz*,B){(B,yz"), then BTy € (z). Hence we assume that

BTy=1z, Bz=upy. (10.4.1)

Then
Auy=ABz=BB'y, ulz=uBTy=B'Bz

and so y and z are respectively eigenvectors of BB and BT B. From
(10.4.1) we also find that

z'BTy=21, y"Bz=pu

and there A = p.

10.5 Eigenvectors and Optimization

We present a result which may appear to be of limited interest, but it pro-
vides an important reason why we should be interested in eigenvectors. It
also illustrates how self-adjoint operators can arise in practice.
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10.5.1 Lemma. Let L be a linear map from R" to R"™, let U be a subspace of
R", and let u be a unit vector in U such that || Lu| is maximal. If h € U and
hWTu=0,then hTLTLu=0.

Proof. We have
ILu+th)|? =+ th) L' Lu+th) =u ' LT Lu+2tu L' Lh+ W T LT L.
Since (u, h) = 0, we have
lu+ thl® = ul® + 1 hI* = 1+ 2] k).

Assuming that ¢ is small enough that 2 is negligible, we find that

IL(u+th)|?

~-2thTLT Lu.
lu+th|?

| Lul? -

We may choose ¢ to be positive or negative; as we have chosen the unit
vector u in U to maximize || Lu|| it follows that if & is orthogonal to u, then
hT LT Lu = 0, and therefore Lu and & are orthogonal. O

Now we present the application of this lemma to eigenvectors.

10.5.2 Corollary. Let L be a linear map from R" to R™, let U be a subspace
of R", and let u be a unit vector in U such that || Lu| is maximal. If U is

LT L-invariant, then u is an eigenvector of L' L, and its eigenvalue is non-
negative and real.

Proof. Suppose u is as stated. From the previous lemma we see thatif 7 € U
and h € ut, then hT LT Lu = 0. Therefore

Unutc™nt,

from which we have
LTLue span(u) + U+t

Therefore LT Lu = u + v, where v € U+, But U is LT L-invariant, and
therefore LT Lu € U. Hence

LI'Lu-0ueUtrnu=1{0

and so u is an eigenvector for LT L. O

Obviously R itself is LT L-invariant, and thus it follows that if  is a
unit vector in R” that maximizes u” LT Lu, then u is an eigenvector for LT L
Since the associated eigenvalue is the maximum value of a non-negative
real function, the final claim holds. O

We consider one important case where we are interested in maximizing
|| Lu|| over unit vectors. Let A be an n x n invertible matrix and consider the
system of linear equations

Ax=bh. (10.5.1)
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If z is a vector then the solution to Ax = b+ zis A”'b+ A~ z. Thus we may
say that an error z in b leads to an error A~!z in the solution to (10.5.1).

Which vector z leads to the greatest error? It is clear that if, for exam-
ple, we replace z by 2z then the error is doubled, thus it makes sense to
consider

max A" z||.
lzli=1

From our considerations above, the maximum value of this occurs when z
is an eigenvector of

A HTA = a1,
The magnitude of the error will be given by the eigenvalue associated
with z. We will see that the eigenvalues of AAT are real and positive. If the
matrix M is invertible, then 6 is an eigenvalue of M if and only if 67! is

an eigenvalue of M ~1_ 1t follows that the solution of (10.5.1) will be most
sensitive to errors in b when the least eigenvalue of AA” is small.

10.6 The Singular Value Decomposition

If the m x n matrix A has rank k, then it can be shown that there isan m x k
matrix X and a k x n matrix Y such that rk(X) = rk(Y) = kand A= XY 7.
When we work over R (or C), we can prove a somewhat stronger version

of this, known as the singular value decomposition. This is extremely
important in practice.

10.6.1 Theorem. Let A be a non-zero real matrix with rank k. Then A =
Y2XT, where

(@ XTX=I,
(b) X isak x k diagonal matrix X with positive diagonal entries,
© Y'Y =1,.

Proof. Assume A is m x n. Using induction on k, we construct an orthonor-
mal subset xj, ..., x; of R” and an orthonormal subset y1,..., yx of R” such
that y; =0;Ax; and

k

T

A=) 0iyix; .
i=1

This is equivalent to the statement of the theorem.
Let Uy denote R” and let x; be a unit vector in Uy such that || Ax; || is
maximal. Set o; equal to || Ax|| and define

o _ -1
X1:=x, y1=0, Axy.

Let U; denote xf-. By Lemma 10.5.1 we see that if hTx; =0, then hTATAx; =
and consequently A(U;") € A(Up)™.
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Suppose
A1 =A- (lexT.

Since y lies in the column space of A, we see that col(A;) < col(A). Since
A #0we see that x; # 0 and y; # 0. Therefore Ax # 0, but

A1x=Ax—01yxTx=aly—aly=0.

Consequently rk(A;) < 1k(A). As rk(alyxT) = 1it follows that rk(A;) = k— 1.
Note next that if x € Up, then Ax = A;jx and so A and A; agree on U;.

Working now with A; and U, we conclude by induction on k that there

are orthogonal unit vectors xy, ..., xx in R” and orthogonal unit vectors

¥2,..-, ¥ In R™, such that y; = Ay x; and, if o; := || A1 x; |, then

k

T

A= Z oiYiX; .
i=2

Our theorem follows immediately. O

In numerical work, the following alternative version of the singular
value decomposition may be more useful. (It does not assume we know the
rank of A.)

10.6.2 Corollary. If A is a square matrix, there are orthogonal matrices X
and Y, and a non-negative diagonal matrix X such that A= YXXT. O

The matrices Y and X in the singular value decomposition Y X7 of
A are not unique in any useful sense. However X is determined up to a
permutation. Its entries are known as the singular values of A; there are
usually denoted by o1, ...,0,, with the assumption that they form a non-
increasing sequence.

The easiest way to see that the singular values are determined by A is to
verify that they are the squares are the eigenvalues of AAT. To show this,
note that

AAT =ysxT xzyT =y3?yT,
and therefore
AATY = Y32,
It follows from this that the columns of Y are eigenvectors for AA”, and the
diagonal entries of X2 are its eigenvalues.

In a similar fashion we can show that the squares of the singular values
of A are the eigenvalues of AT A. Hence we see that AAT and AT A have the
same eigenvalues. (This actually holds over any field, although the proof at
hand only works over R or, with modest extra effort, over C.)

(1) Prove Corollary 10.6.2.

(2) Compute the singular values of a companion matrix. (You may work
with either CCT or CT C, but one is significantly easier. First show that
all but two of the singular values are equal to 1.)
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(3) Show that the sum of the singular values of a square matrix is a norm.

(4) If o1(A) denote the largest singular value of A, show that it is a norm.

10.7 Least Squares

We consider the system of linear equations
Ax=b (10.7.1)

where Ais m x n. In 22 we considered the case where the rows of A are
linearly independent. Then the columns of A span R™, and we want the
vector x with minimum norm such that Ax = b. The second, and more
commonly met situation, is when the columns of A are linearly indepen-
dent, and we want the vector x such that |b— Ax]||? is minimal.

We draw attention to one difficulty. It is in fact a non-trivial numerical
problem to determine the rank of a real matrix, and so it may not be easy
to verify that the rows or columns of A are linearly independent. In fact,
the best way to determine the rank in finite precision arithmetic is to use
the singular value decomposition A = Y X7, since rk(A) = rk(Z). (Thus
determining the rank of A is reduced to determining the rank of a diagonal
matrix; in the presence of rounding errors and uncertainties in the data,
this still may require thought.) But rather than using the singular value
decomposition just to get the rank of A, we can use it to solve the least
squares problem.

10.7.1 Lemma. Let A be an m x n real matrix with singular value decom-
position A=YXX T where X is k x k and invertible. Then the vector z of
minimum norm, such that b— Az has minimum norm is given by

z=X2"1yTp.

Proof. We note that the columns of Y form an orthonormal basis for col(A),
whence the matrix representing projection onto col(A) is Y Y'7. Similarly,
the columns of X form an orthonormal basis for col(AT), and therefore
XXT is the matrix representing projection onto col(AT).
Consequently y = Y'Y b is the vector in col(A) closest to b. Suppose
Ax=y. Then
YExTx=vv"h

and, multiplying both sides on the left by Y7, we have
XTx=x71y"h.
Now X X7 x is the projection of x onto col(AT), and accordingly
z=X2"'vTp

is the vector of minimum norm such that Az is closest to b. O
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10.8 Legendre Polynomials

Let V be Pol(R), the vector space of all real polynomials, with inner product

2 =f_ll pq(ndt.
Define a linear mapping L: V — V by
Lip)=01-tHp"-2tp.
If n =2 then
Lit"Y =1 - nn-1)t"%-2nt" = —n(n+Dt"+n(n-1)t""2. (10.8.1)
It follows that

1
(tm,Lt”>=f (=12 —pm+ D™ d

-1

when m + n is odd the integral here is zero, if m + n is even then it is
2n(n-1) 2n(n+1)
m+n-1 m+n+1

B 4amn
T om+n2-1

Hence
@™ L™y = (L™

for all m and n. It follows that for any polynomials p and g,
(p,Lq)={Lp,q),

and therefore L is self-adjoint. (This can also be proved directly using
integration by parts.)

It follows that the eigenvalues of L are real, and eigenvectors with dis-
tinct eigenvectors are orthogonal with respect to the above inner product.
It is not hard to determine the eigenvalues of L. From (10.8.1) we see that
Pol, (R) is L-invariant and further, if L,, denotes the restriction of L to
Pol,(R) and B ={1,¢,..., t"} is the standard basis for Pol, (R), then

0 O 2
-2 0 6
[Ln]ﬁ — -6 0 12

This is a triangular matrix, and reveals that the eigenvalues of L, are the
integers —-m(m—1)form=1,...,n.

As the eigenvalues are distinct, each eigenspace is 1-dimensional and is
thus spanned by a polynomial. The polynomial with eigenvalue —m(m —1)
will have degree m and is a solution of Legendre’s equation:

1-)p"-2tp' + m(m-1)p=0.
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We call p,,, the Legendre polynomial of degree m. The first five Legendre
polynomials are as follows:

po=1
p1=t
p2=3t>-1
p3 =52 -3t

ps =35t 3012 +3.

It makes no harm if we replace p; by any non-zero scalar multiple of itself,
and it is customary to choose the multiple so that p;(1) = 1. (But we have
not done that here.)

There are a number of related examples (of self-adjoint linear operators
on P(R)). We summarize some of them here. The numbers Ay, A1,... are the
eigenvalues of the operator.

(a) Chebyshev.
1

dt
Lp:(l—fz)p/'_tp,; <P’Q>=flp(t)qu) 1 tz; An:_nz.

(a) Laguerre.
(o)
Lp=tp"+(1-0p; (p,q) :f pHge tdt; A,=-n.
0
(a) Hermite.
Lp=p"-tp; (p,q) =f p(t)q(t)e_tzlzdt; Ap=-n.
—00

In general, if

Lp=fp"+gp'
then we may write
Lp — w—l (wfp/)/
where
)

1
w(t) = ——exp

f a« f(u)
(The value of the lower limit « in this integral will be determined by con-
text.) Then L is self-adjoint relative to the inner product

p.) = [ pogw wnar.
To see this, compute in outline as follows:
<Lprq>=fq(wfp’)’dt=—fwfp’q’dt=—fwfq’p’dt
=fp(wfq’)’dt
=(p.Lq).
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For this computation to be accurate, f(f) w(t) must vanish at the endpoints
of the interval over which we integrate.

The eigenvectors of L will be polynomials only if w(#) satisfies further
restrictions.

10.9 Computing Eigenvalues

How do people really compute the eigenvalues of symmetric matrices?
They do not use the method offered in most introductory linear algebra
course—compute the characteristic polynomial, find its zeros—that is
probably the fourth best method. Here we outline the second best.

So, suppose A is a real symmetric n x n matrix. We want to find an
orthogonal matrix L such that LT AL is diagonal. What we will actually do
is to describe how to find a sequence of orthogonal matrices Sj,..., S, such
that all off-diagonal entries of

SrT"'SlTAsl"'Sr

are very small, we can then take the diagonal entries of this matrix to be the
eigenvalues of A.

The basic idea is to note that we can diagonalize symmetric 2 x 2 ma-
trices. Using this we choose the matrix S;;; so that it makes some off-
diagonal entry of ST --- ST AS; --- S; equal to 0. Unfortunately this will
usually make some off-diagonal entries non-zero, when they were already
zero. This will make us work harder, but will not prevent eventual success.

If M is a symmetric matrix then there is an orthogonal matrix L such
that LT ML is diagonal; if M is 2 x 2 then we may assume that L has the
form

where ¢? + s2 = 1. (We could, but do not, assume that ¢ = 0.) Now suppose
that A is a symmetric n x n matrix, that B is the leading principal 2 x 2 sub-
matrix of A and that R is an orthogonal matrix such that R BR is diagonal.

R O
0 In—Z .

B=STAS

Let S denote the matrix

Then

is similar to A and B; 2 = 0. In general, if A; ; # 0 then there is an orthogo-
nal matrix S such that the only non-zero off-diagonal entries of S are the i j
and ji entries, and (ST AS);, i =0. We call S a Givens rotation.

How does this help us. If A and B are n x n matrices, define

(A, By =tr ABT.
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Then || A||2 is the sum of the squares of the entries of A and, if L is orthogo-
nal,

ILTAL =oe(LTATLLTATL) = e (LT LAAT L) = r(AAT) = | A2

Let sqo(A) denote the sum of the squares of the off-diagonal entries of A.
Note that, in passing from A to ST AS, the only diagonal entries that change
are the ii- and j j-entries and that the sum of the squares of these two
entries increases by 2(A;, j)z. It follows that, if S and A are as above,

sqo(ST AS) =sqo(A) — Z(Ai,j)z-

If sqo(A) = ¢, there are indices i and j such that
c
nn—-1)

(A;,))° =
and hence there is a Givens rotation S such that

T —_——_—
sqo(S™ AS) = c(l Y 1)).

This implies that, by successively applying Givens rotations, we can form a
matrix M, orthogonally similar to A and such that sqo(M) is as small as we
like. The diagonal entries of M will be the eigenvalues of A.

10.10 Jacobi: An Example

By way of example, suppose that

1 0.5 0.3333
A=] 05 0.3333 0.25
0.3333  0.25 0.2

Then Jacobi’s method runs through the following iterations.

0.065741 0 0.063132
c —0.47185
= ;o [1L,2]— 0 1.2675  —-0.41185
s 0.88167
0.063132 —-0.41185 0.2
0.06574 —0.05975 —0.02037
c —-0.32269
= ; [2,3]— [ -0.05975  0.05958 0
S —0.94650
—0.02037 0 1.40801
0.002829 0 0.01403
c —0.68867
= ;o [L,2]— 0 0.12250 -0.01477
s —-0.72507
0.01403 -0.01477 1.40801
0.00283 —0.00016 —0.01403
c —0.99993
= ;0 [2,3] —[-0.00016 0.12232 0
S —0.01149

—0.01403 0 1.40818
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0.00269 0.00016 0
c —0.99995
= ; [1,3] —(0.00016 0.12233 0
S —0.00998)

0 0 1.40832
0.00268 0 0
c -1.0
= ;o [1,2] — 0 0.122327 0
s 0.00135
0 0 1.40832

Here the diagonal entries are the eigenvalues of A, and further iterations do
not change them.

(1) Suppose that (Av, Aw) = 0 whenever (v, w) = 0. Prove, or disprove, that
Ais a scalar multiple of an orthogonal matrix.

(2) Suppose Q?> = Q and Q = Q”. Show that I —2Q is a symmetric orthogo-
nal matrix, and explain the connection to reflections.

(3) Prove that an involution is symmetric if and only if it is orthogonal.
(4) Show that each involution has the form I — 2P, for some idempotent P.

(5) Show that, if A and A~! are similar, there is an involution T such that
TAT = A7%,
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Spectral Decomposition

11.1 Self-Adjoint Operators

The spectral decomposition of an operator is a more concrete form of
diagonalizability. It is most useful when the operator is self-adjoint, so we
confine ourselves to that case.

Suppose S is an operator on the inner product space V and that the
minimal polynomial y of S is given by

k
v =[[w-0y,
i=1

where the zeros 6; are distinct. (Thus A is diagonalizable.) By the primary
decomposition theorem (Theorem 3.6.1), there are polynomials p; such
that

IZiPi(S), (11.1.1)
i=
where
(@) p;i(S)isidempotent,
() pS)p;(S)=0ifi# j,and
(c) Sacts on col(p;(S)) as multiplication by 8;.
Assume E; := p;(S). Then SE; = 0;E; and, by (11.1.1),
S=) 0;E;. (11.1.2)
i
Equation (11.1.2) is known as the spectral decomposition of S.
One consequence of the spectral decomposition is that
S"=)0'E;
i
this can provide a simple way to compute powers of S.

If S is self-adjoint, then the operators E; are self-adjoint, because each
E; is a polynomial in S.
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We now offer a matrix view of the spectral decomposition. If Ais a
diagonalizable n x n matrix, then F” has a basis consisting of eigenvectors
for A. Let L be the matrix with these eigenvectors as its columns. Then L is
an invertible matrix and there is a diagonal matrix D such that

AL=LD.

It follows that
A=LDL".

We can write D as a sum of 01-diagonal matrices D;:

D=) 6;D;,
i

where 01, ...,0,, are the distinct eigenvalues of Aand }_; D; = I. Accord-

ingly
A=) 0,LD;L7".
i

It is easy to verify that
(LD;LY? =LD;L!

and, if i # j, then D;D; = 0 and

LD;L'LD;L™ ' =LD;D; L' =0

11.2 Commutative Algebras

Two idempotents E and F are orthogonal if EF = 0. For example, if E is

an idempotent, then E and I — E are orthogonal idempotents. We can
define a partial ordering on the idempotents of a commutative algebra o/
as follows. If E and F are idempotents in «/, we declare that E < Fif FE=E.
This relation is reflexive, antisymmetric and transitive; therefore it is a
partial order. A minimal idempotent is a minimal element of the set of non-
zero idempotents, relative to this order. If E and F are idempotents, then
EF < E, F. It follows that if E and F are minimal, then they are orthogonal.

11.2.1 Theorem. Let 98 be a commutative matrix algebra with identity over
an algebraically closed field. Assume that if N € 9 and N = 0, then N = 0.
Then 98 has a basis of pairwise orthogonal idempotents.

Proof. As a first step, we show that each element of 28 is a linear combina-
tion of idempotents.

Assme the matrices in 98 have order n x n. Suppose A € 98 and let
w(t) = Hle (¢t —60;)™ be its minimal polynomial. There are idempotents E;,
summing to i, such that im(E;) is the root space associated with 8;, and F"
is the direct sum of these root spaces.

Further, the minimal polynomial of A on im(E;) is (¢t —0;)™, and hence
we have

0=(A-0;)™E; =(A-0;E)™.
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If m; > 1, wesetk = [(m; +1)2] and N = ((A—6;DE;)*. Then N # 0 but
N? = 0. We conclude that zeros of the minimal polynomial of A are simple.
We also see that im(E;) is an eigenspace for A and as I = }_; E; it follows
that
A=AI=) AE;=) 0;E;.
1 1

Therefore A is a linear combination of idempotents belonging to 98, and it
follows that 28 is spanned by idempotents.

The problem that remains is to show that minimal idempotents exist.
Suppose E and F are distinct idempotents and E < F. Then

F(I-E)=F-E#0

but E(I — E) = 0. Hence the column space of E must be a proper subspace
of the column space of F. Therefore if Ey, ..., E;, are distinct idempotents
and

Ei<---<E,

then m < n+ 1. We conclude that minimal idempotents exist.

Now we prove that each idempotent is a sum of minimal idempotents.
Suppose F is an idempotent and E is a minimal idempotent. If EF # 0,
then EF < E and therefore EF = E. This also shows that distinct minimal
idempotents are orthogonal. Let Fy be the sum of the distinct minimal
idempotents E such that E < F. Then F is an idempotent. If Fy # F then
F — Fp is an idempotent and so there is a minimal idempotent below it,
which contradicts our choice of Fy. We conclude that 48 is spanned by
minimal idempotents. O

A matrix N is nilpotent if N*¥ = 0 for some k. Theorem 11.2.1 asserts that
a commutative matrix algebra with identity has a basis of orthogonal idem-
potents if there are no non-zero nilpotent matrices in it. Since a non-zero
linear combination of pairwise orthogonal idempotents cannot be nilpo-
tent, this condition is necessary too. A commutative algebra is semisimple
if it contains no non-zero nilpotent elements.

11.3 Normal Operators

An operator A on an inner product space is normal if AA* = A* A. We
consider examples. Clearly any self-adjoint operator is normal. Unitary
operators are a second important class. If A = L* DL where D is diagonal
and L is unitary, then

AA*=L*DLL*DL=L*DDL=L*DDL=A*A

and so any matrix that is unitarily similar to a diagonal matrix is normal.
Exercise: determine which complex 2 x 2 matrices are normal.
Exercise: If H is normal, show that we can write it as H = A+ i B, where
A and B are Hermitian and commute.
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11.3.1 Theorem. Suppose </ is a commutative subalgebra of Mat, ., (C)
that is closed under conjugate transpose and contains the identity. Then <f
has a basis of matrix idempotents Ey, ..., E; such that

(a) EiEj = 6i,jEi-

(b) The columns of E; are eigenvectors for each matrix in <.
d —

() Zi:O Ei=1

(d) E}=E;. O

Proof. Suppose N € o/ and N? = 0. Then
0= (N*)2N2 = (N* N)?

and hence
0= tr(N*N)?) = tr(N* N)* (N* N)).

If H:= N*N, then tr(H* H) = 0 ifand only if H = 0, so we deduce that
N*N = 0. But then tr(N* N) = 0 and therefore N = 0. Hence « satisfies the
hypotheses of 11.2.1, and therefore it has a basis that consists of pairwise
orthogonal idempotents.

We show that the idempotents E; are Hermitian. Since « is closed
under transpose and complex conjugation, E; € <. Therefore there are
scalars ay, ..., a; such that

W=;%%

and so
EYE; = fiE;.

Since tr(E;‘ E;) > 0and tr(E;) > 0, it follows that f; # 0. But El* is a minimal
idempotent, and therefore f; = 0if j # i. This implies that E} is a scalar
multiple of E;, but tr(E;) = tr(E;), and therefore E; = E;. O

11.3.2 Theorem. If A is normal, then A is unitarily similar to a diagonal
matrix.
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Cospectral Graphs

We present some constructions of cospectral graphs, along with the related
theory.

12.1 K1,4, C,UKy

The smallest pair of non-isomorphic cospectral graphs are Kj 4 and C; U Kj.
Note that Cy is also K3 > and recall that

(p(Km,nr t) = tm+n72(t2 - mn).

(One way of seeing this is that the functions of the vertices of K}, ,, that sum
to zero on each colour class form an (m + n — 2)-dimensional subspace of
eigenvectors with eigenvalue 0. The remaining eigenvectors are orthogonal
to those already in hand, so they are constant on colour classes. Hence the
corresponding eigenvalues are the eigenvalues of the quotient relative to
the colour partition, which is equitable.)

In particular we have that the graphs

Ki,mn, KmnpU(m-1)(n-1)K;

are cospectral. (You might prove that K, , is determined by its spectrum.)

12.2 Direct Products

The direct product P3 x Ps is the disjoint union of K; 4 and Cy4. This leads to
interesting consequences.

The direct product of two connected graphs is connected if at least one
of its components is not bipartite. The direct product of two connected
bipartite graphs is the disjoint union of two bipartite graphs. The direct
product of graphs X and Y has adjacency matrix A(X) ® A(Y). If Xand Y
are bipartite, we can assume that their adjacency matrices of the respective

2 Lo

forms



132 CHRIS GODSIL

with tensor product
0 0 0 BeC
0 0 BeCT
0 BTgC 0 0
BTeCT 0 0

This the adjacency matrix of the disjoint union of two graphs with adja-
cency matrices

0 BeC 0 BocCT
BTecT o [ BTsC '

The square of these matrices are respectively

BBTecCCT 0 BBTeCTC 0
0 BTBeCTC)’ 0 BTBeccT

12.2.1 Lemma. If M is an m x n matrix and N is n x m, then MN and NM
have the same non-zero eigenvalues with the same multiplcity.

Proof. First we show that

det(I - MN) = det(I - NM).
I oo\(1 M\ (1 M
-N IJ\N 1] |0 I-NM

)

taking determinants of both sides of the first of these equations yields

We have

and

I M
det =det(/—- NM)
N I
and from the second that
I M
det =det(I- MN).
¢ (N I) et N

This shows that det(/ — t M N) = det(I — tMN).
Now we deduce

"OMN, t7 = t"det(t™! = MN) = " det(t ™' —= NM) = tn®(NM, 7))

and therefore p(M N, t) = " "Hp(NM, 1).
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12.3 The Partitioned Tensor Product

12.4 Subdivisions and Line Graphs

The incidence matrix of a graph X is the |V (X)| x |E(X)| 01-matrix with
ue-entry equal to one if the vertex u lies on the edge e. We usually denote it
by B. If D is the diagonal matrix of valencies of X, then

BBT =D+ A(X)

and
BTB =21+ A(LX)).

The matrix D + A(X) is the unsigned Laplacian of X, and we see that D +
A(X) and 21 + A(L(X)) have the same non-zero eigenvalues with the same
multiplicities.

The bipartite graph with adjacency matrix

0 B
o o
is the subdivision graph S(X) of X. The square of this matrix is
BBT 0
( 0 BTB)
and therefore the spectrum of S(X) is determined by the spectrum of L(X)
(or by the spectrum of D + A).

The graphs K] 3 and K3 U K; both have line graph equal to K3; it follows
that there subdivision graphs are cospectral. These graphs are respectively
the subdivision graph of Kj 3 and Cg U K;. So these graphs are cospectral,
what is surprising is that their complements are cospectral as well, and this
is the smallest pair of graphs that are cospectral with cospectral comple-
ments.

But nothing we have said implies that the complements are cospectral.

We address this deﬁciency.l !in an admittedly roundabout way
The incidence matrix of Kj 3 can be taken to be

S = O -
—_ o O =

S O = =

and the incidence matrix of K3 U K7 can be taken to be

C

1l
—_— -0 O
—_— O = O
O = O
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12.5 Congruence

If we want to show that the matrices

0 Cl 0 CZ
cl o) \cf o
are similar, it is reasonable to look for orthogonal matrices L and M such
that

L o\fo c)\(t" o) [ o LoM") [0 G
o M)\cf oflo MT) \mcft™ o | \cI o

that is, such that LC; M = C,. We are greedy and observe that if L is or-
thogonal and LC; = C,, then our two subdivision graphs are cospectral.

12.5.1 Theorem. Let U and V be d x m matrices. There is an orthogonal
matrix Q such that QU = V ifand only if UTU = VT V.

Proof. Let the columns of U and V be respectively uy, ..., u, and vy,..., vp,.
Assume that rk(U) = e and the uy, ..., u, is a basis for the column space of
U. Then vy,..., v, is a basis for the column space of V.

Since u; and vy have the same length, the matrix Q; representing reflec-
tion in the hyperplane (u; — v1)* is an orthogonal matrix swapping u; and
v1 and

oun'ou=vTu=v'v.

Now assume inductively that u; = v; fori =1,...,k,withl < k<e. If y
and z are two vectors such that (y, y) = (z,z) and

(ui, y) =(uj,2), (i=1,...,k

then y — z is orthogonal to uy, ..., u; and the reflection in (y — z)* fixes
uy,..., ur and swaps y and z. This implies that, if k < e, there is an orthog-
onal matrix Qi such that the first k + 1 columns of QU and V are
equal.

To complete the proof, we observe that if the first e columns of U span
col(U) and are equal to the first e columns of V, then U = V. The theorem
follows. O

This theorem generalizes that fact that if the sides of two triangles have
the same length, the triangles are congruent: that is, there is a composi-
tion of a translation, a rotation and (possibly) a reflection that maps one
triangle to the other.

From this theorem we deduce that there is an orthogonal matrix Q such
that QC; = Cy. It is easy to verify that we take Q to be

1][
2
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Since Q is symmetric it is an involution. We have

Q 0 QT o) 0 G

0 I 0o I cl oo
Next we note that QJ = Jand C, = J — Cy, from which it follows that the
complements of S(Kj 3) and Cg U K] are cospectral.

0 G
cl o

QG 0
o clof

12.6 Local Switching

12.7 Extended Adjacency Algebras

It is an experimental fact that if two graphs are cospectral, their comple-
ments are likely to be cospectral. Johnson and Newman proved that if
graphs Xj and X; are cospectral with cospectral complements, there is an
orthogonal matrix L such that

AXo)=LTAX)L, — AXo) =LTAX))L.
This implies that L] = J and that for any scalars a and S,
LT (@AX)) + BAXD) = aA(X2) + BAXD).

We will present a proof of the result of Johnson and Newman, and related
results concerning cospectral vertices.
Let z be a vector in R”. Then

det(tI— A—zz") =det(tI — A)det(I - (t1 - A)'zz")
=det(tI- A1 -zT(tI1- A '2)

and consequently

A r TE
le_zT(u_A)*lz=1_zz ’Z_
¢(AT) T =0,

If z is the characteristic vector of a subset S of V(X), then
ZTa-tA)7z

is the generating function for the walks on X that start and finish on ver-
tices in S. So we have a relation between the characteristic polynomial
¢(A+zz", 1), the generating function for walks starting and ending S, and
the sequence of numbers z” E, z. The latter are the squared lengths of the
projections of z into the eigenspaces of A. The set of eigenvalues

{0, : zTErz # 0}

is the eigenvalue support of z.
The walk module {z) 4 generated by z is the A-invariant subspace
spanned by the vectors A¥z for k = 0. If A has spectral decomposition
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A =Y ,0,E,, the non-zero vectors E,z form an orthogonal basis for (z) 4,
and so dim((z) 4) is equal to the size of the eigenvalue support of z. If S is
the eigenvalue support of z, then the minimal polynomial of A acting on

(Z)als
[]@-6).
6,€S

We use </ (z) to denote the algebra (A, zz”) generated by A and zz”.
12.7.1 Lemma. The walk module {z) 4 is an irreducible module for </ (z).

Proof, Assume U is an f (z)-submodule of (z) 4. Since A and zz! are sym-
metric, U is also a submodule for < (z).

Ifze U,thenU = (2)4. Ifu € Uand zTU # 0, then zzTu # 0 and
therefore z € U. So we may assume that U < z*, and therefore z € U*. But
this implies that U = (z) 4 and U = 0. |

[Johnson and Newman]



13
Perturbation Theory

It seems reasonable that if A and B are square matrices of the same order
and ¢ is small, then we should be able to relate the eigenvalues of A +¢B
to the eigenvalues of A. This can be done, provided that we restrict to the
case where A and B are Hermitian, and provided we are prepared to apply
considerable effort.

Sources: Kato. Lancaster and Tismenetsky. Avrachenkov, Filar and
Howlett.

13.1 Kato

We want information about the eigenvalues and eigenvectors of the matri-

ces A+ tB, where A and B are Hermitian and ¢ € R. We call these Hermitian

pencils.

The authorative source from the information we want is Kato's book..
Extracting the information we want is not entirely trivial. I am going to to
give a summary of the relevant results but, be warned, what I offer will be
paraphrases.

13.1.1 Theorem. Let A and B be n x n Hermitian matrices. Then there is
an integer m and analytic functions 0, (u), ...,0,, (1) such that 6;(y) is an
eigenvalue of A + yB (for each i). There are corresponding orthogonal
projections Fi (y),..., F(y); these are analytic functions of y and F,(y) is
the projection onto the 6, (y)-eigenspace of A+ yB.

This theorem is a specialization of Theorem 1.8 on page 70 of Kato. It
implies the following.

13.1.2 Lemma. Let A and B be n x n Hermitian matrices. Then there is
an integer m such that the matrix A+ yB has at most m distinct eigenval-
ues, and there are only finitely many values of y for which the number of
eigenvalues is less than m.

A warning: If B is Hermitian then B = LDL* for some unitary matrix L

! Perturbation Theory for Linear Operators
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and some real diagonal matrix D. Hence
A+tB=A+tLDL* = L(L* AL+ tD)"

and we see that restricting B to be diagonal will not make our lives any

easier.

13.2 Basics

The first thing to note is that the zeros of a polynomial are continuous
functions of its coefficients. (The map from zeros to coefficients is differen-
tiable and invertible, so we can apply the inverse function theorem.)

If Lis unitary then

L*(A+yB)L=LAL* +yL*BL

and therefore image of a Hermitian pencil under unitary conjugation is a
Hermitian pencil. This means that we can always assume that one of the
matrices A and B in a Hermitian pencil is diagonal. Unfortunately this
does not simplify things, the diagonal case is as hard as the general case. If
A and B commute, then we can simultaneously diagonalize them, in which
case all difficulties vanish.

An issue here is that if we are working with two matrices A and B, then
we will likely be concerned with the structure of the algebra (A, B), and this
algebra has a distressing tendency to be the full matrix algebra:

13.2.1 Theorem. Let A be Hermitian d x d and let z be an element of C%. If
no eigenvector of A is orthogonal to z, then (A, zz*) = Mat g 4(C). O

The condition on A and z is equivalent to assuming that the pair (4, z) is
controllable. For details and the proof of the theorem, see GS&CQW.
What if (4, z) is not controllable? If A has spectral decomposition

A=) 0,E,
r

then the non-zero vectors E, z form an orthogonal basis for the A-module
A generated by z. Since this module contains z, it is actually a module for
(A, zz*). The orthogonal complement cM* to ./ is spanned by eigenvec-
tors y of Asuch that z*y = 0, and so zz* acts on .#* as the zero operator.
The module ./ itself is irreducible (under (A, zz*)), and therefore by a
theorem due to Burnside, (A, zz*) acts on it as the full matrix algebra.

If A is the adjacency matrix of a strongly regular graph X and z = e, for
some vertex a, then dim.# = 3, and is known as the standard module for
the Terwilliger algebra of X.
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13.3 Rank-1 Updates

We have
oA+ ww?, 1) =det(t] - A— ww’) = det(t] - A)det( — (t1 - A ww?)
=pADA-wl(tI- A w)
and from this we deduce:

13.3.1 Lemma. If A has spectral decomposition A=Y, 6, E;, then

p(A+wwT, 1) -y wTErw.
GA D —~ -0,
The eigenvalue support of a vector w is the set

{0, : E,w #0}.

Note that, since E, is a projection, E, w = 0 ifand only if w*E, w = 0.
The size of the eigenvalue support is the number of poles of the rational
function ¢(A(w), 1)/ (A, 1).

13.3.2 Theorem. Let A be a Hermitian matrix, let w be a vector in C" and
let
91 S>> Gk

be the eigenvalue support of w. Then

(a) the eigenvalues of A+ yww? interlace the eigenvalues of A; more
precisely0,(y) = 0, and ifr > 1, then

0,-1(0)=0,(y) =0,(0).
(b) The function 8, (y) is constant if and only if 0, (0) is not in the eigen-
value support of x.
Suppose that z # 0 and
(A+ wa)z =Az.

Then
(w,2)w=AI-A)z

and, if A is not an eigenvalue of A, we see that (w, z) # 0 and

z= (w,z)(/lI—A)_lw.

Therefore 1
z= (w,z)Xr: A—B,Erw'
Adding a loop at a vertex is a special case of a rank-1 update. We recall
that
PX\i,t) € Erei
X, 1) _; t—6r

and so from Lemma 13.3.1,
PpA+yeel, 1) L, X0\
oan 0 Voo
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13.4 Commutants

Let A be Hermitian with spectral decomposition A = Y, 8, E,. Define a
map ¥4 on Mat,«,(C) by

¥(M):=) E,ME,.
r

13.4.1 Theorem. If A is Hermitian, ¥ is orthogonal projection onto the
commutant of A.

Proof. As E ME, commutes with A, it is immediate that the image of ¥
lies in the commutant of A. If M commutes with A, it commutes with each
idempotent E, and accordingly

M=IMI=) E ME;.
r,s
If r #s,then E, ME; = ME, E; = 0, and therefore the commutant of A is the
image of V.

Itis also clear that ¥2 =¥, so ¥ is idempotent. Now if M, N € Mat,,»,(C),
then

(NY M)y =tr NT¥ (M) =Y tr(NTE, ME,)
r
=Y tr(E,N"E, M)
e
=(¥(N), M)

and so Y is self-adjoint. O

13.5 The Eigenvalues of a Hermitian Pencil

If Ais diagonal, then its Schur idempotents are diagonal 01-matrices. If
the i-th eigenvalue of A is 8; and has mutiplicity m; (for i = 1,..., k), then
the commutant of A consists of the block-diagonal matrices with k blocks,
where the i-th block is m; x m;. (Hence the dimension of the commutant
is); m?.) The orthogonal complement to the commutant consists of the
matrices Schur-orthogonal to the block-diagonal matrix

Ty @+ ® .

If B commutes with A, we can express the eigenvalues of A+ ¢B in terms
of the eigenvalues of A and B. To help with determining the eigenvalues
of the pencil when A and B do not commute, we describe a more compli-
cated way of getting at the eigenvalues in the commutative case.

Assume A has spectral decomposition

A=) 0,E,
r
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If B commutes with A, then each eigenspace of A is B-invariant and there-
fore has an orthogonal basis formed from eigenvectors of B. Let E be a
spectral idempotent of A and assume its rank is m and that the correspond-
ing eigenvalue is 6. There is an n x m matrix U such that U*U = I, and
UU™ = E; its column space is the eigenspace associated with E. The matrix
that represents the restriction of B to col(U) is U* BU and, if its eigenvalues
are

Viy.e, Vr

with respective multiplicities

/-ll)---r/-lrr

the eigenvalues of the restriction of A+ yB to col(U) are
O0+vyvy,-,0+yv,

with multiplicities as above. We will establish very similar expressions in
the case where A and B need not commute.

We assume A has spectral decomposition A = }_; 0; E;, and that 6; has
multiplicity m;. Assume E, = U, U}, as before. Let By be the orthogonal
projection of B onto the commutant of A and set B; = B — By. Then

By =) E;BE;.
i

and
E;B1E;=0

forall i.

We now appeal to Theorem 11.7.1 of Lancaster & Tismenetsky “The The-
ory of Matrices”, which tells us that if }_; E; BE; = 0, then the linear terms
in the series expansions of the eigenvalues of A + B are zero. Equivalently,
the linear terms depend only on the eigenvalues of }_; E; BE;.

13.6 Adding Loops to Strongly Regular Graphs

Let X be a strongly regular graph with parameters (n, k; a, ¢). We consider

the pencil
A+vye; eiT .

We assume X is primitive? and that its eigenvalues are 2 X and X are connected
k>0>r1.

As X is primitive, k is a simple eigenvalue. We denote the respective multi-
plicities of 8 and 7 by my and m;. We know that

_(n—l)r+k _(n—1)9+k

m my =
0 -0 i 0-1
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We will use ¢ to denote n — 1 — k; this is the valency of the complement of X.
We also have explicit formulas for the spectral idempotents of A:

1
E.=—]
n

and
E —@(HQA——Q“Z) E —ﬁ(nzA——”lZ)
"= k 2 K™ k ¢ )

Hence the eigenvalues of A +ye; elT are 0 and 7 (with multiplicities mgy — 1
and mg — 1 respectively), and the three zeros of the rational function

I—Y((Ek)l'l N (Eg)1,1 N (ET)I,I) .Y ( 1 myg Mg )

-k t-0  t-t S Ry ey b

The walk module generated by e; has the vectors
e, Ae;, Ae;

as an orthogonal basis and is invariant under e; elT . The matrix represent-
ing the action of A on this module is

0 k 0
1 a k-1-a
0 ¢ k—c
and it follows that A+ ye; el is represented® by 3 as we might expect
Yy k 0
1 a k-1-al.
0 c k—c

Note that the walk-module is a module for (A4, e; elT Y, and it is irreducible
(by Theorem 13.2.1).

13.7 Adding Edges

We work with the pencil
A+YyB

where B = eiejT-i-ejeiT (with i # j). Thusifi=1and j =2,

010 0
1 00 - 0
B=|0 0 0 0]
000 - 0

13.7.1 Lemma. If B is a Hermitian matrix and E is a projection, then

n (EBE)<n~ (B), nt(EBE) < n*(B).
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Proof. Write B = By — B; where By and B; are positive semidefinite. Then
EBE=EByE—-EBE

and so
n*(EBE) < tk(EByE) < 1k(By) = n* (B)

and similarly n~ (EBE) < n™ (B). O

We note that EBE and BEE = BE have the same non-zero eigenvalues
with the same multiplicities. As only the first i-th and j-th rows of BE are
not zero, the non-zero eigenvalues of EBE are the eigenvalues of

Eji Ej;j
E;; Ei;

C=

Since E = ET, we have E;, j = Ej; and the eigenvalues of C are

Eij++\/Ei;Ej ;.

If A= A(X) and i and j are cospectral, E; ; = Ej j; if i and j are strongly
cospectral, then E; ; = £F; ; and rk(C) < 1. The matrix
Eii Ei;j
Eji Ejj

is a principal submatrix of E and, with that, is positive semidefinite. Conse-
quently
|Ei jI* < Ei iEj,;

and this implies that det(C) < 0.
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14
Control

We think a linear system as a kind of ‘black box’. At time intervals £ = 1,...
it receives an input, returns an output and moves to a new state. The states
are elements of its state space, the inputs come from an input space and
the outputs belong to the output space. If these elements are represented
by vectors x(i), u(i) and y(i) respectively, then they are related by the
system of equations

x(n+1)=Ax(n)+ Bu(n),
y(n) = Cx(n) + Du(n),

for all non-negative integers n. Thus the behaviour of the system is gov-
erned by the four matrices A, B, C and D, which we often writeasa 2 x 2

A B
C D

We will call this the state-space description of our system. The state-space

matrix:

matrix need not be square, but A must be.

What we have just described is more usually known as a discrete lin-
ear system. Since we will not consider continuous systems at any length,
dropping the adjective should not cause problems.

14.1 Buffalos

By way of a first example, we consider a model for the US buffalo popula-
tion, from J. J. Truxal “Introductory System Engineering”, (McGraw-Hill,
New York) 1972. In this section we describe the underlying uncontrolled
system; in the next section we consider the controlled version.

Let ¢; and b; respectively denote the number of female and male buffalo
at the start of year i. We assume that buffalo are mature at age 2, and that
each year five percent of the adults die. Female buffalo start breeding at
age 2; the number of female calves born in year i is 0.12¢;_», the number of
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males is 0.14¢;_». Thus the population is governed by the two recurrences:

¢;, =0.95¢,-1+0.12¢—2

b, =0.95b,_1 +0.14¢,—

We analyse the female population. If we define

c
Cy:= " ,
Cn-1
then
0.95 0.12
Cn+1:( 1 0 ) ne
Suppose
0.95 0.12
A= .
1 0

Then the minimal polynomial of A is
*-0.95-0.12,

which has distinct roots. Hence we can compute the spectral decomposi-
tion of A, with the result that

A" =(1.0629)"E; + (—0.1122)" E,,

where

_(0.9040 0.1021 (00960 —0.1021
7 10.8505 0.0960)’ 27 1-0.8505 0.9040 |

(The matrices E; and E; are idempotent and E; E> = E> E; = 0.) From this
we learn that, in the long term, the number of female buffalo will increase
annually by 6.29%. The actual numbers at the end of year n will be closely
approximated by the vector

(1.0629)"1(0.9040¢, +0.1021c)).

This shows that the size of the population is sensitive to the initial condi-
tions, even though the growth rate is not.
We now consider the males too. Suppose

Cn
Dy :=|cp1
by
Then
095 0.12 0
Dya=| 1 0 0 |Dj.
0 0.14 0.95

Here the coefficient matrix is block-triangular, and its minimal polynomial
is
(t—0.95)(¢* = 0.95¢ - 0.12).
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(1) Show that the male population grows as a power of 1.0629.

(2) What is the asymptotic ratio of males to females? (It can be determined
from an idempotent.)

14.2 Burgers

We continue with the model of the previous section, but we assume that
each year a certain number #,, of the adult females are harvested. The
equations describing the female population become

¢, =0.95¢c,-1+0.12¢;,_2 — hy,
b;, =0.95b,,_1 +0.14¢;,_»

which we write in matrix form as
1
Cns1=AC,—hy ol

Let us assume that h;, = hc,, for some constant 4. Then we can write the
resulting system as
Cn+1 = A(h)Cy,

where
0.95-h 0.12
A(h) = .
1 0
The minimal polynomial of Ay, is
£ —(0.95- h)t—0.12. (14.2.1)

Given our model, we must have 0 < h < 0.95. Let 8, and 7, denote the
eigenvalues of A(h). Then 6,7}, = —0.12, since this is the constant term of
the minimal polynomial. It follows that 8}, and 7, are distinct and therefore
A(h) is diagonalizable, for all k. For small values of #, we may assume
05, = 1 and 14, is small and negative. The population will grow as a power in
01, and will be asymptotically constant if and only if 6;, = 1. If this happens,
then

1-(0.95-h)—-0.12=0,

implying that & = 0.07. In this case the eigenvalues are 1 and —0.12, and
idempotent corresponding to 1 is

0.8929 0.1071
0.8929 0.1071)°

(1) Explain why the female population can stay constant when we harvest
7% of the animals annually, even though the uncontrolled growth rate
is only 6.3%.
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14.3 Controllability
Consider the linear system given by

A B
C D

’

where Ais n x n and B is n x k. If the initial state of the system is x(0), then
we have the equations

x(1) = Ax(0) + Bu(0)

x(2) = A*x(0) + ABu(0) + Bu(1)

which leads us to the general formula
n .
x(n) = A"x(0)+ ) A" 'Bu(i-1).
i=1

Thus the state at time 7 is the sum of two terms, namely the state of the
uncontrolled system at time 7 and the state of the controlled system with
zero initial state. (This decomposition is an important property of linear
systems.)

Define the controllability matrix to be

gez(B AB .- A"—lB).

Since A is n x n, its minimal polynomial has degree at most n, and so if
i =0, then A”*! is a linear combination of

LA,.. AL

Therefore the column space of Z is the sum of the subspaces A" col(B),
where 0 < r < n. It follows that if our initial state is zero, then the state of
the system is always an element of col(CM).

We say the pair (A, B) is controllable if, given any vector v in F” and
starting with x(0) = 0, we can choose inputs u(0), u(1),..., u(n —1) so that
x(n) = v. We will call the system itself controllable if (A, B) is.

14.3.1 Theorem. For a linear system, the following are equivalent:
(a) The pair (A, B) is controllable.

(b) The rows of the controllability matrix are linearly independent.
(c) The only A-invariant subspace that contains col(B) is R".

(d) No non-zero subspace ofker(BT) is AT -invariant.

Proof. By the previous lemma, (a) and (b) are equivalent. The column
space of the controllability matrix is the smallest A-invariant subspace that
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contains the columns of B, hence (b) holds if and only if (c) holds. We show
that (c) and (d) are equivalent too.
Suppose rk(2) < n. Then there is a non-zero vector f such that f72 =0,
and so
ffA'™B=0, r=0,1,...,n—1.

Consequently f7 A" B = 0 for all non-negative r, and therefore the A” -
invariant subspace generated by f lies in ker(B”).

Conversely, if the AT -invariant subspace generated by the non-zero
vector f in ker(BT) is contained in ker(BT), that fTArB =0 forall r, and
k(%) < n. O

14.3.2 Corollary. If B is n x 1 and (A, B) is controllable, then the minimal
polynomial of A has degree n. O

There is another concept related to controllability, sometimes called
controllability to the origin. Suppose our system starts in some state x(0)
and we wish to know if there is a sequence of inputs which will drive it to
the zero state.

Now the state at time r will be

n .
A"x(0)+ ) A" Bui).
i=1

Since

n .
Y A"'Bu(i) € col(),
i=1

we see that if there is a sequence of inputs that takes the state to zero in r
steps, then A" x(0) must lie in col(%). If r = n and A” x(0) € co) %), then
there is a sequence of inputs of length r that sends the system to zero.
Thus we see, for example, that if Tk = n, then we can bring the system
to rest in n steps. To be more precise, we investigate the range of A. We
note that
col(A")

is a nested sequence of A-invariant subspaces which is first strictly deceas-
ing, then constant. Since dim(col(A)) < n, it follows that when r = n,

col(A") =col(A™).

We conclude that our system can be brought to rest in 7 steps if and only if
A"x(0) € col(%). Further it can be brought to rest in 7 steps no matter what
the initial state is, if and only if

col(A™) c col #.

We conclude that any controllable system is controllable to the origin,
but the latter condition is weaker.
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(1) Show that (A, B) is controllable if and only if 2 has a right inverse.

(2) Show that the column space of £ is the smallest A-invariant subspace
of F” that contains the columns of B.

(3) If Aisinvertible, show that (A, B) is controllable to the origin if and
only if it is controllable.

14.4 Observability

Consider the linear system given by the matrix

A B
C D

We consider the problem of determining the initial state from the observed

values of y. We have
x(r+1)=Ax(r)+ Bu(r), y(r) = Cx(r) + Du(r).

Since we know the values of the input vectors u(r), our problem reduces to
that of reconstructing x(0) from the vectors Cx(r). Now

x(r+1)=A"x(0) + Y. A" Bu(i);
i=1

since the vectors A"~ Bu(i) are known, the final form of our problem is to
reconstruct x(0) from the sequence CA" x(0) for r =0,1,.... Since Ais n x n,
it follows that the first n values of this sequence determine the rest.

We say that the pair (C, A) is observable if the sequence

Cx,CAx,...,CA" 'x

determines x (in all cases). The system itself is observable if (C, A) is. De-
fine the observability matrix C by

C

CA
O .=

CAn—l

14.4.1 Theorem. The pair (C, A) is observable if and only if the columns of
the observability matrix are linearly independent.

Proof. If the columns of & are linearly independent, then it has a left in-
verse N. So NG x = x, and thus we recover x. O

14.4.2 Corollary. The pair (C, A) is observable if and only if (AT, CT) is
controllable. O

This implies for example, that (C, A) is observable if and only if no sub-
space of ker(C) is A-invariant.
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14.5 Feedback and Controllability

Consider the system
x(n+1)=Ax(n)+ Bu(n).

If we take u to be given by
u(n) = Kx(n)+ v(n),
then our system becomes
x(n+1)=(A+BK)x(n)+Bv(n).

The Kx(n) term is called feedback; the behaviour of the original system is
governed by A, the behaviour of the system with feedback is governed by
the matrix A+ BK. We show that feedback does not effect controllability.

14.5.1 Lemma. Suppose A is n x n and B is n x k. Then for any k x n matrix
K, the pair (A, B) is controllable if and only if (A+ BK, B) is.

Proof. We show that col(Z (A + BK, B) < col(Z(A, B). Since
A=(A+BK)+B(-K),

it follows that these two column spaces are equal.
If v € col(#), then Av € col(%#) and

BKv € col(B) < col(%),

whence (A + BK)v € col(%). It follows that col(%) is an (A + BK)-invariant
subspace that contains col(B), and therefore it contains the column space
of Z(A+ BK, B). O

14.5.2 Lemma. If (A, B) is controllable and b is a non-zero column of B,
then there is a matrix K such that (A + BK, b) is controllable.

Proof. Assume A is n x n and that (A, B) is controllable. We aim first to find
columns by, ..., by of B and integers r1,..., 'k, such that the union of the
sets

S(b;, r;) :={b;, Ab;, ...,Ari_lbi}

is a basis for F”. This is straightforward. Choose b; equal to b and choose
r1 to be the greatest integer such that the vectors

by, Aby,..., A" ',

are linearly independent. Next, assume inductively that we have found
by,...,bj—1 and ry,...,rj_1 such that

U S(bir ri)

i<j
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is linearly independent. The span of this set of vectors in A-invariant and
so, if this set contains fewer than n vectors, there must be a column of B
which it does not contain. Take b; to be such a vector, and let r; be the
greatest integer such that the span of S(b j,Tj) contains no non-zero vectors
from the span of the above union.

There is a unique linear mapping £ such that

biy1, ifj=ri-1

0, otherwise.

L(Ab;) ={

Let L be the matrix representing .£. We claim that the vectors
b,(A+L)b,...,(A+L)" 'b

are linearly independent.
Since LA'b; =0if i <r;—1and LA "1b; = by, we see that if i > 1, then

(A+ L) ih=A""p= A" "]

and
(A+ L)rlb = Arlbl + bg.

Starting from this, a reasonably easy induction argument, which we omit,
shows that the span of the m vectors

(A+D'b,  i=0,1,...m-1
is equal to the span of the first m vectors from
S(bl) rl) U---u S(bkr rk)'

This proves our claim.
To complete the proof, we note that the image of £ is spanned by
columns of B, and therefore there is a matrix K such that L = BK. O

14.5.3 Corollary. Let b be a non-zero column of B. The pair (A, B) is con-
trollable if and only if there is a matrix K such that (A + BK, b) is control-
lable.

Proof. The previous lemma shows that if (A, B) is controllable and b is a
non-zero column of B, then there is a matrix K such that (A + BK, b) is
controllable. For the converse we note that if (A + BK, b) is controllable,
then certainly (A + BK, B) is controllable. By Lemma 14.5.1, this implies
that (A, B) is controllable. O

(1) Let b be a non-zero element of col B. Show that (A, B) is controllable if
and only if there is a matrix K such that (A + BK, b) is controllable.
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14.6 Canonical Forms
We consider first the general system
x(n+1)=Ax(n)+ Bu(n),
y(n) = Cx(n) + Du(n).

Suppose M is invertible and x(n) = Mz(n) for all non-negative n. Then we
rewrite our system as

z(n+1) =M 'AMz(n)+ M~ 'Bu(n),
y(n) = MCz(n)+ Du(n).

These two systems correspond respectively to the block matrices

A B
C D

)

MC D

M 1AM MIB)

We say two systems related in this way are equivalent. We will also say that
the pairs (A, B) and (M “LAM,M~1B) are equivalent.

We now confine ourselves to the single-input case, where B is n x 1.
Suppose Ais n x n and set M = Z(A, b). Then

AM = (Ab A2b ---A"b) - MP,

where F is the companion matrix of ¢, the minimal polynomial of A
relative to b. If (A, b) is controllable, then rk(M) = n, and so M is invertible.
It follows that M~! AM = F. Since %(A, b)e; = b, we also find that M™1B =
e1. We conclude that if a pair (A4, b) is controllable, then our original system

F e1
CM D)

where F is the companion matrix of the minimal polynomial of A. If we

is equivalent to the system

also have a single output, that s, if Cis 1 x n, then C = cT and
c"TM= (ch cTAb - cTA”‘lb).

It follows that our system is determined by the minimal polynomial of A
and the entries of this vector.

From 22, we know that if F is a companion matrix of order n x n, there
is an symmetric invertible matrix Q such that Q"' FQ = FT. We see that
Qe;, = ey, and therefore the pair (F, e;) is equivalent to the pair (FT e,).
The pairs (C, e;) and (C T ¢,) are called the controllability canonical forms
of the pair (A, b).

There are analogous canonical forms for observable pairs (cT, A), but
these can be deduced from our work above, applied to the controllable pair
(AT ¢).

153



154 CHRIS GODSIL

14.7 Eigenvalues and Controllability

In this section our matrices are real matrices, but our subspaces may be
complex. (For example, eigenspaces.)

14.7.1 Lemma. The pair (A, B) is controllable if and only if the rows of
(A -AI B) are linearly independent for all complex numbers A.

Proof. First suppose z # 0 and
2 (a-A1 B)=0. (14.7.1)

Then z* A" = A"z* and z*B = 0, so z*% = 0. Hence the rows of the control-
lability matrix are linearly dependent, and therefore (A, B) is not control-
lable.

On the other hand if (4, B) is not controllable, then by Theorem 14.3.1
there is an AT -invariant subspace of ker(B”), and this subspace must
contain an eigenvector z of A”. If the eigenvalue belonging to z is A, then
(14.7.1) is satisfied. O

The spectrum of a matrix is the multiset formed by its eigenvalues, and
their algebraic multiplicities. The spectrum of a real-matrix is conjugate
closed—if 6 is an eigenvalue, then its complex conjugate 8 is an eigenvalue
with the same algebraic multiplicity.

14.7.2 Theorem. Let A be an n x n real matrix. The pair (A, B) is control-
lable if and only each conjugate-closed multiset of complex numbers with
size n occurs as the spectrum of some matrix A+ BK.

Proof. Assume first that we can choose K so that A + BK has any given
conjugate-closed set of complex numbers as its eigenvalues.
Suppose there is a vector z such that

zT(B AB .- A”—IB) - 0.
Then, for all r and any K,
zT(A+BK) =zT A"

and therefore
ZT[(A+BK0)r —(A+BKy))"1=0.

Choose Kj so that all eigenvalues of A + BKj lie inside the unit circle, and
choose Kj so that the eigenvalues of A+ BKj are the distinct n-th roots of
unity. Then

(A+BK)" =1

for all non-negative integers s, while

(A+BKy)™ —0
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as s — oo. It follows that z = 0, whence the rows of (A, B) are linearly
independent, and (A4, B) is controllable.

We turn to the converse. We first prove the result holds in the single-
input case. Suppose (4, b) is a controllable pair. We work with the equiva-
lent canonical form (F7,e,;), where FT is the transpose of the companion
matrix of the minimal polynomial of A. If K is a 1 x n matrix, then e, K is
an n x n matrix with its first n — 1 rows zero, and with last row equal to K.
Therefore FT + e, K is also the transpose of a companion matrix. By vary-
ing our choice of K, we can arrange to the last row of F” + ¢,,K to be any
desired vector, and so force F + e, K to have any desired conjugate-closed
set of complex numbers as its eigenvalues.

We consider the general case. Suppose (A4, B) is controllable and b is a
non-zero column of B. Then by Lemma 14.5.2 there is a matrix K such that
(A+ BK, b) is controllable. By what we have just proved, for each conjugate-
closed set of complex numbers, there is a 1 x n matrix K; such that

A+ BK+bK;
has this set as its eigenvalues. But b = Be, for some r, and so
BK + bK; =BK+ Be;K; =B(K+e;K7),

and so our result is proved. O

14.8 Observers

Consider the discrete dynamical system given by the equations

x(n+1)=Ax(n)+ Bu(n)

y(n) = Cx(n) + Du(n).

We want to construct a second system which will accept both the input and
the output of the first system as its inputs, and as produce as its own out-
put at least an approximation to the state of our first system. To construct
such a system, we consider a second system based on the one above:

X(n+1)=Ax(n)+Bu(n) + L(y(n) — yn))
y(n) = Cx(n) + Du(n).

If this system has the property that x(n) — X(n) — 0 as n — oo, we call it an
asymptotic observer. If Ais m x m and x(n) = X(n) when n > m, we call it
an exact observer. The choice of L is up to us. We calculate

x(n+1)-x(n+1) = Ax(n) — x(n)) - L(y(n) — ()
= A(x(n)—x(n)) — L(Cx(n) — Cx(n))
= (A-LO)(x(n) — X(n)).
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Now the initial difference x(0) — £(0) can be any vector, so we conclude that
we have an asymptotic observer if and only if A— LC is a contraction, and
an exact observer if and only if A — LC is nilpotent.

If Ais n x n and B is n x m, we say that the pair (A, B) is stabilizable if
there is an m x n matrix K such that all eigenvalues of A + BK lie inside
the unit circle. (In other terms, A+ BK is a contraction.) Every controllable
pair is stabilizable. If C is ¢ x n, we say that (C, A) is detectable if (AT,CT)
is stabilizable or, equivalently, if there is a matrix L such that A+ LCisa
contraction.

14.8.1 Theorem. An asymptotic observer exists if and only if (C, A) is de-
tectable. An observer exists if and only if (C, A) is observable. O

14.9 Transfer Matrices

We introduce a very important tool in the study of discrete dynamical
systems: transfer matrices.

We first present this in a special case, coming from coding theory. We
suppose that a sequence (u;);>o of binary vectors is encoded by a device
as a second sequence (y;);>o of binary vectors. In the simplest case, we
have a matrix D and u; is mapped to Du;. But we are going to assume that
our device has a state x; (another binary vector) and that y; is computed
according to the system

Xi+1 = Ax; + Bu; (14.9.1)
vi = Cx;+ Du;. (14.9.2)

Here A, B, C and D are binary matrices and A is square. (For a coding the-
orist it might be natural to assume D is n x k; the matrix A is square.) The
first problem that arises is to reconstruct the inputs u; given the outputs y;
(and the four matrices A, B, C, D. In the real applications, the vectors y; are
corrupted by noise, and we also have the harder task of first determining
the uncorrupted values of the outputs.

We say that the system described by the four matrices is a convolutional
encoder. The space of possible output sequences is a convolutional code.
Convolutional codes are important in practice.

To make further progress, we introduce generating functions. A convolu-
tional encoder takes an input sequence

Up, Uy, U2, ...
and converts it to an output sequence

yOryl)yZ)'---

In any practical situation, the vectors u; will be zero for all sufficiently large
i, but we defer imposing this as a requirement. One standard way to deal
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with infinite sequences is to encode them as formal power series, and so
we define

U(z):= Z z Y():= Z "'y

i=0 i=0
These can be viewed as formal power series in the variable z~! with vectors
as coefficients, or as vectors whose entries are formal power series of [F.
(We tend to prefer the latter view.) We say that U(z) is a generating function
for the sequence (u;)>o.
Next we assume that xo = 0 and introduce the generating function X (7).
The defining equations for our encoder give us

zX(2) = AX(z)+BU(2), Y(t)=CX(z)+DU(z),
and consequently
Y(2)=(D+C(zI-A'B)U(2).

It follows that our encoder is completely specified by the proper rational
matrix
G(z):=D+C(zI-A)'B.

If we have a discrete dynamical system over a field [, given by the matrix

A B

14.9.3
C D ( )

we define the transfer matrix of the system to be
D+C(zI-A)'B.

The transfer matrix completely determines the response of our system to
a given input sequence (given that xy = 0). If e; denotes the i-th standard
basis vector, then the generating function of the output sequence corre-
sponding to the input sequence

e;,0,0,...

is the i-th column of G(z). This provides a very natural interpretation of
the columns of G(z), and shows that we can find the transfer matrix of a
system by determining its response to each of the above input sequences.
In particular it is not unusual to be given the transfer matrix of a system,
rather than the state-space description.

It may seem more natural to use formal power series in z rather than
z~ 1 but the above choice is standard in control theory.
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Convexity






15
Norms

15.1 Convexity

We work over R. We say that a vector v is an affine combination of vectors
X1,..., Xp if

v=> aix;
i

and )" a; = 1. An affine combination is proper if it has at least two non-
zero coefficients. The set of all affine combinations of a set of vectors is the
affine hull of the set. The affine hull of x is x itself. The affine hull of {x, y}
(where x # y) is

{tx+(Q-0y:teR}.

Geometrically this set is the unique line passing through the points repre-
sented by x and y. Note that this line contains 0 if and only if x and y are
linearly dependent.

If U is a subspace of V and then a coset of U is a set of the form

{a+u:ueU},

for some ain V.

15.1.1 Lemma. The affine hull of a set of vectors {x,..., X} is a coset of the
subspace spanned by x — X1,..., Xm — X1. |

An affine subspace is a set S that is closed under affine combinations.
We say that vectors x,..., X, are affinely dependent if there are scalars
a;, not all zero, such that

ZaiZO, ZaixiZO.
i i

If a set is not affinely dependent, it is affinely independent. Note that any
single vector, including the zero vector, is affinely independent.
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A vector v is a convex combination of vectors x1,..., X, if there are
scalars ay,..., a; such that

Yai=1, a;=20(G=1,...,m)
i

and
V= Zaixl-.

Thus a convex combination is a non-negative affine combination. A convex
combination is proper if its has at least two non-zero coefficients. The con-
vex hull of a subset S is the set of all convex combinations of elements of S.
A set S is convex if any convex combinations of its elements is contained in
S, that is, if S is equal to its convex hull.

The convex hull of two distinct vectors consists of the line segment
that joins them. Hence a set S is convex if, whenever x and y belong to
S, so do all points on the line segment joining them. We also see that the
intersection of two convex sets is convex.

Areal-valued function f on R" is convex if

fux+1A-DY<tf)+1A-0f(), O0<tr=<l.
(1) If aeR" show that f(x):= exp(aTx) is a convex function.

(2) Show that set of positive semidefinite matrices is the convex hull of the
matrices with rank 1.

(3) Suppose a; =0and ) ; a; = 1. If f is convex, prove that
f(z al-x,-) < Za,-f(xl-).
i i

(4) Use the result of the previous exercise with f(x) = xP (p > 1) to show
that

Y Ixiyil < (lxilp)“p (|J’i|q)1/q’
7

where 1/p +1/g = 1. (This is Holder’s inequality.)

15.2 Extreme Points

Let C be a convex set. A point x is C is extreme if it cannot be expressed
as the convex combination of points in C\ x. The extreme points of a line
segment are its endpoints. Suppose C is convexand x € C. Let  bea

line through x. Then ¢ N C is a line segment. The interior points of this
line segment are not extreme. A closed convex set is the convex hull of its
extreme points. We will not prove this, but we consider two cases that will
be useful.

15.2.1 Lemma. Let S be the set of vectors x in R" such that |x;| < 1 for all i.

Then S is the convex hull of the vectors with all entries +1.
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Proof. It is easy to verify that S is convex, we leave this as an exercise. We
show that it is the convex hull of the +1-vectors.

We prove this by induction on n, asserting that it is trivial when n = 1.
Assume v € S and that v; = 1. Let v’ be the vector we get by deleting the
first entry of v. Then v’ lies in the set of vectors x in R"~1 such that |xil <1,
and so by induction it is a convex combination of the +1-vectors in R”~!. It
follows that v is a convex combination of those +1-vectors in R” with first
entry equal to 1. If v; = —1, then — v/ is a convex combination of +1-vectors
X1,...,Xm, and so v’ is a convex combination of the vectors —x1,...,— X,
but these are +1-vectors too. It follows that if |v;| = 1, then v is a convex
combination of +1-vectors.

Now suppose that |v;| < 1 for all i. Let v* be the vector such that (v*); =
lifv; =0and (v*); = -1if v; <0. Then

N 1-t+tv;, ifv;=0;
(A-0Dv"+tv); =
t—1+tv;, otherwise.

from which we eventually deduce that w = (1 - £)v* + tv € S provided

2
0<ts< .
1-v

Choose 7 so that £ = 2/(1 - |v;]) for some j. Then |w;| = 1, and therefore
v is a convex combination of v* and w. Since |w il = 1, itis the convex
combination of +1-vectors, and therefore v is too. O

15.2.2 Lemma. Let S be the set of vectors x such that
Y lxil =1
i

Then S is the convex hull of the vectors +e; fori =1,...,n. O
(1) Show that if x is a proper convex combination of points from C, it is
the proper convex combination of two points.

(2) Let Cbe a convex set and let f be a convex function. If the point xy in
C maximizes the value of f, show that it is an extreme point.

(3) Prove (22).

15.3 Norms

Let V be a vector space over F, where [ is R or C. A norm on V is a function
from V to R, whose value on x is written || x||, such that

(1) llxll=0and || x| =0if and only if x =0.

(2) If ceR,then |cx| =|c|lx].
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@) Iflx+yl=lxl+Ilyl.

The third axiom is called the triangle inequality. It implies that any norm is
a convex function on V. The set

x:lxll=1

is called the unit ball of the norm, but it need not be very round.
We consider some examples over R. If we have an inner product on V,
then we can define a norm by

lxl:= v/Cx, )
The only difficulty here is to verify the triangle inequality. We note that
X+ tyl? = (x+ ty, X+ ty) = (x,,) X+ 2(x, Y)Y t + (y, Y 2.
This is a quadratic in ¢ which is non-negative for all ¢, and consequently
(x, )% =%, x)(y, ¥y <0,
which is usually called the Cauchy-Schwarz inequality. It follows that

(2, %) + 20X, P L+ (Y, Y2 < (X, X) + 20, Y) E+ (Y, ) 12
< (x, x) + 2l xl 1yt + (y, y) 2
= (lxll + ¢l y D2,

We conclude that || x| + ¢ty < ||x|| + [ £y, which yields the triangle inequality.
If our inner product is the dot product our norm is the usual Euclidean
norm or ¢;-norm and is denoted by ||-||2 or, sometimes, by ||-||. The unit
ball for the Euclidean norm is the unit ball.
If (-,-) is a complex inner product, the function

VX, x)

is a norm. Note that (x, x) is guaranteed to be real and non-negative.

Once we have a norm, we can declare that a sequence xg, X1, ... of vec-
tors converges to x if the sequence of real numbers

lx—xoll, 1 —x11l,...

converges to 0. It is a somewhat surprising fact that if a sequence of vec-
tors in a finite-dimensional vector space converges with respect to one
norm, then it converges with respect to all. (This is false if the dimension is
infinite, as the exercises show.)

(1) Prove that a norm is a convex function.



(2) Let V =CI0,1], the space of continuous functions on the interval [0, 1].

If f € V, let | fIl be the norm asssociated with the inner product

(f.8:= folf(x)g(x) dx
and let || f|lo be the norm defined by
I flloo = max{f(x) : x € [0,1]}.
(You may prove that this is a norm.) Define
gr(x):=@x1-x)".

Prove that || g, || — 0 as r — oo, but || grlleo = 1 for all r.

15.4 Dual Norms
We introduce two further norms. We define ||x||; by
lxlly := miaxz ||
i

and [l x/l by

1 Xlloo ::miaXIxil.

These are known respectively as the ¢; and ¢,,-norms on R”. As we saw in
the previous section, the unit ball for the ¢;-norm is the convex hull of the
vectors +e; and the unit ball for the ¢,,-norm is the convex hull of the +1
vectors. (These definitions work over both R and C, we will only use them
over R though.)

If ||-|| is a norm, we define the dual norm |-||* by

lal* := max x” a.
[lxll=1

We leave the proof that this is a norm as an exercise. As another exercise,

we leave you to prove that || x| ** = | x|, for any x.

By way of example, we determine the dual of the ¢,,-norm. Our prob-

T g over the vectors

lem is compute the maximum value of the function x
X in the unit ball of the /,,-norm. This is linear in x, and hence convex;
therefore its maximum value occurs at an extreme point of this ball. By
Lemma 15.2.1, the extreme points are the +1-vectors and hence | all %, is
equal to the maximum value of xTa, as x ranges over the set of +1-vectors.
Clearly this maximum is realized when x;a; > 0 for each i, and therefore

lalz, =Y lail = lal).

14

(1) Let V be the Euclidean space R". Determine the largest C and the
smallest D such that

Clixlloo = Xl < Dl Xlloo-
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(2) Ifthe function |-||* is defined on R” by

T
Iyl* = maxx” y,
IxI=1

show that it is a norm.
(3) Prove that ||x||** = ||x]|, for any x.
(4) Prove that yTx <|lx[ll¥*, and show that this bound is tight.

(5) Show that the ¢;-norm is dual to the ¢,,-norm, and vice versa.

15.5 Matrix Norms

Let 98 be an algebra over the reals. A norm on 28 is a function ||-|| from 28 to
R that is norm, when we view 28 as a vector space, and in addition satisfies:

IAB| < [IAIBIl.
If ||-]| is a norm on a vector space V then the unit ball
xeV:|x|=<1}

is a closed convex set. If ||-|| is a norm on an algebra then the unit ball must
be closed under multiplication, hence forms a semigroup.

Now suppose |||l is a norm on L(V), viewed as a vector space. The unit
ball is compact and so, if A € L(V) then there is a constant y 4 such that, if
IXI<1,

IAX] <y a.

If we define y to be the maximum value of y 4, where || A|| < 1, then
IAB| =LAl I Blly.

From this it follows that y‘l -1l is anorm on L(V), viewed as an algebra.
We will refer to a norm on an algebra as an operator norm or matrix norm,
according as the elements of our algebra are linear mappings or matrices.

Let V be a normed vector space, with norm || - ||. If T is an endomor-
phism of V, we define the induced norm of T by

1T = max{l| Tx| : | x| = 1}.

Equivalently, it is the maximum value of || T x| /| x|, for all non-zero vectors
x in V. Itis straightforward to verify that this is a norm on L(V), with the
useful properties:

ITxl =TIl

and
ISTI<ISINTI.
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Unless explicitly stated otherwise, we use the same symbol to denote a
norm on R” and the norm it induces on »n x n matrices. If ||| is an induced
norm, then || I]| = 1.

If ||-|| is an induced norm then for any matrix A and vector x, we have
the very useful inequality:

IAxIl < LAl 1l x]l.

If |-l and ||, are any two norms on a vector space, we say that |||,
dominates |-|| 4 if, for all vin V,

Ivila < lvllp-

A norm is minimal if it does not dominate any other norm. Generally
minimal norms are more useful than general norms.

15.5.1 Lemma. Every matrix norm dominates an induced norm.

Proof. Suppose ||-|| is a matrix norm. We use this to construct a norm on R”
whose induced norm is dominated by ||-||.
Let a be a fixed non-zero vector in R”. We define |||, by

1Bl :=lIba”|.
Then
IAxllo = Il Axa® | < I Allllxll
and the matrix norm induced by |-||; is dominated by ||| O

15.5.2 Theorem. Let ||-|| be a norm on R" with dual norm ||-||*. If A is a
square matrix then || A||* = || AT].

Proof. We have

lAx|* = max yTAx: max xT AT
llyll=1 lyll=1
and so
|Al* = max maxx' ATy.
lxI*=1lyl=1
Now

max x”b=|b|** = bl
lxlI*=1

and consequently

IAI* = max|| ATyl = | AT].
lyll=1

In the sequel any norm we use on matrices will be a matrix norm. If
(An)n=0 is a sequence of matrices and we write that A, — 0, we mean that
[|A,ll — 0, for some norm ||-||.

(1) Let -]l be anorm on R”, and let ||-|| also denote the induced matrix
norm. Prove that |ab || = ||lall | b|l* and hence that b a < |labT]||.

(2) Prove thatif n = 1, then | A™||/" < || All.
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15.6 Examples

The Euclidean or trace norm of a matrix is the norm associated with the
inner product
(A,B):=trA”B.

We denote this norm by ||-[|2 or, sometimes, by |-||. Note that ||A||§ is the
sum of the squares of the entries of A. We have

IABI5 =Y : SZ(;IA”IZ) (;mr,ﬂz)

ij ij

2
Z |Ai,r|
ir

=|lAlI5 I BI3.

ZAi,rBr,j
m

]

We have || I;|| = n and so the trace norm is not an induced norm.
We turn next to induced matrix norms. First we note that

IAx]3 = (Ax)T Ax = xT AT Ax

and therefore

max || Ax|2
lxll2=1

is equal to /p, where p is the largest eigenvalue of AT A. (But since we
have not discussed eigenvalues at any length yet, we defer any further
discussion.)

Both of above norms have the useful property that, if Q is orthogonal,
then [[QAl = | All.

15.6.1 Lemma. Let A be a square matrix. Then
| Alloo = maxlle; Al

Proof. The function x — || Ax|l« is convex and hence realizes its maximum
at an extreme point of the unit ball relative to the ¢, norm. These extreme
points are the +1-vectors. If x is a £1-vector then

(A1 =1 Aijxjl < Y 1A;jxi1 <= Y 1Ai | = llef Allr.
J J j

Further, equality holds throughout if we choose x so that A; jx; = 0. This
proves the lemma. O

15.6.2 Lemma. Let A be a square matrix. Then
Al = ml,aXIIAei Il

Proof. Since ¢, and ¢,,-norms are dual, we can apply Theorem 15.5.2 to
the previous lemma, concluding that

T T AT
Al =11A" lloo = max|le; A" |l = max|| Ae;lly. |
1 1

(1) If |||l is the trace norm or the induced ¢»>-norm, and Q is an orthogonal
matrix, show that [|QA| = || All
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15.7 Matrix Functions

We say a matrix is a function of a variable ¢ if each element of the matrix is.
This makes sense over any field, but here we work over R or C. If the matrix
A(t) is a function of ¢ then

L pct
dt

is the matrix we get by differentiating each entry of A(#) with respect to ¢.
As an example, we consider the differential equation

f"+af'+b=0. (15.7.1)
This is equivalent to the following pair of equations:

d

%fl — _afl _ b,

d ,
af=f,

A0 2

We can solve this using the matrix exponential.

which we can rewrite as

For any square matrix A we define

o0 tﬂ
o— n
exp(tA):= ) A"

n=0 "%

But we need to see that this makes sense. We have
1A oo < IAIZ,

and so, if a := || Allo, €ach entry of A” is bounded in absolute value by a”.
Therefore each entry of

S

n=0 n!
converges as m — oo, for any value of . Moreover we are entitled to differ-
entiate the series term-by-term, with the result that

d () n—1
— tA) = A=A tA).
ar P n;(n—l)! expltd)

Now define the vector F(f) by

F(1) =

f’)
f

and suppose
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Then (15.7.1) becomes
d
—F(t) = AF(t
T (2) (1)

and it is easy to see that this has the solution
F(t) = exp(tA) F(0).

Although this method of solving differential equations is very important,
it is of limited use as a tool for solving particular equations. It is computa-
tionally difficult to compute exp(A) because, even though

1
—A" >0
n!

as n — oo, for moderate values of n this ratio can be very large. The diffi-
culty is essentially the same as attempting to compute exp(100) using the
power series for the exponential.

(1) Show that
exp f(A+ B) =exp(tA) exp(tB)

ifand onlyif AB-BA=0.
(2) If S is skew symmetric, show that exp(S) is orthogonal.

3) If

show that exp(rH) = —1.

15.8 Powers

We have seen the exponential series in a matrix A is well-defined and
useful. We will find useful to consider other power series with matrix argu-
ments. Our next result provides a basic tool.

15.8.1 Lemma. If A is a non-zero matrix and ||-|| is a matrix norm, then the

|1/n

sequence | A"|''" converges to a limit p. Further p < || A"|Y/" for all n.

Proof. By way of abbreviation, let f(n) = || A" 11", Note first that
1A% <A™k,

and therefore f(km) < f(m). Assume n = km+ ¢, where 0 < ¢ < m. Then

km 4 km

flkm+0) < f(km)*m+? f(£)Tm+t < f(m)&m+? f([)ﬁ

Given € > 0 and fixed m, it follows that for all but finitely many n, we have

f(m)=1+e) f(m).
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We say that f(m) is a record for f if, when k < m,
fm) < f(k).

Consider the sequence of records for f. If it is finite, let p denote its last
member. If it is not finite, then it is a strictly decreasing sequence, bounded
below by 0 and therefore it has a limit, which we denote by p. From the
previous paragraph it follows that if € > 0, then f(n) < (1 +¢)p for all but
finitely many values of n. Consequently the sequence || A*||'/" converges to

p and p < | A" for all n. |

This lemma does not guarantee that p~" A" converges. For example, if

cosf —sinf
sinf cos6

then

4n = [ €08 nf —sinnd
sinnf  cosnb

and, using the trace norm
IA™ | = || All = 2.

Therefore || A" |'" = 1 but, nonetheless, the sequence (A") ;>0 does not
converge except in special cases.

The quantity

Limp ool A"M"

is known as the spectral radius of A.

We want to work with the geometric series

Y A"

r=0

15.8.2 Lemma. The series Y. ;- t" A" converges if and only if t" A" — 0 as
n — oo. Ifit does converge, its limit is (I — t A)~ L.

Proof. We have
(I—tAT+tA+--+ " 1A Y= 1A%,

Suppose I — tAis not invertible. Then there is a non-zero vector u such that
(I-tA)u=0. Therefore tAu=uand t"A"u = uforall r. So t" A" does not
converge to 0 and, since

I+ tA+-+ " TA" Yy = nu,

the series }_,5o t" A" does not converge.
Hence we may suppose that I — tA is invertible and consequently

T+ tA+-+ A = (-t A (- AT,

The lemma follows immediately. O
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15.8.3 Corollary. Let p be the spectral radius of A. The series )., t" A"
converges (to (I - tA)™!) if|t| < p~! and diverges if|t| > p~".

Proof. We observe that " A" converges to 0 if and only if | £ A”|| does.
By Lemma 15.8.1 we see that t" A" — 0if [#] < p‘1 and that it does not
converge if |£] > p. O

This result shows that p~! is the radius of convergence of the series
Y A,

15.9 Contractions

We call a linear map T a contraction relative to the norm ||-|| if [ T"|| — 0 as
n increases. Our first result shows that being a contraction is independent
of the norm we use.

15.9.1 Lemma. The linear map T is a contraction if and only if its spectral
radius is less than 1.

Proof. Let p be the spectral radius of T. Let ||-|| be an operator norm, and
suppose € > 0. By Lemma 15.8.1, for all sufficiently large values of n,

p"<IT"I<(p+e)".
The result follows at once. O

While this result has its uses, it does not provide an effective means
of deciding if a particular map is a contraction. But contractions are im-
portant, and so we need effective ways of recognizing them. If there is an
operator norm such that || T|| < 1, then since

I =",

it follows that T is a contraction. Our work in this section shows that, if T is
a contraction, there is a norm | -|| such that || T|| < 1.
If B is a positive definite matrix then the bilinear form

(u,,)v= u'Bv
is an inner product, and vV uT Bu is a norm. (See Lemma 16.2.2.)

15.9.2 Lemma. A matrix A is a contraction if and only if there is a positive
definite matrix B such that B— AT BA is positive definite.

Proof. Suppose first that B is positive definite and B — AT BA is positive
definite. Then for any non-zero vector v,

0<v'B-ATBAv=v'BvT - vT ATBAV.

If |-l p denotes the norm determined by B, this shows that, for any non-
Zero vector v,
lAviig <lvig



MORE LINEAR ALGEBRA

and therefore | Al g < 1.
To complete the proof, we show that if C is positive definite and the
equation
x-ATxA=cC (15.9.1)

has a positive definite solution X, then A is a contraction. If X satisfies
(15.9.1), then

X=C+ATXA
ATXA=ATCA+ (AT)?x A?
(AT2X A% = (AT2C A%+ (AT)3 X A3,

which leads us to conjecture (and you to prove, by summing enough of
these equations) that

X—(C+ATCA+---+ A" ca™ ) =aT)*cA".

Since the right side of this identity goes to 0 as n increases, we conclude
that
X=) (AhH'cA’
r=0
is a solution to (15.9.1). Because C is positive definite, vT'Cv > 0forall
non-zero vectors v, and therefore

v cA™v>0
for all non-zero vectors v. Consequently X is positive definite. O

Equation (15.9.1) is known as Stein’s equation. It is a system of linear
equations in the entries of X, and so can readily be solved. Since all we
need of C is that it be positive definite, we may choose C = I. The proof
of the lemma shows that if A is a contraction, then Stein’s equation has
a unique solution. Therefore we could determine if A is a contraction by
solving X — AT XA = I, and then testing whether the solution X is positive
definite. (This can be decided by Cholesky factorization.)

(1) If Cis symmetric and X — AT XA = C has a solution, show that it has
symmetric solution.

(2) Read up on Kronecker products (in Corollary ??), and then show that, if
A does not have distinct eigenvalues whose product is equal to 1, then
X — AT X A = I has a solution.

15.10 Projections

We study subspaces and projections in R”; our results extend to any inner
product space. Suppose U is a k-dimensional subspace of R”, and let Y
be an n x k matrix whose columns form a basis for U. The Gram-Schmidt
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algorithm implies that there is a k x k upper-triangular matrix P such that
the columns of Y P are orthogonal. As Y and Y P have the same column
space, it follows that the columns of Y P form an orthonormal basis for U.

For our purposes we may as well assume that we chose Y so that Y'Y =
I, without further ado. If we define

p=v'y
then we see that P is symmetric and
PP=ylyyly=v'y=p.

Hence P represents orthogonal projection onto its column space. As
rkP =rkY = k and as the column space of P is contained in the column
space of Y, it follows that the column space of P equals U. So P represents
orthogonal projection onto U. One consequence of this is that the proper-
ties of the collection of k-dimensional subspaces of R” are mirrored by the
properties of the n x n orthogonal projections with rank k.

Our projections are symmetric and there is a natural inner product on
the space of symmetric matrices:

(A,B) =tr(AB).
IfP; = Yl.TYi where Y; is n x k and YiTYl- = I then

(P, Py) =ttt Y Y, V,0) = tr (Y, v VT Vo)
=t (Y Y2)T (v 1))
>0.

Further

(P1—P3,P1—P;) = tr(Pf —P1P,—P,P1 + P%)
=tr(P; + P, —2P1Py)
=2k —2(P1,P5).

Thus the value of k — tr(P; P») can be viewed as a measure of how close the
subspaces represented by P; and P, are.
If P and Q are projections defining two subspaces U and V of R” and x
is a unit vector in R” then || Px — Qx| is a measure of distance of U from V.
Now
IPx—Quxl* = x" (P- Qx,

whence all information of this sort is contained in the matrix (P — Q). The
maximum value over all unit vectors x of

IPx—QuxlI> = xT(P-Q)%x

is the largest eigenvalue of the (real symmetric) matrix (P — Q)Z. Our next
result bounds this.
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15.10.1 Lemma. Let P and Q be projections. Then |Px — Qx| < || x| and, if
equality holds, x = Px+ Qx and (Px,Qx) = 0.

Proof. The vectors Px and (I — P)x are orthogonal, so the points repre-
sented by the vectors 0, Px and x are the vertices of a right-angled triangle
with hypotenuse joining 0 to x. Thus (why??) they lie on the circle with

this hypotenuse as a diameter. Similarly the vectors 0, Qx and x form a
second right-angled triangle, and also lie on a circle. Now, if two triangles
in R" share a side then the distance between their third vertices is maximal
when they lie in the same plane (and on opposite sides of their shared side).
Hence || Px — Qx| < |l x|l; if equality holds then the two triangles are copla-
nar, the two circles coincide and Px and Qx must be diametrically opposed
on the circle. Since the origin is on a circle with the line segment from Px
to Qx as a diameter, Px, 0 and Qx form a right triangle and Px must be
orthogonal to Qx. Further, 0, Px, x and Qx form the vertices of a rectangle;
by the parallelogram rule for addition of vectors in the plane, x = Px+Qx.O

(1) Show that if P and Q are projections and rk P = rk Q, then tr(P — Q)® = 0.

(2) Show that (P — Q)? commutes with P and Q.

15.11 Contractions

In this section, we derive the characterization of contractions in terms of
eigenvalues. If M is a square matrix, we use || M||; to denote the induced
£, norm of M—this equals the maximum value of the ¢;-norms of the
columns of M, as we saw in 22.

15.11.1 Theorem. Let A be a square matrix. If || < 1 for all eigenvalues 6 of
A, then A is a contraction.

Proof. As a first step, we prove the theorem when A is lower triangular.
Suppose A is nxn and let D; be the nxn diagonal matrix with (D;); ; = il
Let A denote the diagonal matrix with A; ; = A; ;. The i j-entry of D;IAD ¢
is tj”'Ai,j and so

lim D;'AD, = A.

t—oo
In particular, given € > 0, we can choose ¢ large enough that || D; ' AD;
lies within € of | A|l;. Consequently, if |8] < 1 for each eigenvalue 6, then we
can choose 7 so that | D; ' AD|l; < 1.
This implies that
ID7'A"D¢lly — 0

as n — oo. Since
IA™; = |D; D7 A" D, Dyl < DM 11 11D A Dl 1Dl

it follows that || A"||; — 0 as n — oo.
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If Ais not triangular, then A= LTL™!, where T is triangular. Since
IA™M < ILIL I T I L

and

IT™ My = I A" LIy < 1L AL,

we see that A is a contraction if and only if T is. To complete the proof, we
recall that A and T have the same eigenvalues. O

There is another proof of this result using root vectors.

15.11.2 Lemma. Let A be an n x n matrix over C, let 6 be an eigenvalue of A
and let v be a root vector for 0. If|0| < 1, then A™v — 0 as m — oo.

Proof. Since v is aroot vector for 8, we have (A—0I)"v =0. Then
A" =(A-0I+060D™

and so using the binomial theorem, we find that

m
n—1

(A—GI)”‘29+---+6”‘11] .

Am V= em—n+1

m
+
(n—2

(A-oD"!

Hence we have

A"y =0 pim)y,

where P(m) is a matrix whose entries are polynomials in m with degree at
most n— 1. Since |0| < 1, it follows that

0m—n+1P(m) =0

as nm — oo. [l

Now suppose A is an n x n matrix with all eigenvalues inside the unit
circle. Since each vector in C” is a linear combination of root vectors, it
follows that for any vector v,

A"y -0

as m — oo.

We have two methods now for determining if a square matrix A is a
contraction. We can solve Stein’s equation, as discussed in Section 15.9,
or we can compute the spectral radius from the eigenvalues of A. This
second alternative is useful if A is symmetric, or if A is real and its entries
are positive.
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15.12 Perron

We say a real matrix M is non-negative if all its entries are non-negative.
We write M = N is M — N is non-negative. We say M is positive if all its
entries are positive. If M is a real matrix of any order, then we define | M| to
be the matrix we get by replacing each entry by its absolute value.

15.12.1 Lemma. Let A be an n x n matrix with spectral radius p, and sup-
pose A is real and all its entries are positive. Suppose that 0 is an eigen-
value such that |0| = p and let x be an eigenvector wih eigenvalue . Then
|x| is an eigenvector for A with eigenvalue p.

Proof. We have
plx| =10x| =|Ax| < | Al|x|

and therefore
Alx| = plx|.

First, suppose there is a non-negative non-zero vector z such that Az =
ozand o > p. Then
Alzzo"z
and therefore
1A" | zo"

for all n. This implies that the spectral radius of A is at least o, which con-
tradicts the fact that the spectral radius equals p.

Now suppose that z is a non-negative non-zero vector such that Az = pz
and, for some index k, we have

e,{Az > pe,{z.
Consider the vector z + tey, where t is small. Then
Alz+tey) = pz + tAeg.
Since all entries of A are positive, it follows that, if i # k, then
eiTA(z+ ter) > peiTz = pel-T(z+ ter).
On the other hand

T _ T T T T
e, Alz+ter) = e Az +te; Aey > pej z+ te; Aeg

=pe} (z+ teg) + t(Agr - 1).
It follows that the are positive values of ¢ such that
el Az +tep) > pel (z+ tey)
2 k) > peéy k
and, for these values of ¢, we have
Alz+tey) > pz+ teg.

Since this is impossible, we are forced to conclude that Az = pz. O
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15.12.2 Theorem. Let A be a real square matrix with positive entries. Then
the spectral radius of A is an eigenvalue of A with algebraic multiplicity 1,
and the corresponding eigenspace is spanned by an eigenvector with all
entries positive. If 0 is an eigenvalue of A not equal to p, then |6| < p.

Proof. We have seen that there is an eigenvector x with eigenvalue p and

all its entries non-negative. We show that the entries of any non-negative
eigenvector with eigenvalue p must all be positive. Suppose py = Ay and
y=0. Then

pely= efAyzZA,-yjyj.
j

However all entries of A are positive and y is non-negative and not zero, so
the above sum is positive. As p > 0, it follows that el.T y>0.

Next we show that p has geometric multiplicity 1. Assume Ay = py,
where y is not a scalar multiple of x. Then there is a real number ¢ such
that x+ ¢y = 0 and some entry of x+ ¢y equals 0. But x+ ¢y is an eigenvector
for A with eigenvalue p, and so we have a contradiction. We conclude that
p has geometric multiplicity 1.

Finally we show that p has algebraic multiplicity 1. Suppose that
(A—pD?w = 0 and w is not in ker(A — pI). Then, replacing w by —w if
needed, we may assume that x = (A — pI)w is a positive eigenvector for
Awith eigenvalue p. Note now that AT is a positive matrix with spectral
radius p. (It has the same minimal polynomial as A, hence has the same
eigenvalues.) Let y be a positive eigenvector for AT with eigenvalue p.
Then y” (A—- pI) =0, and consequently

ysz yT(A—pI)w= 0.

But y and x are positive, and therefore y” x > 0. Thus we conclude that, if
(A—pD)?>w = 0 then w = 0. Therefore the algebraic multiplicity of p is 1.

Now suppose that 0 is an eigenvalue of A distinct from p, and let x be an
eigenvector for 8. Then, using the triangle inequality,

161 1x:1 = (A1 = | ¥ A jxj| < 14 611 = (Al
J J
This implies that |8 < p. If equality holds, then
|3 Asji] = E1An 1
J J
Thus we have n possibly complex numbers z; := A; ; such that

DA ESNE
- :

J

which implies that there is a root of unity ¢ such that ¢ z; is real and posi-
tive for all j. Therefore {x is a positive eigenvector and 6 = p. O
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If yTA=py” and Ax = Ox, where 6 # p, then y” x = 0. This implies that
any non-negative eigenvector for A must be an eigenvector for p.

15.12.3 Lemma. Let A be a real square matrix with all entries positive, and
let x be a positive eigenvector for A with eigenvalue p, such that 17 x = 1. If
u is a non-zero non-negative vector, then
. A'u

lim ——=x

n—oo 1T ANy
Proof. Let x be a positive eigenvector for A with eigenvalue p, and let y be a
positive eigenvector for AT with eigenvalue p. Let B be defined by

B:=A- %xyT.
yix
If Az=60zand 0 # p, then yTz =0and Bz = 0z. Also Bx = 0 and therefore
if 0 is an eigenvalue of B, then |0| < p. Consequently p~! B is a contraction.
Let E be given by
Eim 7
=Xy .
Y

Then E? = E and AE = EA and BE = EB = 0. Accordingly
(B+pE)"=B"+p"E
and, for any vector u,
A'u—p"Eu=B"u.
Therefore, since p‘lB is a contraction, p "B u — 0 as n — oo and,
provided yTu #0.

. Al'u . p "A"u 1 1
lim = lim = Eu=—x.
n—oo1TAny n—cop=n1T A"y  1TEu 17x

(1) Let Abe a positive square matrix. Show that there is a non-negative
vector x such (I — A)x is non-negative and not zero if and only if Ais a
contraction.
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16
Positive Semidefinite Matrices

16.1 Gram Matrices

The Gram matrix G of a subset x1,..., x;;, of U is the matrix with entries
given by
Gi,j = (xi, Xj).

Ifa® =(ay,...,a,)7, then
aTGa = <Z aix,-,Zaixi>
7 7

and therefore a” Ga > 0 for any non-zero vector a. We say a matrix G is
positive definite if it is self-adjoint and a” Ga > 0 for any non-zero vector a;
if it is self-adjoint and a” AGa = 0 for all a, then G is positive semidefinite.
We have just seen that Gram matrices are positive semidefinite.

16.1.1 Lemma. A set of vectors in an inner product space is linearly inde-
pendent if and only if their Gram matrix is invertible.

Proof. Suppose G is the Gram matrix for xy, ..., x,,. Then the entries of Ga
are the inner products

(xr,z arXxr)

Hence if U is the span of the vectors x1,..., Xy, then Ga = 0 if and only if
Y, arxr =0. Thus ker(G) is zero if and only if x, ..., x, are linearly indepen-
dent. O

16.2 Factorizing Positive Semidefinite Matrices

If H is a matrix with linearly independent columns, then the product H” H
is the Gram matrix for a basis of col(H) and therefore it is positive definite.
Our next result provides a converse to this.

16.2.1 Theorem. If G is a positive definite matrix, there is a lower triangular
matrix L with diagonal entries equal to 1 and a diagonal matrix D with
positive diagonal entries, such that LGLT = D.
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Proof. If G is positive definite, then el.TGe,- > 0 for all 7; hence the diagonal
entries of G are positive.

Since L and G are invertible, D = LGLT is necessarily invertible. We
must show that L exists. We write G in partitioned form:

a bT
G= .
b &1
If we also define
L[ 1o
! —alb I
then
a 0
LiGLT = )
i (o Gi- a—lbbT)

Note that a # 0, because G is positive definite. It follows from the exercises
below that G; — a~tbbT is positive definite. By induction, we have that
there is a lower triangular matrix L, with diagonal entries equal to 1 such
that

Ly(G-a'bb"L]

is diagonal. Taking L to be given by

our result follows. O

This result implies that G = L~'DL=T. Since the diagonal entries of D
are positive, there is a unique non-negative diagonal matrix D'/? such that
(D'/2)2 = D and therefore

G= (L_lDl/z)(L_lDllz)T.

A factorization of a positive-definite matrix G in the form MM T where M
is lower triangular with positive diagonal entries, is known as a Cholesky
factorization. Any reasonable software package for linear algebra will have
a command to compute the matrix M from G.

If G is presented as a matrix X TX and LGLT = D, then

xLHTxLh=b,

whence we see that the columns of XL are orthogonal (with respect to
the dot product). Thus they form an orthogonal basis for col(X), and so
we may use the Cholesky decomposition to find orthogonal bases. We
illustrate this in the next section.

We record an important property of positive definite matrices—it is
basically a reformulation of the definition.
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16.2.2 Lemma. If A is a positive definite matrix, the bilinear form
(x,yy=x"Ay
is an inner product.

Proof. Exercise. O

(1) If Gis positive definite and the columns of L are linearly independent,
show that LGL” is positive definite.

(2) Show that a principal submatrix of a positive definite matrix is positive
definite.

(3) Prove that if G has Cholesky factorizations MM T and NNT, then
M= N.

16.3 Computing Cholesky

The Cholesky decomposition of a positive definite matrix can be useful,

in particular it may be used to find orthogonal bases. In this section we
describe an algorithm for computing the Cholesky factorization using
elementary row operations. (But outside linear algebra courses, we rec-
ommend using methods based on the QR-factorization, which we address
later. Our point is that we can carry out Gram-Schmidt by using Gaussian
elimination.)

As a first step, we need to to note one consequence of Theorem 16.2.1.
This result shows that if G is positive definite, then by successively sub-
racting multiples of higher rows from lower rows, we can convert G to an
invertible upper triangular matrix. The product of the elementary matrices
corresponding to these operations is the lower triangular matrix L. Our
next result asserts that if we use elementary operations as described to
bring G to row echelon form, we obtain the Cholesky factorization of G.

16.3.1 Lemma. Let G be a positive definite matrix. If K is lower triangular
with diagonal entries equal to 1 and KG is upper triangular, then KG =
DK, where D is a diagonal matrix with positive diagonal entries.

Proof. Suppose that K is lower triangular with diagonal entries equal to 1,
and that KG = DM, where D is diagonal and M is upper triangular, with
diagonal entries 0 or 1. Then

KGKT =DMKT.

Here the left side is a symmetric matrix, while the right side is the product
of three upper triangular matrices, and is therefore upper triangular. It
follows that MK T is diagonal. Since KGK T js invertible, both D and MKT
are invertible. Therefore MK = I. Finally KGK is positive definite and
equal to D. So D is positive definite, and therefore its diagonal entries are
positive. O
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Suppose we are given a Gram matrix G. If we bring the partitioned

Gl

to row-echelon form, then the resulting matrix equals

matrix

(z6 1).

As noted at the end of the previous section, if G = X T X, then the columns
of XL are orthogonal (with respect to the dot product). The i-th column
of XL is alinear combination of the first i columns of X and consequently
the columns of XL are the orthogonal set we would compute using the
usual approach to Gram-Schmidt. (Using exact arithmetic—in fact we have
developed the so-called modified Gram-Schmidt method.)

We first illustrate this in R", with the dot product. The row echelon form
of the partitioned matrix

M= (XTX XT)
is
(LXTX LXT)

and so the transposes of the rows of LX” are an orthogonal basis for the
column space of X. Suppose for example that

1 0 1
x1=|1|, x2=]|1|, x3=]0].
0 1 1

Let X be the matrix with x;, x> and x3 as its columns. Then

21 1 1 1 0
M=|1 2 1 0 1 1
1 1 2 1 0 1
has row echelon form
2 1 1 1 1 0
3 1 1 1
02 Z _25 52 ;
00 3 35 -3 3
Hence
1 2
T ! _1§ §2
xt"=[1 1 =
0 1 3

and its columns are an orthogonal basis for col(X).
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16.4 Polynomial Examples

We consider the situation where we want to find an orthogonal basis for an
inner product space of polynomials. By way of example, we take V to be
the space of all polynomials, with inner product:

(b, q):= fo px)g(x)e *dx.

Let U be the subspace consisting of the polynomials with degree at most
n,let py,..., p, be basis for U and let G be the Gram matrix of this basis.
(Thus the rows and columns of G are indexed by 0, 1,..., n, rather than
1,...,n—good news for C programmers anyway.)
If [q] denotes the coordinate vector of g in U relative to the given basis,
then
[p)" Glg1 = (p, a)-

Suppose LGLT = D. Then
e] LGL'D =e] De;

whence the columns of L7 are the coordinate vectors of an orthogonal
basis for U.

Turning to a concrete case, suppose U is the space of polynomials with
degree at most three. We start with the basis 1, x, x2, x3. It can be shown
(by integration by parts) that

o0
f x"e *dx=n,
0

and therefore the Gram matrix of this set of polynomials is

1 1 2 6
1 2 6 24
G= .
2 6 24 120
6 24 120 720
Let M be given by
1 1 2 6 1 0 0 O
1 2 6 24 0 1 0 O
M= .
2 6 24 120 0 0 1 O
6 24 120 720 0 0 0 1

We convert the first four columns to an upper triangular matrix:

6 1 0 0 O

18 -1 1 0 O
ol’
1

36 2 -4 1
36 -6 18 -9

o o O
S O = -
(= S

and thus obtain the following set of four orthogonal polynomials:

1, x-1, x*—4x+2, x>-9x*+18x—6.
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16.5 Positive Semidefinite Matrices

We develop some further properties of positive semidefinite matrices.

16.5.1 Lemma. If A and B are positive semidefinite, sois A+ B. If A is
positive and B is positive definite, then A+ B is positive definite. O

We leave the proof as an exercise. Note that it implies that if A is positive
semidefinite, then A + I is positive definite.

16.5.2 Lemma. A self-adjoint matrix is positive semidefinite if and only
if its eigenvalues are non-negative. It is positive definite if and only if its
eigenvalues are positive.

Proof. If x is an eigenvector of A with eigenvalue 6, then x” Ax = 0x” x, and
therefore if A is positive semidefinite, its eigenvalues are non-negative. If A
is positive definite then 0 is not an eigenvalue.

Suppose we have the spectral decomposition

A=) 0E,.
0

Each projection Ejp is positive semidefinite, because
xTng = xTng = xTEeTng = IIngIIZ.

If each eigenvalue of A is non-negative, it follows that x” Ax is a sum of
non-negative terms 8x” Eg x, and therefore x” AX = 0.

If the eigenvalues of A are positive, we see that x” Ax = 0 if and only if
xT Egx = 0 for each eigenvalue 6. Hence

0=ZxTng:xT x=xTIx,
]

2 Eo
0

and therefore x = 0. Consequently A is positive definite. O

Note that I,, has 2" distinct square roots, that is, there are 2" matrices S
such that §? = I. However it has only one positive semidefinite square root.
This is typical:

16.5.3 Corollary. If A is positive semidefinite, there is a unique positive
semidefinite matrix S such that $* = A.

Proof. Using the spectral decomposition we have
A=) 0E,
0

where the sum is over all eigenvalues of A. If A is positive semidefinite, its
eigenvalues are non-negative and we may define S by

822\/5E9.
0
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Since the eigenvalues of S are non-negative, it is positive semidefinite.
We turn to uniqueness. Let T be a positive semidefinite square root
of A and suppose x is an eigenvector for A. If Ax = 0 then T?x = 0, so
xT T Tx =0 and therefore Tx = 0. Assume now that Ax = o2x, where o > 0,
then
0=(T*-0*Dx=(T-oD(T+0aDx.

If the subspace spanned by x is T-invariant, it follows that Tx = +ox and
x is an eigenvector for T. Otherwise x and T x span a T-invariant subspace
on which T acts wih minimal polynomial 2 — g2. If (T — o) x # 0 then
y = (T —oDxis an eigenvector for T + oI with eigenvalue —o. Therefore if
T is positive semidefinite and Ax = o%x,then Tx=0x.

Thus we have shown that, if Ax = ¢%x then Tx = ox. Since the eigenvec-
tors of A span, this shows that T is determined by A. O

The next result is known as the polar decomposition of a matrix. It
is analogous to the fact that each complex number is the product of a
positive real number and a complex number with norm 1.

16.5.4 Theorem. If A is a square matrix, there is a positive semidefinite
matrix M and an orthogonal matrix Q such that A= MQ.

Proof. We use the singular value decomposition, which yields that
A=YzXx",
where X and Y are orthogonal and X is positive semidefinite. Hence
A=yzyTyxT,
where Y2V 7 is positive semidefinite and Y X7 is orthogonal. O

Note that AAT = (MQ)(MQ)T = M?; hence the positive definite factor
in the above theorem is unique, and the orthogonal factor is unique if A is
invertible.
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Channels

We concern ourselves with linear maps from the space .4 of d xd complex
matrices to the the space .4, of e x e matrices. Special classes of such maps
are known to physicists as channels and we will address these too.

17.1 Matrix Maps

Suppose Ais a k x ¢ matrix and B is an m x n matrix over a field F. Then the
map
®:M— AMB

on ¢ x m matrices is linear, with domain Maty ,, (F) and codomain Mat., (F).
More generally, if

O(M):=) A MB,

then @ is a linear map from Maty,, (F) to Maty«, (F), and it is not hard to
show that all such linear maps can be represented in this form.

We assume henceforth that we are working over C. We denote Matg 4(C)
and Mat,y.(C) by .#; and .4, respectively, and we note that any linear
map @ from .#,; to .4, can be expressed in the form

O(M)=)_ A MB;.
r

Alinearmap ¥ : M, — M is adjoint to @ if, for all matrices M and N
we have

(Y (N), M) =(N,2(M)).

Since
(N,@(M)) =) tr(N*A,MB})=) tr(BfN*A,M) =) (A NB,, M)
r r r
and it is easy to verify that

¥(N)=) A;NB;.
r
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As is traditional, we use @* to denote the adjoint of @. (Which is a truly
unfortunate choice! ®*(X) # @(X)*.)

A linear map @ on a matrix algebra is unital if it maps I to I. It is trace
preserving if tr(®(M)) = tr(M) for all M. Now

o()=) A/B;,
r
whence @ is unital if and only )" A, B} = I. We also see that
tr(@(M)) = )_tr(A,MB;) = tr(M(Z B;‘A,))
r r

and therefore @ is trace preserving if and only if ), B} A, = I.
IfY . ArBf =1, then
I=I"=) B,A;
r

and thus @* is trace preserving if and only if @ is unital. (Similarly @* is
unital if and only if @ is trace preserving.)

17.2 Norms

A Banach space is a complete normed vector space. If V and W are Banach
spaces and L: V — W is linear, the operator norm of L is

sup [|Av].
llvli=1

and we denote it by | L|. If the norm of L is finite we say that L is bounded
and we use B(V, W) to denote the set of bounded operators from V to W.
When V = W (as will usually be the case), we write simply B(V). Note that
an operator is bounded if and only if is continuous. You may show that

ILMIl < LI M,

whence it follows that B(V) is an algebra. Note that || ]| = 1.
A norm on an algebra is sub-multiplicative if

IAB| < | AIIBI.

Operator norms are necessarily sub-multiplicative, as you may verify.
If our Banach space V is C%, we can express the norm of an operator in
B(V), (i.e., of a d x d matrix) using singular values.

17.2.1 Theorem. Let A be a d x e matrix over C with d = e. Then there is a
d x d matrix U, a diagonal n x n matrix X and an e x e matrix V such that:

(@ UU*=1,3, VV* =1I,.

(b) Z isreal and non-negative.

z
(c) A=U" 0 V. O
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The diagonal entries of X are the singular values of A, weseto; =2, ;
with the assumption that

01=0p.
17.2.2Lemma. If A€ ./ , then o1(A) = || A]l.

Proof. Assume A has singular value decomposition A= U*XV. We have
| Ax||I> = x*A* Ax = x*V*SUU*SVx=x*V*Z*Vx
and so || Ax|? =0’%. O

The Hilbert-Schmidt norm on an operator A on a Hilbert space is
defined to be tr(A* A)}2. (If the underlying Hilbert space is infinite-
dimensional, it may be be infinite for some operators; the operators for
which it is finite are said to be trace-class.) If A has singular value decom-
position U* 2V, then

tr(A* A) = tr(V* SUU* V) = tr(V* 22 V) = tr(Z2).

Thus the sum of the squares of the singular values of A is equal to (A, A).

17.3 Positive Maps

Alinear map @ : M3 — M, is positive if (M) = 0 whenever M >= 0. We
note some examples:

(@ PM)=1oM,
b) o(M) =YX, V, MV},
(© M) =MT.

There is no known characterization of positive maps; this is less of an
issue that it might be, because only a special class of positive maps is of
interest in quantum computing: the so-called completely positive maps.
(We will discuss these in Section 17.5.)

Alinear map @ : .#; — . is Hermitian preserving if ®(M*) = ®(M)*.

17.3.1 Lemma. A positive linear map is Hermitian preserving.

Proof. First we show that positive maps take Hermitian matrices to Hermi-
tian matrices. By the spectral decomposition a Hermitian matrix is a linear
combination of positive semidefinite matrices and so a positive linear map
sends a Hermitian matrix to a linear combination of positive semidefinite
matrices. Since positive semidefinite matrices are Hermitian, our claim
follows.

Next, if M is a square complex matrix, we have

M= %[(M+M*)—i(iM—iM*)]
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and this shows that M is a linear combination of Hermitian matrices. If A
and B are Hermitianand M = A+ iB

O(M*)=DP(A-iB) =P(A) —i®P(B) = d(M)". O
Our next goal is to show that if @ is positive, then ||| = |®(])]|.
17.3.2 Lemma. Assume @ is positive. If A is normal, then
DA)DPA)* K D(AAY).
Proof. Let A=Y, A, F; be the spectral decomposition of A. Then

D(A*A) DA

D(F
DA% 7 ® O(Fy)

RS

(A,X, Ar

where the right side is positive semidefinite. Now noting the identity

1 -c\(B c\[ 1 o) [(B-cc* o
o I [/\cx I1f\-c* 1)\ o I

we conclude that

0= P(A"A) —DP(A)DP(A™) = D(A™ A) — P(A)D(A)*. O
The next result is known as the Russo-Dye theorem.
17.3.3 Theorem. If @ is positive, then | @ < [|O(I)||.

Proof. We first prove that if @ is unital, then [|®| = 1.
Assume ||M| < 1. Then

IMM* || < IMINIM* || = IM]* <1

and therefore the matrices I - MM* and I — M* M are positive semidefinite.
The matrix
— M ~(I-MM*)'?
“Na=mr a2 M*

is unitary (check this!).

Assume M is d xd. The map that sends a 2d x2d matrix to its leading d x
d block is linear, unital and positive. (It is a compression.) If ¥ denotes the
image of this compression under @, then ¥ is positive and unital. Hence
we may apply Lemma 17.3.2 to conclude that

Y(MY(M*) K ¥(MM*) =¥() = I

this immediately implies that ®(M)®(M)* < 1.
Now suppose @ is not unitary, but D = @(J) is invertible. Then

W .= p-2pp-1/2
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is positive and unitary and
lo(M) |l = IDY2¥ (M)DY?|| < | DY (M) < IDIlI M].

It follows that ||| < [|@(D)]|.
Finally, if D is not invertible, we consider the maps

Q. =D +el;
since | D¢ || < [P (D) | the full result follows by continuity. O

There is a simpler proof that, if @ is a positive linear functional, then
@]l = [[&(])]. For this we need the dual norm |[|-||* to the operator norm |||
The operator norm is the largest singular value, the dual norm is the sum of
all singular values. Thus the dual norm of a positive semidefinite matrix is
its trace. If @ is a postive linear functional, there is a positive semidefinite
matrix Q such that ®(A) = (Q, A). Now

I2(A)] = KA Q) = IAIIQIT = 1Al tr(Q)

and as

tr(Q) =(Q, ) = (D),

we conclude that |@| = ||@(D)].

Alinear functional ¢ on a C* algebra is a state if it is positive and has
norm 1.

A square matrix M is a contraction if | M|| < 1 The matrix M defined
above is referred to as a unitary dilation of M. Our argument shows that
any contraction of order n x n is a principal submatrix of a unitary matrix
of order 2n x 2n. Conversely, any principal submatrix of a unitary matrix is
a contraction (and this is straightforward to prove).

17.4 Contractions and Positive Maps

We are going to prove the unital maps with norm one are positive. We will
work at a more general level. An operator system is a *-closed subspace of a
matrix algebra that contains I.

17.4.1 Theorem. Let.¥ be an operator system and let® : ¥ — ., be a
unital linear map with norm one. Then @ is positive.

Proof. We first prove the result under the assumption that @ is a linear
functional (i.e., e = 1). If @ is a linear functional on S, by the Hahn-Banach
theorem it can be extended to a linear functional on .44 with the same
norm. Therefore there is a matrix M in .#,; such that

P(X)=(M,X)
for all X in S We have

1=0() =M, I) =tr(M).
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Now

2l = sup (M, X)
Ix1=1

and hence if ||@| = 1, then whenever || X]| =1,
(M, I) ={M, X)

and so
(M, I-X)=0.

The singular values of a positive semidefinite matrix are its eigenvalues
(and its norm is its largest eigenvalue). So if M >= 0, then I — M|~ M = 0.
Suppse Y €. and Y ;= 0. If v=|| Y|, then |[I—-v~'Y| < 1, whence

0<(M,I-(I-v V) =view)

and we conclude that @(X) if X is positive.
We now show that the theorem holds for arbitrary linear maps. If xisa
unit vector in .#,, define a linear functional ¢, on S by

¢x(A) = {x,P(A)x).
This is a unital linear functional and since
|px(A)] = |PA) = Al

we see that ||« || = 1. Consequently ¢ is positive, and thus we have shown
that if AS >= 0, then for each unit vector x,

0= ¢y (A) =(x,P(A)x).

Therefore @ is positive. O

17.5 Completely Positive Maps

Alinear map @ : #; — M, is completely positive if I, ® @ is positive for
all (positive integers) m. With the exception of transpose, all the examples
of positive maps we have met are completely positive. We will give one
concrete class of examples, after the following remarks.

Working from the assumption that I,,, ® @ is positive can take some
getting used to, so we offer an alternative viewpoint. If F is an md x md
matrix with blocks of order d x d, we can identify (I ® @) F with matrix we
get by applying @ to each of the blocks of F. (The key is that I ® @ is an
operator on Mat,,4xmq(C), it is not a matrix.)

17.5.1 Lemma. If ®(M) = Y, A M A} for M in /4, then @ is completely
positive.
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Proof. Assume F is md x md. If we define ¥, by ¥, (M) = V., MV}, then
(In®¥,)F=I®V,)F(I® V)"

(Note that here I, ® @ is an operator, the other terms are all matrices.) If
F>=0,then I®V,)FI®V,)* =0.As Y., ¥, = ®, the lemma follows. O

Aside from providing a wide range of examples of completely positive
maps, the significance of this lemma is that all completely positive maps
arise from this construction. This result is due to Choi, and we turn to its
proof.

We use E;,j to denote the elementary matrix eie;f (of orderd x d). If

D My— Mo

is linear, we define its Choi matrix I'(®) to be the de x de matrix with d?
blocks of order e x e, where the i j-block is @(E; ;). If M is d x d, then

M=) M, E;;
ij
from which we see that @ is determined by its Choi matrix.

17.5.2 Lemma. If  : .4 ; — 4, is completely positive, its Choi matrix is
positive semidefinite.

Proof. If z is the vector in C%* given by

then (I ® ®)zz* is the Choi matrix of @. As zz* »= 0, it follows that if @ is
completely positive, its Choi matrix is positive semidefinite. O

To get some practice, show that the Choi matrix of transpose operating
on Mat, 2 (C) is not positive semidefinite.

17.5.3 Theorem. If @ : .4 ; — M, is completely positive, there are e x d
matrices Ay,..., Aje such that

O(M) =) A MA;.
r

Proof. Let I" denote I'(®); since this is positive semidefinite we may write
asasum

r=» wwy.
r

The vector w; is formed from e blocks, each of length d. Let W, be the e x d
matrix with the i-th block of w, as its i-th column. Then the i j-block of
the matrix w, w; is equal to W, E; ; W, and therefore the i j-block of I' is
equal to
Y W,E; W,
-

and this is the value of @(E; ;). O
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17.5.4 Corollary. The map @ is completely positive if and only if its Choi
matrix is positive semidefinite.

We note that a map @ : #; — .4, is Hermitian preserving if and only if
its Choi matrix is Hermitian. Hence it is diagonalizable, and it follows that
we can write it in the form

r= Lwrw;
r

where each A, ’s is an eigenvalue of I' and w;, is the corresponding eigen-
vector. Following the proof of Choi’s theorem we deduce the following (due
to Hill).

17.5.5 Theorem. A map @ : .4 ; — M, is Hermitian preserving if and only
there are matrices W, and real numbers A, such that

O(M) =) A A MA;. O
r

17.6 States

Recall that a state is positive linear functional with norm one.
If 7 is a linear functional on an algebra A, then the map

(x, ) = 1(x*y)
is semilinear. Our next result is known as Schwarz’s inequality.
17.6.1 Lemma. If 7 is a state on the algebra A and x, y € A, then
T PP <t(x* 0T Y).

Proof. For any complex numbers a and b, we have

(ﬁ E) T Ty fa =1((ax+by)*(ax+by)) =0,
(y*'x) T /\b

whence we see that the matrix

T(x*x) T(x*Y))|a

(y*x) Y\
is positive semidefinite and therefore its determinant is non-negative. O

We point out that if 7 is a linear functional, the map
X, —1(x"y)
is sesquilinear. If 7 is positive, it is Hermitian preserving and accordingly
T ) =1((x" ) =1 P*

and so we have an inner product if the form is non-degenerate.



MORE LINEAR ALGEBRA

17.6.2 Theorem. If 7 is a linear functional of norm one on an algebra A,
then 7 is a state if and only if T (1) = 1.

Proof. Assume 7 is a state on A. Since 7 is positive and ||1]| = 1, we have
Ot =t <7l =1.

Thus 7(1) < 1, to show that 7(1) = 1 we choose x in A such that || x| < 1.
Then 1 - xx* is positive semidefinite and so

O0st(1l-xx")=711)—1(xx")
and hence 7(xx*) < 7(1). Using the previous lemma, we find that
TP =1r@* 0P <t(x* 0T ) < t(1)*<1.

Therefore |7(x)|<1if ||x]| <1andso 7] <1.
Now assume 7(1) = 1. We claim that if & € A is Hermitian, that 7(h) € R.
For otherwise there is a Hermitian element / of A such that

T(h)y=a+ib
where a,be Rand b # 0. Then
b N h-a)=i
andifwesetz=b 1(h—a)and ceR,
(c+D?=li+cilP =lltz+ciD|? < |ltlPllc+zil|? = |z + cil|?.
As z is Hermitian,
lz+cilll? = |(z+cil)*(z+ cil)| = | 22| + ¢

from which it follows that 2¢ + 1 < ||z2||. This forces us to the conclusion
that 7(h) is real if & is Hermitian.

Finally, if & is positive semidefinite and || k| < 1, then ||1 — k|| < 1 and so
7(1—h) <1. Since

Th=11-0-~M)=1tD)-10-hW=1-1(1-h),

it follows that 7 (k) = 0. We conclude that 7 is positive. O

17.7 Positive Definite Block Matrices

We consider md x nd matrices, viewed as m x n with d x d blocks as entries;
equivalently as m x n matrices over the algebra of d x d matrices. The
following theorem is not deep, but it will simnplify our calculations.

17.7.1 Theorem. Let A be a matrix of order nd x nd. The following state-
ments are equivalent:
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(a) A>=0.
(b) There are nd x d matrices Xy,..., X such that A=}; X; X}
(c) For any nd x d matrix Y, we have Y* AY = 0.

Proof. If A = 0, then A = MM* for some nd x nd matrix M. By viewing M
as a block matrix, we find that (a) implies (b). Similarly it is easy to see that
(b) implies (c). If z € C4, then

Z'Y*AYz=(Y2)"A(Yz2) = 0,

whence Y* AY = 0. O

17.8 Conditional Expectations

We will consider linear maps from an algebra to a subalgebra. The grown-
up version of these results are stated in terms of C* -algebras, but we re-
strict ourselves to *-closed subalgebras of full matrix algebras, i.e., to
*-closed subalgebras of Mat,,» , (C). We point out that our algebras (and
subalgebras) always have an identity element.

First some remarks about block matrices. Suppose A is md x md, viewed
as an m x m matrix with blocks of size d x d. Let [A];,; denote the i j-block
of A. If A= 0, then A= C*C, for some md x md matrix C and we can view
C in turn as a block matrix (with blocks of size d x d). Then

m
[Al;,j = Y_ICI}ICly

r=1

from which it follows that there are d x md matrices Dy, ..., D,, such that
A=) D;D:.
r
If B is md x d with d x d blocks, then

B AB= XTI} Cr sty = (T Crabi) (ECrpn)) =0
T J

ijr

Suppose o and 28 are algebras as above and « < 28. Then 2 is a bimod-
ule over « (an algebra is just an up-market ring). Alinear map E: 88 — o«
is a bimodule map if, given a; and a, in « and b in 98, we have

E(a1 b(lz) = (llE(b) a.

We say E is a conditional expectation from B onto A if E(a) = a for all a in
Aanditis:

(a) completely positive and contractive,

(b) abimodule map.
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The following result is a form of Tomiyama’s theorem (which holds for
matrices over C*-algebras).

17.8.1 Theorem. Suppose </ and 98 are algebras and </ < 9. LetE : B —
&/ be a linear map such that E(a) = a for all a in A. Then if E is a contrac-
tion, it is a conditional expectation.

Proof. Assume E is a contraction. We first prove that this implies E is a
bimodule map. Since any element of a *-closed matrix algebra is a linear
combination of projections, it well suffice to prove that if p is a projection
in A, then E(pb) = pE(b) and E(bp) = E(b)p for all bin B.

So assume p in A is a projection and that p* := 15 — p. Since E acts on A
as the identity, for all b in B.

pE(p*b) = E(pE(p* D).
Hence, for any ¢ in R,

1+ D% IpE(p*b)I% = IpE(p*b+ tpE(p* b)) |1?
<|ptb+tpzE(p*b)|?
< lIptbl? + 2lIpE(ptb)|

and therefore
IpE(p )1 + 2t pE(p*b)II* < | p* bII®
for all real ¢. This implies that pE(p*b) = 0, and the same reasoning shows
that (14— p)E(p*b) =0.
As 14 is a projection,

0=14E(15b) = EQ4b).

Accordingly
E(px) = pE(pb) = pE(b—- p*b) = p(Eb)

for each projection p in A and each b in B. Swapping sides, we also find
that E(bp) = E(b) p and hence E is a bimodule map.

Since E is a unital linear map with norm 1, it is positive by Theorem 17.4.1.
It remains for us to prove that it is completely positive, which means we
must show that if M € Maty;;«,,(%98) and M >= 0, then (I ® E)(M) = 0.

If M = 0, there are matrices Xj, ..., X;, with entries from 28 such that

M=) X;X].
i
Then
(I®EYM); ;= E(XiX;)-
Now if Y7,...,Y;, are matrices in 98, we have
*

YV EXX)Y; =Y B0 XX v =E((L X V) Y X7 v))

i,j ij i j
and, since E is positive, the last term is positive. (Note that here we have
made use of Theorem 17.7.1) and of the fact that E is a bimodule map.) O
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18
Lines and Frames

We study some geometric questions related to the geometry of lines.

18.1 Equiangular Lines

We work in the vector space V, which is R? or C? with the usual Euclidean
inner product. If x and y are nonzero vectors, the cosine of the angle be-
tween the lines spanned by x and y is

1{x, )

Ixlliyl

We will often work with the squared cosine

(x, )y, X)

(X, Xy, 9"
A set of lines in V is equiangular is the cosine of the angle between any two
distinct lines is the same.

18.1.1 Theorem. The maximum size of a set of equiangular lines in C% is

d?; inR? itis (“3").

Proof. Suppose we have lines spanned by unit vectors xi,..., X;;. Define
matrices Py,..., P, by
Py =xpx;.
Then P, represents orthogonal projection onto the line spanned by x;,, and
ifr#s,
(Py, Ps) = tx(Py Py) = {axty, X, ), X)X = (2, )

We assume that a = |{P;, Ps)|. We see also that (P, P,) =1 for all r.
The projections P, lie in the space of Harmitian matrices. If G is their
Gram matrix, then
G=(1-a*I+a].
We can prove, in a number of ways, that G is invertible, which implies that
the matrices Py, ..., P;;, form a linearly independent set in the space of
Hermitian matrices. We complete the proof by noting that this space has

dimension d? (over C) and the dimension in the real case is (dzl). O
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In R? it is easy to find three lines with pairwise cosine 1/2, and the diago-

nals of the icosahedron give six lines with pairwise cosine 1/1/5. Examples

of sets of size (dgl) are known in R? when d = 7 and d = 23. In the complex

case, examples of tight sets are known for d in {1,...,15,19, 24, 35,48}.

18.2 Tight Frames

Suppose we have a set of equiangular lines of maximum size. Then the
associated projections Py, ..., P, form a basis for the space of Hermitian
matrices. Hence there are scalars c; such that

I=) c/Pr.
r
If we multiply both sides by Py and take traces, we get
1=(1-adcr+a*) cr.
r
It follows that ¢; = --- = ¢;;; and hence that
d
I=—) P
o

In a slightly different format, we have established that if x1,..., x,, are unit
vectors spanning a set of equiangular lines of maximum size, then

., m
;xrx, ==l

Such a set of vectors is an example of a tight frame.

We will see that tight frames are more common than set of lines meeting
the absolute bound. Consider a set of projections Py, ..., P;, corresponding
to a set of equiangular lines with squared cosine a2, and define

M=Yrpr -2
T d
Then
2m d?
0<(M,M) =) P,) Py)~— Pr, 1)+ — tr(])
- T d 5 m
2 m
= -1 -
m+m(m-1a P
If equality holds we have
o2 m-d
- md-d’

This yields the following, sometimes known as the relative bound.

18.2.1 Theorem. If there is a set of m lines in F% with squared cosine a?,

where da? < 1, then

d—-da?

1-da?’

If equality holds, then a set of unit vectors spanning the lines forms a tight

m=<

frame. U
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Note that if we have d? lines in C%, then a? = (d + 1), and for (dgl)
lines in R, then a2 = (d +2)~ L.

18.3 Another Gram Matrix

Suppose x3,..., X, form a tight frame in dimension d. Then
m
"
XrXx, =—1.
25 =
If U is the d x m matrix with the vectors xi,..., X;; as its columns then we

have

d

which implies that the rows of U are orthogonal (and of the same length).
Set H=U"U. Then

m
Uu* =) x;xp=—1,
r

w=vvvv="vvu="pn
d d

and therefore the minimal polynomial of H divides

m
=)

(If the minimal polynomial is a proper divisor of this polynomial that H =0

or H = 1.) We can write H as I + aS, where S is Hermitian with diagonal

entries zero and all off-diagonal entries have absolute value 1. (In the real

case, this means the off-diagonal entries are £1.) The eigenvalues of S are

1 1
el el

with respective multiplicities d and m —d.

18.4 The Orthogonal Group

Let V be a vector space with a bilinear form. We say that an endomorphism
A of V preserves the form if (Ax, Ay) = (x, ), for all x and y. If the form is
symmetric and the characteristic of our field is odd, then

1
(x,y)= §(<x+y,x+y>—<x,x>—<y,y>.

Hence A preserves the form if and only if (Ax, Ax) = (x, x) for all x.

Now assume V is R” and that our form is the dot product. A matrix
which preserves dot product is called orthogonal. If v and w are orthogo-
nal vectors in V and A is orthogonal, then Av and Aw are orthogonal.

18.4.1 Lemma. A matrix A is orthogonal if and only if AT A= 1.

Proof. If vy,..., v, is an orthogonal basis for V, then so is Avy, ..., Av,.
Since the standard basis ey, ..., e, for V is orthogonal, it follows that
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Aey, ..., Ae, is an orthogonal set of vectors. Therefore the columns of an
orthogonal matrix A form an orthogonal basis. This also implies that

ATA=1.

Since A is square, we see that AT = A~! and AA” = I. Conversely, if AT =
A71, then

(Av, Aw) = (AT Aw = vT AT Aw = v' w = (v, w). O

We see from this result that, if A is orthogonal, then it columns form
an orthonormal set. Also, if A is orthogonal, then AT = A7! and therefore
AAT = I. Hence the rows of A also form an orthonormal set.

We consider the complex version of orthogonal matrices. A complex
matrix is unitary if it preserves the complex dot-product. This means that

Y x=(Ay)* (Ax) = y* A* Ax
for all x and y, and hence that
A*A=1.

A real matrix is unitary if and only if it is orthogonal.

We turn to examples of orthogonal matrices. Any permutation matrix is
orthogonal, and a diagonal matrix A is orthogonal if and only if A; ; = +1
for all i. The matrices

cosf —sinf
sinf@ cos@

are orthogonal, for any value of 6. It is easy to verify that the product of two
orthogonal matrices is orthogonal, and that the inverse of an orthogonal
matrix is orthogonal. Therefore the set of all orthogonal matrices is an
example of a group, known as the orthogonal group.

18.5 Skew-Symmetric to Orthogonal

We define a matrix A to be skew symmetric if AT = —Aand A;,; =0forall

i. (The last condition is only needed if our field has characteristic two.) The
set of n x n skew-symmetric matrices is a subspace of the space of square
matrices.

18.5.1 Lemma. If S is a real skew-symmetric matrix, then (I — S)~'(I + S) is
orthogonal.

Proof. We first show that I — S is invertible for all real #. Suppose x # 0 and
Ax=6x. Then

Ox"x=x"TAx=(ATx)x=(A0)"x=(-0x)"x=-0x"x.
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It follows that 0 is the only possible real eigenvalue for S. Therefore I — S is
invertible for all real f and we can define

M:=(I-87'UI+S).

The matrices I+ S and I — S commute, and from this it follows that I + S and
(I-8)~! commute. Hence we find that

M =a+STHYa-sH ' =u-90+9)7!
=(I+8)7'u-9)
=ML

Therefore M is orthogonal. O

The matrix M above is sometimes known as the Cayley transform of S.
Note that, since ¢S is skew-symmetric if S is, the matrix

(I-t8) M (I +1S)
is orthogonal for real ¢.

(1) If His hermitian and S = i H, show that (I - S)"'(I + S) is unitary.

18.6 Reflections

Suppose a is a fixed non-zero vector in V. Define the map p, by

{(a,v)

(a,a)

pav)=v-2 a.

Note that p, is the sum of two linear mappings (the identity and a scalar
multiple of the orthogonal projection onto the line spanned by a) and
therefore it is linear. We check that

pal@) =—a

and, using this, that
2

Pa=1.
If v € at, then p,(v) = v. It follows that p, corresponds to the geometric
operation of reflection in the hyperplane perpendicular to a.
We have
(a,v®y = (a,v)?

- +4
ipaa {(a,a)

(Pa(0),pa()) =(v, V) -4 (a,a) =(v, V).

Therefore p, is orthogonal. The matrix R, representing it is given by
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If v and w have the same length then
(v—w,v+w)=0.
Therefore R,_,, fixes v+ w and maps v — w to w — v. Consequently
Ry_w@Rv)=Ry_p((v+w)+v-w)) =2w,

and so, after a very modest amount of extra work, we find that R,_,, swaps
vand w.

18.6.1 Theorem. Every non-identity orthogonal matrix is a product of at
most n matrices R,;.

Proof. If Ais a matrix, let F(A) be the subspace
fveV:Av ="}

We prove by induction that A is the product of at most dim(V) — dim(F (A))
matrices R,.

Suppose A is orthogonal and dim(F(A)) = k. If k =dimV, then A = I.
Suppose k < dimV, and let v be a vector in V such that Av # v. If w := Av
and Ax = x, then (v, x) = (w, x) and so (v — w, x) = 0. Therefore F(A) <
(v — w)*, and R, _,, fixes each vector in F(A). Now R,_,, swaps v and
W, whence the product R,,_,, A fixes each vector in F(A), and fixes v. As
v ¢ F(A), we see that

dim(F(Ry-wA)) > dim(F(A)).

The lemma follows. O

A matrix A is an involution if A?> = I. Diagonal matrices with diago-
nal entries equal to +1 provide a fairly trivial class of examples. If P is an
idempotent then

(I-2P)*=1-4P+4P=]1,

and thus I — 2P is an involution.
18.6.2 Theorem. Every orthogonal matrix is the product of two involutions.

Proof. We actually prove a stronger result: A and A™! are similar if and only
if A is the product of two involutions. Since any square matrix is similar to
its transpose, orthogonal matrices satisfy this condition.

Suppose §? = T? =T and A= ST. Then (ST)(TS) = I and

ST'AS=SAS=S(ST)S=TS.

Therefore a product of two involutions is similar to its inverse.

So assume now that A and A~! are similar and let F be the Frobenius
normal form of A. By 22, there is a permutation matrix T such that 72 = |
and

F'=TFT.
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Then I = FTFT,whence FT and T are involutions whose product is F.
As any matrix that is similar to an involution is an involution, the general
result follows. O






19

Isoclinic Subspaces, Covers and Codes

19.1 Isoclinic Subspaces

Let U and V be two k-dimensional subspace of an inner product space

W, and let P and Q be the corresponding orthogonal projections. Then P
maps the unit sphere in V to an ellipsoid in U. The shape of this ellipsoid is
determined by the extreme points of the function

|Pv|® = v*P*Pv=v*Pu,

where v runs over the unit vectors in V. We say that V is isoclinic to U is
there is a constant A such that

v*Pv=Av*v.
If V is isoclinic to U with parameter A, then
x*Q*PQx=Ax"Q"QX =Ax"Qx

for all x in w. Hence we see see that U and V are isoclinic with parameter A
if and only if

QPQ=AQ.

Thus we have translated a geometric condition into a linear algebraic one.
Our next result shows that is a symmetric relation.

19.1.1 Lemma. The subspace U is isoclinic to V if and only if V is isoclinic
toU.

Proof. Let R be a matrix whose columns form an orthonormal basis for
U, and let S be a matrix whose columns form an orthonormal basis for V.
Then

RR*=P, S§"=Q

and
QPQ=SS*RR*SS* =S(S*RR*S)S".
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If QPQ = AQ, then it follows that
ASS* = S(S*RR*S)S*

and therefore
AI=S*S(S*RR*S)S*S=S*RR*S.

Hence R*SS*R = AI and so
AP =ARR* =R(R*SS*R)R* =PQP. O

Note that tr(PQP) = tr(QPQ), and so if rk(P) = rk(Q) and QPQ = AP,
then PQP = AP. A consequence of the proofis that U and V are isoclinic if
and only the matrix A~'/2R* S is orthogonal.

As exercises, prove that if P and Q are projections then (P — Q)? com-
mutes with P and Q. Also if U and V are isoclinic with parameter A, then

P-Q°=1-1(P-Q.
This implies that the eigenvalues of P — Q are
0, £V1-A;

since tr(P — Q) = 0, the non-zero eigenvalues have equal multiplicity.

19.2 Matrices

We investigate sets of pairwise isoclinic k-subspaces in R". Let U be the
column space of the matrix

I
R= ") :

0
Suppose S is the n x k matrix

Y

S=

Z
where §*S = Ii. Then the column spaces of R and S are A-isoclinic if and
only if

Al =S*RR*S=Y"Y.

Since

1=8*S=Y*Y+Z*Z
wethenhave Z*Z=(1-A)I.If

A,I/ZI
= A—l/Zzy*

then T = A"128Y*, so col(T) = col(S) and T*T =1I.
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19.2.1 Lemma. If V is A-isoclinic to the column space of

Iy
0
then V is the column space of a matrix

Al/zlk
(/1—1/22

where Z*Z =(1-A)1. O

Assume Y*Y = Z*Z = (1 - A)I. Then the column spaces of the matrices

/’Ll/zlk Allzlk
(Al/Zy)’ (/11/22)

are v-isoclinic if and only if the matrix
vI2QAI+ A7 Y 2)

is orthogonal.

19.3 Equiangular Subspaces

Suppose that Py, ..., P, are projections onto e-dimensional subspaces of
d-dimensional vector space. We say that they are equiangular if there is a
scalar a? such that

tr(P;Pj) = a*
whenever i # j. We note that
tr(P - Q)% =2e-2tr(PQ)

where tr(P — Q)? is the Euclidean distance between the matrices P and Q.
So we could have used “equidistant” in place of “equiangular”.

19.3.1 Lemma. An equiangular set of projections is linearly independent.

Proof. Suppose we have scalars cy, ..., ¢;; such that
0= Z ciP;.
i

Then

0= Ztr(PrP,-) =cre+ a? Z ci=elc — az) + aZZci.
i i£r i
From this we deduce that ¢, is independent of r and hence that ¢, = 0 for
all r. O
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The projections P; are Hermitian and so, if we work over C, they lie in a
real vector space of dimension d?. Over R they lie in a space of dimension
d(d +1)/2. These upper bounds are known as the absolute bounds. The
bound supplied by the following theorem is the relative bound.

19.3.2 Theorem. If the projections Py, ..., P,, are equiangular with angle a?
and da? < e, then

d(e-a?)
= Y5 7 9
e?—da?
equality holds if and only if
me
Pi=—1I.
; l d

Proof. We set
e
S:i= ;(Pi - EI)
Then S = $* and therefore tr(S?) > 0, which yields
e \2 e e
0= ;tr(Pi U ;jtr[(Pi -~1)(p;- EI)]
2 2

_ _e a2 &

—m(e d)+m(m 1)(0: d)'
Our bound follows from this. If equality holds that tr(S2) = 0 and therefore
S=0. O

If P and Q are projections onto isoclinic spaces with parameter A, then
Ae =tr(AP) = tr(PQP) = tr(PQ) = a®.

Thus A = a?/e and our expression for m becomes
_da-N
Ce-d)’

This bound (for equi-isoclinic subspaces) is due to Lemmens and Seidel.

They also note that the absolute bound cannot be tight if e > 1, because
the projections P; lie in the subspace of mappings Q such that P;QP; is a
scalar multiple of P; and this has codimension e(e +1)/2.

Aset Py,..., P, of projections with rank e such that

ZPF%

is known as a tight fusion frame. If e = 1, it is a tight frame.
If R; is a matrix whose columns form an orthonormal basis for im(P;),
then
P;=RiR}.

Soif) ; P;i = (mel/d)I, then

me

7 1=;RiR;‘.
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If Z denotes the d x me matrix

(R .. R

then
me
—1

d

and accordingly 2* % is a scalar multiple of a projection of order me x me.

RR* =) RiR} =
i

(It has a block decomposition where the i j-block is R} Rj; this block is a
scalar multiple of an orthogonal matrix.

19.4 Error Correction

Let € be an e-dimensional subspace of C?. A matrix A in U(d) is de-
tectable if for any two vectors x and y in €, we have (x, y) = 0 if and only if
(x, Ay) = 0. We note that A~! = A* is detectable if and only if A is.

If x,y € €, then

(x,Ay) =(Px,APy) =(x,PAPy)

and hence PAP maps ¥ to itself. Therefore A is detectable if and only if
PAP maps x* N€ into itself, for each x in 6.

19.4.1 Theorem. Let 6 be an e-dimensional subspace of C% wheree=3. A
matrix A is detectable if and only if U and AU are isoclinic.

Proof. Let P represent orthogonal projection onto U and assume A is
detectable. Then PAP fixes € and fixes the subspace x* n % for each x
in €. Thus it fixes each hyperplane in ¥, and therefore it must be a scalar
matrix. If the columns of R are an orthonormal basis for €, we have

al =PAP = RR* ARR*
and hence R* AR = AI. Now
PA*PAP=RR*A*RR* ARR* = aaP

and we conclude that ¢ and A% are isoclinic.

We turn to the converse. Assume A € U(d) and € and A% are isoclinic.
Assume further that R is a d x e matrix whose columns form an orthonor-
mal basis for €. Then RR* represents projection onto 6 and A*RR* A
represents projection onto A% . Therefore

ARR* =RR*A*RR" ARR"
and accordingly
Al =R*A*RR*AR.
This implies that A~'/2R* AR is unitary. Assume x = Rw and y = Rz. Then

Xx,y€ % and x L y, then x* Ay = 0 (because A is unitary). We conclude that
Ais detectable. O
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19.5 Isoclinic Subspaces from Covers

Two subsets of C? are congruent if there is a unitary mapping that takes
the first subset to the second. If the subsets are finite, and are given as the
columns of matrices M and N, then they are congruent if and only if there
is a unitary matrix A and a permutation matrix P such that AMP = N.

19.5.1 Lemma. Two spanning sets of vectors x,..., X, and yi,..., Y, are
congruent if and only if their Gram matrices are permutation equivalent. O

Proof. Let U; and U, be the matrices with the vectors x1,...,x;; and

¥1,---, Ym repectively as columns. Reordering the columns of U; as needed,
the two sets of vectors are congruent if and only if there is an orthogonal
matrix Q such that QU; = Us. If such Q exists,

U U, = U] QTQuU, = U] Uy

and the Gram matrices are equal.
So now we assume that UIT U= UZT U,. Since our vectors span, the rows
of U; are linearly independent and hence U has a right inverse R. Then

1=R"U hR=R"U] UsR

and therefore Q = U R is orthogonal.
Next, since U R = I, the matrix RU] is idempotent and, as U; RU; = Uy,
it acts as the identity on the row space of Uj.
We now note that, since UIT U, = UZT U, the row spaces of U; and U, are
equal. Therefore
QU = U,RU, = Us. O

A set of vectors Xg, ..., X, in R? forms a regular r-simplex if its Gram
matrix is a non-zero scalar multiple of r I, — J;. The vectors xy,..., x; are the
vertices of the simplex. The span of a regular r-simplex has dimension r—1.
Any two regular r-simplices are congruent, in fact any bijection from the
vertices of one simplex to the vertices of the other extends to an orthogonal
mapping (by the previous lemma).

Suppose € and & are subspaces with dimension e, with associated pro-
jections P and Q respectively. Then ¢ and 2 are isoclinic if the restriction
of P to 2 is a scalar multiple of an orthogonal operator.

We can construct isoclinic subspaces from antipodal distance regular
graphs. SuppoOse X is distance-regular on n vertices. Assume 6 is an eigen-
value of X with multiplicity d and corresponding spectral idempotent E.

If u € V(X), then the map u — Ee,, assigns a vector in R™ to each vertex
of X—we call it a representation of X on the -eigenspace of X. Since X is
distance regular, E,, , is determined by the distance between x and y in X,
in particular the vectors Ee,, all have same length (namely v'd/n).
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19.5.2 Theorem. Let X an antipodal distance-regular graph with fibres

of size r and let 0 be an eigenvalue of X that is not an eigenvalue of the
quotient. Then the images of the fibres under the representation on the
0-eigenspace are pairwise isoclinic subspaces of dimension r — 1. The
parameter of isoclinism is determined by the distance between the fibres in
X.

Proof. Let F be a fibre with vertices 1,...,7, set E = Eg and y; = Ee; fori € F.
Let & denote the span of the vectors Ea,.
As

Y vi=(Ag+Dn
i

we see that
Y yi=E(Aq+ Dy1.
i

Since r~'(A4 + I) is an idempotent, representing projection onto the space
of vectors constant on the fibres of X, it follows that E(I + Y;) = 0. We con-
clude that vectors y; sum to zero and, since the vertices in F are pairwise
equidistant, their image is a regular simplex.

Suppose b is a vertex in X at distance i from F and that 2i < D. Set
x = Eeyp. Assume b is at distance i from a;; then it is at distance D — i from
each of ap, ..., a,. Accordingly

r

0=(x, ) yi)=(x, y1) + (r = 1){x,y2)
i=1

and similarly

.
0=y, ) yid =YLy + =D, y2)
i=1

Now we calculate that
o X

<J’1r)’1>

is orthogonal to the vectors y; — y; for i =2,...,r, and therefore the vector

N

(y1, %)
<J/1,y1>

N

is the projection of x onto %.

Since each vertex in the fibre of x is at distance i from a vertex in F, we
deduce that orthogonal projection P onto % maps the regular simplex
spanned by the fibre of X onto a@ = (y;,x)/(y1, y1) times the image of F.
Therefore the restriction of ™! P to the span of the fibre of x is an orthogo-
nal mapping, and so the spans of two fibres at distance i are isoclinic.

If 2i = d, then x is at the same distance from each vertex in %, whence
(x,y;) = 0 and therefore the images of distinct fibres are orthogonal
subspaces—still isoclinic. O
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If X is a distance-regular antipodal r-fold cover of Y, then fibres in the
preimage of a clique in Y give rise to a set of equi-isoclinic subspaces of
dimension r — 1.

A distance-regular antipodal r-fold cover of K, , has diameter four.

It follows that that the images of the fibres corresponding to vertices in
one of the colour classes are pairwise orthogonal. The eigenvalues of this
cover are the eigenvalues of K,, ,, and ++/n, each with multiplicity (r — 1) n.
Hence the images of the fibres in a given colour class form an orthogonal
decomposition of R” D" into n subspaces of dimension (r — 1).

19.6 Equi-isoclinic Subspaces and Unitary Covers

Let 6, ...,%6mn be a set of pairwise A-isoclinic e-dimensional subspaces of
€4 andlet Ry, ..., R,, be d x e matrices such that R;‘ R;=1I,and P; = R,-R;."
is the projection onto %;. Let G be the me x me block matrix with i j-block
equal to R} Rj; we might privately think of G as a kind of Gram matrix.

We see that G* = G. The projections Py, ..., P, form a tight fusion frame
if and only if G is a scalar times an idempotent. The subspaces 6},..., €
are pairwise isoclinic if and only if each block is a scalar times a unitary
matrix. If the subspaces are pairwise A-isoclinic, then each off-diagonal
block of A~1/2(G - I) is unitary. Thus a set of m pairwise equi-isoclinic
d-dimensional subspaces determines a map d from the arcs of the com-
plete graph K}, into the unitary group into the unitary group, such that
fU, ) f(j, i) =1foreach arc i j. We call it a unitary arc function on K,,. We
extend f to a function on the walks in K;,,: if w = vy - - - v, is a walk, then

fw) = f(vov1) -+ f(vn_1vn).
If A;,..., A, are matrices from U(d), then the function
(i, ) — A] f(i, DA

is a function on the arcs that takes the same value on closed walks that f
does. The corresponding block matrix G is similar to G. It follows that we
may assume that f takes the value I on the arcs from a spanning tree, in
which case we say the function is normalized. In particular we may assume
that

f,i=I=f3G1

foralli #1.

The reduced closed walks at a given graph form the fundamental group
of the graph; a normalized unitary arc function determines a homomor-
phism from the fundamental group into the unitary group. Hence it gives a
unitary representation of the fundamental group.
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19.7 Lines from Subspaces

If x and y are unit vectors and (x, y){y,x) = 1
xx*yy*xx® = x{, )y, 0 x" = Axx”
and so the spans of x and y are 1-dimensional A-isoclinic subspaces.

19.7.1 Lemma. Let 6 and 9 be a pair of A-isoclinic subspaces and let x
and y be unit vectors such that x € € and y € & and |{x, y)I2 = A. IfP
represents orthogonal projection onto 6, then Py = (x, y) x.

Proof. Sety = (x, y). We have
(Py—vyx,Py—yx)=(Py,Py) —y{Py,x) — ¥{x,Py) + yY{X, X).
Here, because € and 2 are A-isoclinic,

(Py,Py) =My, ) =4,

and
Y(Py,x) =y(y,Px) =y(y,x) = A,
similarly y(x, Py) = y{x,y) = A. Hence (Py —yx,Py—7yx) =0. O
The following result is an extension of a result from Lemmens and

Seidel. It gives a necessary condition for a set of equi-isoclinic subsapces to
contain a set of equiangular lines.

19.7.2 Theorem. Let 61, ..., 65, be a set of pairwise A-isoclinic subspaces
in C%, with associated projections Py,...,Py,. Let Ry, ..., R, be matrices
with orthonormal columns such that P; = RiRl’.“. Let f denote the cor-
responding unitary arc function. If zi, ..., z,, are unit vectors such that
z; € 6; and

(Z,‘,Zj)(Zj,Zﬁ =A, i# j,
then for any closed walk w on Ky, starting at vertex 1, the vector R} z; is an
eigenvector for f(w).

Proof. We have f (i, j) = R} R; for each arc (i, j). Now
P\P; ---Pi P12 = 212] 2;, Z; ---zikz;‘kzl =yz

and
P\Pj -+ P P1z1 = R R} (P;,---Pi )RR} z1,

it follows that R z; is an eigenvector for the product

F@, i) flg, D. O

This result tells us that if a set of equi-isoclinic subspaces contains a
set of equiangular lines, then the group generated by the arc function on
closed walks has a 1-dimensional invariant subspace. Equivalently it has a
non-trivial linear representation.
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20
Forms

20.1 Semilinear Forms

A semilinear form on a vector space V is a map from V x V to the underly-
ing field. It maps the pair (x, y) to (x, y), and saisfies the following:

(a) For each vector a, the map x — (a, x) is linear.
(b) For each vector b, the map x — (x, b) is semilinear.

It follows that for all vectors x and y and all scalars a,
(ax,y) = a’{x,y).

The standard inner product on C¢ is semilinear; in this case o is complex
conjugation. For a wider class of examples, take a square matrix A and
define

(x,yy =T Ay.

(For a matrix or vector M, we use A? to denote the result of applying o to
each entry of M)

Since the map ¥, : x — (a, x) is a linear map from V to the 1-dimensional
space [ we see that either 1, is onto and its kernel has codimension 1 in V,
or ¥, is the zero map and its kernel is V. We denote the kernel of v, by x*.
The radical of V (relative to our form) is the set of vectors a such that y, is
the zero map. It is a subspace of V. We say that the form is non-degenerate
if its radical is zero. The radical of an inner product is zero.

If U < V, we define

Ut=n uel ut.

This is again a subspace of V.

20.1.1 Lemma. IfU < V and our form is non-degenerate, then dim(U) +
dim(U+) = dim(V).

Let uy,..., u; be a basis for U and define a map p : U — F¥ by

ox) = ((ul,x) (uk,x)).
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We see that p is linear and that ker(p) = U~. If p is not surjective, there are
scalars ay,..., a; such that

k k
0= ar(ur,x)=()_ aru,x).
r=1

r=1

Since our form is non-degenerate, it follows that Z’le aru, = 0 and, since
ui,..., U is abasis, a, = 0 for all r. We conclude that p is surjective, and the
lemma follows from the rank-nullity theorem. O

We say that a subspace U of V is isotropic if U < U*. The the zero
subspace is the only isotropic subspace of an inner product space.

20.2 The Classification of Forms

There are three classes of semilinear forms.
For the first, the associated automorphism is not trivial, and

(¥, x) = (x, ).

In this case we have a Hermitian form. For a Hermitian form there is a
matrix H such that (H°)T = H and

(x,y) =" "Hy.
Otherwise o is trivial. The next possibility is that

(y, ) =<{x, ).

In this case we have a symmetric form, for which there is always a symmet-
ric matrix A such that (x, y) = x” Ay. Finally we may have an alternating
form, where

(x,x)=0

for all x. Here
0=(x+y,x+ 1) =, 0+, 1) +{¥, X) +{y,
and since (x, x) = (y, ), it follows that

0, x,=)—(x,

For an alternating form there is a matrix S such that S = —S and all diago-
nal entries are zero; then (x, y) = xTs V.

Alternating forms are also known as symplectic forms. In odd charac-
teristic it is reasonable to describe the matrix S as skew symmetric. In even
characteristic, S is symmetric with zero diagonal.

Under natural geometric assumptions it can be shown (with some
effort) that the above three families of semilinear forms are the only inter-
esting possibiities.
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We say two forms (,); and (, ), are equivalent if if there is an invertible
matrix M such that

(X, )2 = (Mx,My);.

This raises the problem of determining the equivalence classes of forms of
a given type on vector space.

Over finite fields it can be shown that there is only one class of non-
degenerate Hermitian forms, and only one class of non-degenerate al-
ternating forms. It cannot be shown that there is only one class of non-
degenerate symmetric forms—because this is false.
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21
Groups

For each bilinear form ¢, ), we have the group of matrices M that preserve

the form, that is, the matrices M such that
(x, yy ={Mx,My).

We spend some time with these groups.
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22
Lie Algebras

We study Lie algebras because they force themselves on us when we study
the Terwilliger algebra of the binary Hamming scheme. As we will see,
there are other combinatorial applications. Additionally we will work with
the universal enveloping algebra of a Lie algebra, which provides a useful
example of an infinite dimensional algebra.

22.1 Basics

A Lie algebra over a field F is a vector space with a multiplication [a, b] such
that

(@) [b,al =~la,b].
(b) For all a, b and c, we have the Jacobi identity:

la,[b,cl] +[b,[c,all +[c,[a,b]] =0.

The only fields we will use in this context are R and C, whence we see that
[a, a] = 0 for all a. We call [a, b] the Lie bracket or commutator of a and b,
and we abbreviate [a, [b, c]] to [a, b, c]. A Lie algebra is abelian if [a, b] = 0
for all a and b.

Note that a Lie algebra is not an algebra in the sense we have used
elsewhere—the multiplication is not even associative in general.

We offer examples:

(@) gl(n,F), the Lie algebra of all n x n matrices over [F, where

[A,B]:= AB-BA.

(b) The real skew symmetric matrices of order n x n form a Lie algebra over
R.

() R3 with the cross product. We will use a A b to denote the cross prod-
uct.
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(d) A derivation of a commutative algebra «f over Fisamapd : of — [F
such that

6(fg)=06(fg+fo6(g).

You may check that the product of two derivations is not in general a
derivation, but their Lie bracket is, and further the set of derivations
of o/ is a Lie algebra. By way of a more specific example take & to
be the polynomial ring F[x, ..., Xx4] and note that, for each i, partial
differentiation with respect to x; is a derivation.

The construction in (a) can be usefully generalized: if of is an algebra
over [F, then the multiplication

la,b) :=ab-ba

gives us a Lie algebra. Thus if V is a vector space, then End(V) is a Lie
algebra under this operation. For fixed a in «f, the map from < to itself
given by

X :— [a,x]

is a derivation (as you should check).

A subspace of a Lie algebra £ is subalgebra if it is closed under the Lie
bracket. You could check that the subspace of skew symmetric matrices is a
subalgbra of gl(n,F). A subspace U of £ is an ideal if [a, u] € U, for all u in
U. The subspace of strictly upper triangular matrices is an ideal in the Lie
algebra formed by the set of all upper triangular matrices.

If £ is a Lie algebra and S, T are subsets of £, then we define [S, T'] to
be the subspace of £ spanned by the set

{lx,yl:x€S,yeT}

In particular the subspace [£, Z] is a subalgebra of £, called the commu-
tator subalgebra.
For example, suppose £ = gl(V). Then for any A and B in £, we have

tr[A, B] = tr(AB) —tr(BA) = 0.

So the commutator of g/(V) consists of matrices with zero trace. It can

be shown that it contains all matrices with zero trace. It is known as the
special linear Lie algebra and is denoted by s/(V). You may show that s/(V)
is equal to its commutator subalgebra.

22.2 Enveloping Algebras

The construction of the Lie algebra gI(V) from the algebra End(V) can be
generalized: if of is an algebra and a, b € £, we can define their Lie bracket
by

la,b] := ab- ba.
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This leads us to ask which Lie algebras arise in this way, and the answer is
that they all do. Let us denote the Lie algebra we get from < by Lie <. The
universal enveloping algebra of £ is essentially the smallest algebra %
such that £ = Lie%. Of course the adjective ‘universal’ indicates that a cat-
egory theorist has escaped. What we should say is that % is defined by the
condition that if ¢ : £ — Lie o for some algebra </, then ¥ can be factored
into a Lie homomorphism from Z to Lie% and a Lie homomorphism from
Lie% to Lie « induced by an algebra homomorphism from % to «.

We consider a particular example, using the the Lie algebra s/(2,R). The
elements of this are the 2 x 2 matrices of trace zero, which form a vector
space of dimension three, with basis

oo =) el 2)

X, Y]=H

X

We note that

and that
[H,X]=2X, [HY]=-2Y.

The universal enveloping algebra of sl(2,F) is the quotient of the free poly-
nomial algebra in variables X, Y modulo the relations

XY-YX-H=0, HX-XH-2H=0, HY-YH+2Y=0.

Note that this is an infinite-dimensional algebra—it can be shown that the
elements X*Y? H™ form a basis.

22.3 Posets

A poset is ranked if all elements covered by an element have the same
height. If P is ranked then the i-th level number is the number of elements
with height i. Thus the poset formed by the subsets of {1,..., n}, ordered
by inclusion, is ranked and the i-th level number of (?) If P is ranked with
height d and the i-th level number is w;, we say that P is rank symmetric
if w; = wy—; for all i, and we say P is unimodal if the sequence of level
numbers is unimodal. The lattice of subsets of {1,..., n} is rank symmetric
and unimodal.

An antichain in a poset P is set of elements such that no two are com-
parable. (Equivalently it is a coclique in the comparability graph of P.)
The elements of given height in a poset form an antichain, and we say P is
Sperner if the maximum size of an antichain is equal to the maximum level
number. More generally we call P strongly Sperner if the maximum size of
a subset that does not contain a chain of length k + 1 is equal to the sum
of the k largest level numbers. A Peck poset is a ranked poset that is rank
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symmetric, unimodal and strongly Sperner. The lattice of subsets of a finite
set is Peck.

We use P to denote the the vector space R”. We can represent subsets of
P by their characteristic vectors, which belong to PP. If a € P we will often
denote the characteristic vector of a by a. The subspace of P spanned by
the (characteristic vectors of) the elements of height i will be denoted by
P().

Suppose P is a finite ranked poset. An element of End(P) is a raising
operator if for each element a of P, the support of Ra is a subset of the
elements of P that cover a. Similarly we define lowering operators. If R is a
raising operator then R is lowering. Both raising and lowering operators
are nilpotent: if P has height d and R is a raising operator, then R%*! = 0.

The following result is due to Stanley and Griggs.

22.3.1 Theorem. Let P be a rank-symmetric poset with height h. Then
P is Peck if and only if there is an order-raising operator R such that the
mappings
i v s . . . h
R'IIP>) 1 P()) — P(h— i), z=0,...,{—J O

are invertible.
Using the above result, Proctor showed the following.

22.3.2 Theorem. A ranked poset is Peck if and only if it has raising and
lowering operators R and L such that the Lie algebra generated by R and L
is isomorphic to sl(2,C). O

We derive an important consequence of these results.
22.3.3 Corollary. If P, and P, are Peck posets, then so is Py x P,.

Proof. If ; and P, are Peck then the vector spaces P, and P» are modules for
sl(2,C). Now
CPIXPZ =P, P,

and therefore CP1*P2 is a module for s1(2,C). We conclude that P; x P, is
Peck. o

If U and V are modules for an algebra &/ then U ® V is a module for
o x o, butitis not in general a module for «/. However it is module for &
when & is an enveloping algebra of a Lie algebra (and when «/ is a group
algebra).

22.4 Representations of Lie Algebras

Alinear map v from a Lie algebra % to a Lie algebra %, is a homomor-
phism if
w(la, b)) = y(a),y (D).
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A representation of a Lie algebra £ is a homomorphism into gl(n,[F). More
generally ¢ could be a homomorphism into End(V) for some vector space
V; in this case we may say that V is a module over £. A subspace of V
that is invariant under the operators in (%) is a submodule. (Calling V
amodule for Z is a courtesy, since modules are defined over rings—if we
wish to be precise, it is a module for the enveloping algebra.)

If & is a Lie algebra and A € £, we define the adjoint map ad 4 by

ada(X) :=[A, X].

This is a linear map, and is a derivation of the enveloping algebra. By Ja-
cobi’s identity

ada(X, YD =[A[X, Y]] =-[X,[Y,All - [V, [A, X]]
=[X,[A Y]] +[[A X], Y]

We also have, by appeal to Jacobi

(adxady —adyadx)(Z2) = [X,[Y, Z]] - [V, [X, Z]]
=[X,[Y,Z11+1Y,[Z,X]]
=[[X,Y],Z]
=adx,y)(2),

which shows that ad 4 is a homomorphism from £ into the Lie algebra
End(L).
An element A of £ is ad-nilpotent if ad 4 is nilpotent. We observe that

ada(X) = [A, X],
(ad4)?(X) = [A, [4, X]],
(ad4)*(X) = [A, [A, [A, X]]]

and in general, (ad )R (X) = [A (ad)*(X)]. If A€ gl(n,F), then we may
represent the linear map ad 4 by

A®I-I®A.

It follows that if A¥ = 0, then (adA)Zk = 0. In particular if Ain gl(V) is
nilpotent then ad 4 is nilpotent. Thus we have the fortunate conclusion
that nilpotent elements of g/(V) are ad-nilpotent.

22.5 Bilinear Forms

Suppose v is a representation of the Lie algebra £ in End(V). A bilinear
form B on V is invariant if

Bly(Xu,v)+pu,y(X)v)=0
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for all  and v from V. By way of example, if V is £ itself then
B(X,Y):=tr(adxady)

is a symmetric bilinear form, known as the Killing form. We check that it is

invariant.

B(A, X],Y) =tr(ada xyady)
=tr([ady,ady]ady)
=tr(adgadyxyady —adyxad4ady)

Similarly

B(X,[A,Y])=tr(adxadsady —adx ady ad,)

from which we see that f is invariant. (Thus the adjoint of ad x relative to
the Killing form is —adx.)

Suppose Z is a Lie algebra with a non-degenerate invariant bilinear
form. If Xj,..., X, is a basis for &, there is a dual basis Yj,..., Y; such that

B(X;,Y))=6;;.

The Casimir element of the universal enveloping algebra is defined to be

d
Y XY
i=1

22.5.1 Theorem. Let £ be a Lie algebra with a non-degenerate invariant
bilinear form fB. Then the Casimir element is independent of the choice of
basis for &, and lies in the center of the universal enveloping algebra.

Proof. Let X;,...,X,; be a basis for & with dual basis Y7,...,Y; and let A
be the Casimir element defined using this pair of bases. Let Uy, ..., U, and
W,..., V4 be a second pair of dual bases. Then there are scalars p; ; and
oj,j such that

Ui=) piiXe
k
Vi=2 0¥
7
We have
YUVi= ) pik0icXiVi (22.5.1)
f ikt

Since B(Xj, Y;) =6, j, we have
6i,j=PBWULV) =D pik0jk
k

So if we define matrices R and S by R := (p; ;) and S := (0;,;) then RST =0.
Consequently SR” = 0 and therefore

8ke=D PikTic-
i
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Hence (22.5.1) implies that }_; U; V; = A.
We now prove A lies is central. Suppose A € £. There are scalars a;,
and f; ; such that

(A Xi]=) a;;X;
J

and
[A,Y;]= Zﬁi,ij
j

Since B is invariant,
0=p0A X;],Y;) + B(X;,[A Y;]) = a;j + Bji.
This implies that

LIAXYi =) aijX;Yi==) BjiX;Yi==3 XilA Y.
L] 1,] i

1

Now we compute that
AA=Y AX;Yi =) [AX{Yi+) X;AY;
i i i

and
AA=Y X;YiA=-Y XA Y]+ X;AY;,
i i i

whence we conclude that AA = AA. O

22.5.2 Lemma. If A is the Casimir element of the Lie algebra £ and ¢ is a
representation of £, then tr(¢(A)) = dim(p(Z)). O

22.6 An Example
We compute the Casimir element for s/(2,C), relative to the form
B(X,Y):=tr(adxady).

Recall that X, H and Y form a basis, where

0 1 1 O 0 0
X= , H= , Y= ,
0 0 0 -1 0 1
and
X, Y]I=H, [HX]=2X, [HY]=-2Y.
It follows that
0 -2 0 0 0 0 2 0 0
ady=|0 0 1|, ady=|-1 0 0|, adg=|0 0 O
0 0 O 0 2 0 0 0 -2
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If
a b)
A= ,
c -a
then
2a -2b 0
ada=|-c 0 b
0 2c  —2a

and now it is easy verify that if
B(A,X)=p(A H)=p(AY) =0,

then A =0. Therefore (3 is nondegenerate.
Next we calculate that

BX,Y)=p(Y,X)=4, P(H H) =8

and all other inner products are zero. So the dual basis to (X, H,Y) is

(Gra%5#)

and the Casimir element is
1 1,
Ai=—(XY+YX+—-H").
4 2

Using the fact that
[A,BCl=[A,BIC+ B[A,C],

it is not hard to verify directly that A is central.

22.7 Irreducible Modules

We construct a family of irreducible modules for s/(2,C), by constructing
irreducible modules for its enveloping algebra.

22.7.1 Lemma. Let % denote the enveloping algebra of sl(2,C), with gener-
ators X, Y and H, and suppose V is a module for % with finite dimension.
If v is an eigenvector for H in its action on V, then there are integers k and
¢ such that X*v=0and Y/v =0.

Proof. Suppose Hv = Av. Recalling that [H, X] = 2X, we have
HXv=XH+2X)v=AXv+2Xv=(A+2)Xv.

Hence if Xv # 0 and A is an eigenvalue of H, then 1+2 is also an eigenvalue
of H. A similar calculation shows that if Yv # 0, then Yv is an eigenvector
for H with eigenvalue 1 - 2. O



Note that XY v is an eigenvector for H with eigenvalue A, consistent
with the fact that H and XY commute.

If V is a module for %, an element v of V has weight 1if Hv = Av. If
Hv = Av and also Xv = 0, we say that v is a highest weight vector of weight
A. The eigenspaces of H are often called weight spaces. We have seen that
every finite-dimensional module for % must contain a highest weight
vector; the following theorem completely specifies the structure of the
cyclic % -module generated by a highest weight vector.

22.7.2 Theorem. Suppose V is a module for % and v is a highest weight
vector in V with eigenvalue A. Let d be the least non-negative integer such
that Y?v =0. Then A = d — 1, the cyclic % -module generated by v is simple
and the vectors

v,Yuv,..., ya-ly

form a basis for it. Further, fork=0,1,...,d -1,
HY*v=(d-1-2bY*y, XY*v=k@d-bY* L
Proof. The adjoint map adp is a derivation of % whence
(H,Y* = [H,YIY* 4 yH, vE

and a trivial induction yields that

(H,Y*) = —2kYF.
If Hv = Av, we have

HY*v=[H Y*v+ Y*Hv = 2kY v+ AYFv = A -2k Y0,

Let d be the least integer such that Y% v = 0. Then the vector space V,
spanned by the vectors
v,Yuv,..., yaly

has dimension d, and these vectors for a basis for it. Since these vectors are
all eigenvectors for H, we see that V; is invariant under both Y and H. We
prove that it is X-invariant.
We have
(X, YH =[x, v1Y* 4 vix, vF

Since Xv =0, it follows that
XY u=1X,YRv=HY* v+ v[X, Y
and so by induction we have
XY*v=HY* '+ YHY* 20+ .+ Y T Hy.

Since the vectors Y ¥ v are eigenvectors for H, this implies that XY*v =
Ck Y*-1p, for some constant ci and therefore V; is a module for %/. We have

Ck=A+2-2K)+ A +4-2K)+-+A=kA— (K- k) =k(A—k+1).

MORE LINEAR ALGEBRA

237



238 CHRIS GODSIL

We see that ¢ is the sum of the eigenvalues of H on V; and so ¢4 = tr(H).
As H= XY — Y X we have tr(H) =0, and therefore A =d — 1.

It remains to prove that V is simple. Suppose V; is a non-zero submod-
ule of V. Then V) contains a highest weight vector u, and since u is an
eigenvector for H it must be a non-zero scalar multiple of one of the vec-
tors Y'v. Since Xu = 0, we see see that u is a non-zero scalar multiple
of v. Hence the cyclic module generate by u is equal to V and therefore
Vi=V. O

This result implies that the % module generated by a highest weight vec-
tor v is determined by its dimension (or by the eigenvalue of v). Also note
that any simple module is isomorphic to one of the modules described in
this theorem, since any module contains a highest weight vector.

22.7.3 Corollary. If C is the Casimir element of s1(2,C), then CY*y=(d?-
DYk,

Proof. From above we have
XYY*v=(k+D)d-k-1)Y*v
YXY*u=kd-kY*v

HY*v=(d-1-2k)Y*v

and the claim follows easily from these. O

22.8 Semisimple Elements

We derive two useful identities that hold in the enveloping algebra of
sl(2,C). We define
Hyp:=H+kI

and we define Hy;, recursively by Hy.,o = I and
Hiiv1 = Hyi He—i41-

22.8.1 Lemma. We have

mAn m n
xmyn=3% r!(r)(r)Y”"X”‘"Hnm;r
r=0

Proof. First prove by induction that if n = 1, then
X"Y=YX"+nX"'H,_, (22.8.1)

and then, by a second induction, derive the lemma. O

22.8.2 Lemma. In a finite dimensional representation of % (sl(2,C)), if
X* =0 then

k-1

[l EH-rp=0.

r=—k+1
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Proof. We do not give a complete proof, but offer a generous hint and leave
the details as an exercise.

Suppose V is a finite-dimensional representation for %/. The idea is to
prove that, if X*=0, thenfori=1,..., k we have

X Hi 1040 = 0.

Setting i = k in this yields the result.
For convenience we prove the above claim in the case k = 4. We have the
following equations:

X'y =Y X*+4X3Hz, (22.8.2)
X*y?=Y2X* +8Y X3 Hy. +12X? Hyp (22.8.3)
Xy3 = y3X* +12Y2X3Hy, 1 +36Y X2 Hyp + 24X Hy 3 (22.8.4)

X4yt = v*X* +16Y3 X3 Hy, + 72Y?X? Hy,» + 216 Y X Hy.3 + 24 Ho,y  (22.8.5)
Since X* = 0 we see that (22.8.2) implies
X3Hs, =0.
Now multiply (22.8.3) on the right by Hs; since X H; = H;_» X, we get
0=8YX°H3H,+12X?>H, Hy H3
and since Y X3 H3 = 0, we deduce that
X?Hs3=0.
Next multiply (22.8.4) on the right by H, H3 and deduce that since
YX?H o HyHy = Y X* HyH, Hy Hy = Y X? H3.3 Hy = 0,

that
XH3;5 =0.

Finally multiply (22.8.5) on the right by H;.3 to deduce that
H3;7 =0. [l
Recall that H, XY and Y X all commute.

22.8.3 Lemma. If1 < k < n, then

k-1
X"y k= ([T X+ (= Hopi) | X"
i=0

Proof. From (22.8.1) we have
X'Y=YX"+nX"'H,_ 1 =YX"+nH_, 1 X" ' = (YX+nH_p, ) X"}

and use induction on k. O

239



240 CHRIS GODSIL

22.8.4 Theorem. In a finite-dimensional representation of %2/ (sl(2,C))), the
images of H, XY and Y X are semisimple.

Proof. Since H and XY commute and Y X = XY — H, it is enough to show
that H and Y X are semisimple. By 22.7.1, there is an integer k such that
X* = 0. From 22.8.2 it follows that H is semisimple, and so the underlying
vector space V is a direct sum of eigenspaces of H. Suppose V} is one of
these eigenspaces, where A is the eigenvalue of H.

By 22.8.3 we have

0=X*v* = (YX+k(H-(k-1DD---(YX+H)
and if z€ V), then
0=(YX+k(A—(k—=1)D--(YX+ )z

Hence the minimal polynomial of Y X on V has only simple zeros, and
therefore Y X is semisimple on V). We conclude that ¥ X must be semisim-
ple. O

22.9 Semisimple Modules

22.9.1 Theorem. Any finite dimensional module for % (sl(2,C)) is semisim-
ple.

Proof. Let % denote % (sl(2,C)), let M be a finite-dimensional % -module,
and let C be the Casimir element of %/. Since C is central and semisimple,
M is the direct sum of eigenspaces of C, and so to prove the theorem it will
suffice if we show that any eigenspace for C semisimple.

Hence we assume that M itself is an eigenspace for C. Since H also is
semisimple, M is the direct sum of weight spaces M, and, if N < M, then N
is the direct sum of its weight space N, where

Ny =NnM;.

We have
dim(M,) = dim(N,) + dim(M/ Ny).

Note that M/N is a %/-module and
(MI/N)g = My/Ny.
Next assume we have the composition series for M:
0=My<My<:---<M, =M.
Then

.
dim(M,) = ) dim(M;/M;_1)s
i=1
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but M;/M;_, is a simple % -module and consequently dim(M;/M;_1)s = 1.
We conclude that dim(M,) = r and that dim(M) is r times the number of
eigenvalues of H. The cyclic % -submodule of M generated by a non-zero
element is simple and, since all non-zero elements of M are eigenvectors
for C with the same eigenvalue, all these simple modules have the same
dimension.

Choose a basis xi,..., x4 for M. Then

M=x1%%+---+x3%.

where each submodule x;% contains a simple submodule S; (say). (We do
not assume that this is a direct sum.) Since dim(M,;) = r, we have d = r.
Since x3,..., X is a basis, the sum

Si+--+S;

is direct and therefore dim (M) is bounded below by r times the number
of eigenvalues of H. But we saw that equality holds, and therefore M is a
direct sum of simple modules as required. O

This proof follows Jantzen *. !
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Terwilliger Algebras

Let f be an association scheme with d classes and let 7 be an equitable
partition of its vertex set with e classes. Define the diagonal 01-matrix F;
by setting (F;),,,, = 1 if u lies in the i-th class of 7. Then the matrices F; are
symmetric idempotents and

Y Fi=1
i

We will study the algebra generated by «f together with the matrices F;.

If u is a vertex in the scheme and the i-th cell of 7 consists of the ver-
tices x such that (u, x) lies in the i-th relation, the algebra we get is the
Terwilliger algebra of the scheme relative to the vertex u.

23.1 Modules

Our basic task is to determine the irreducible modules of the Terwilliger
algebra. Suppose «f is an association scheme with d classes Ay, ..., A4

and vertex set V, and assume |V| = v. Let T denote the Terwilliger algebra
of this scheme and suppose W is an irreducible T-module. Since W is
invariant under &, it must have basis that consists of eigenvectors for <.
Similarly it must have basis that consists of eigenvectors for the matrices
F;, that is, vectors whose supports are subsets of the cells of the partition 7.

The subspace spanned by the characteristic vectors of the cells of 7 is
T-invariant and has dimension equal to ||, the number of cells of 7. We
call it the standard module 1t is a cyclic T-module, generated by 1. You may
prove that it is irreducible.

This may seem an encouraging start to determining the irreducible
modules for the Terwilliger algebra, but unfortunately further progress will
require much more effort. Since T is transpose-closed, R” decomposes into
an orthogonal sum of irreducible T-modules. Hence if W is irreducible and
is not the standard module, we may assume that it is orthogonal to it. Thus
each element of W will be orthogonal to the vectors F;1—it sums to zero
on the cells of 7.
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23.1.1 Lemma. If W is an irreducible module for an algebra 98 and f is an
idempotent in 98, then W f is an irreducible module for f Bf.

Proof. We may assume dim(W) = 2, or there is nothing to prove. Since
WEfRBfF=WfRBf<WF,

we see that W f is a module for f2&f.

Suppose U is an f 28 f-submodule of W f. Each element of U can be
written as w f where w € W and as f? = f, it follows that U f = U. Since
Uf% is a B-submodule of W, it is either zero or equal to W. Ifit is equal to
W, then

U=UfBf=Wf
and therefore W f is irreducible for fZ&f.

To complete the proof, we show that U f % cannot be zero. The key is to
note that the set

{ue W:u% =0}
is a 8-submodule of W. Since W is simple and not zero, it follows that this

set must be the zero module. Consequently U f 28 cannot be zero. O

Note that f28f is a subspace of 28 and is closed under multiplication,
but fails to be a subalgebra because it does not contain I (in general). How-
ever

FAf+U-1BU-[)

is a subalgebra of 2.
When we want to use 23.1.1, we will have two possible sources of idem-
potents: the matrices F; and the principal matrix idempotents E;.

23.2 Thinness
Let T be the Terwilliger algebra for an association scheme < and let W be a
T-submodule of RY. We say that W is thin if for each i we have
dim(F; W) < 1.
We also say that W is dual thin if for each j,
dim(E;W) < 1.

We generalise the concept of thinness. Suppose 28 is an algebra. We say
that a set of idempotents Fj,..., F, is a resolution of the identity if they are
pairwise orthogonal (F; F; =0when i # j) and

Y Fi=1
i

A module W for 2 is thin relative to the resolution F,..., F; if dim(F; W) <
1foralli.

Being thin is not easy, but it is a desirable property that holds in many
interesting cases.
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23.2.1 Lemma. If o/ is an association scheme then the standard modules
are thin and dual thin,

Proof. Exercise. |

23.2.2 Theorem. If the algebra % is self-adjoint, then it is thin relative to
the resolution Fy, ..., F; if and only if the subalgebra

F\BF, +---+F.%F,
is commutative.

23.2.3 Lemma. Suppose T is the Terwilliger algebra of an association
scheme relative to some vertex. If each matrix in

FoTFy+---+F,TF,
is symmetric, or if Aut(X), is generously transitive on each cell of n, then T
is thin.

Proof. For the first, two symmetric matrices commute if and only if their
product is symmetric. The second condition implies that each F; T F; is the
Bose-Mesner algebra of a symmetric association scheme. O

23.3 Jaeger Algebras

We define some endomorphisms of Mat,«, (C). If A is a v x v matrix define
the operators X4 and Y4 on Mat,,(C) by

Xa(M) := AM, Ya(M)=MA*
and if B is a v x v matrix, then we define Ap by
Agp(M):=BoM.

Note that
Ya(Yp(M)) = MB* A* = M(AB)* = Yp(M),

which explains the A* in the definition of Y. Also X4 and Y3 commute, for
any A and B.

If o/ is an association scheme, we define _#» to be the algebra gener-
ated by the matrices X, for A in C[«/]. We define #3(</) to be the algebra
generated by the operators

Xa, A, A,BeClH].

We obtain ¢4(</) by adjoining the right multiplication operators Y4 as well
The vector space Mat,»,(C) is a module M for _#;, and the subspace
of matrices with all but the i-th column zero is a submodule, which we
denote by M (i). We see that M is the direct sum of the modules M(i).
Our first result shows that #3(<¢) is a kind of global Terwilliger algebra.
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23.3.1 Lemma. The algebra generated by the restriction to M (i) of the
operators in _#3 is isomorphic to the Terwilliger algebra of o/ relative to the
i-th vertex.

Proof. We have
Xalee]) = (Aepe]
and
AB(eiejT) = (Bi,jei)ejT.
So X, is represented on M (j) by the matrix A, and Ap by the diagonal

matrix formed from the vector Be;. O

We say that a _#3-submodule U of Mat,,(C) is thin if the subspaces Ay,
are 1-dimensional, and say that it is dual thin if the subspaces XE], U are
1-dimensional.

23.3.2 Lemma. If o/ is metric, then a thin submodule of Mat,« ,(C) is dual
thin; if o/ is cometric then a dual thin submodule of Mat, «, (C) is thin.

Proof. Suppose & is metric relative to the Schur idempotent A;. If Cisa
v x v matrix, then
(A1(A;j0C))oA;=0

if |i — j| > 1. Hence if M is submodule of Mat,, (C), then
Ai(AjoM)<Aj_1oM+AjoM+ Aj 10 M. (23.3.1)

Now let r denote the least positive integer such that A, o M # 0, and let
d be the greatest positive integer such that A, 41 0o M # 0. From (23.3.1)
it follows thatifr < i < r+d —1then A; o M # 0. We also see that M is
generated by the subspace A; o M as an X4, -module. In other terms,

M =(A1)(AgzoM).
If E; is a matrix idempotent, then
EiM=Ej{A1)(AroM)=Ej(Aro M)

If M is thin, then dim(A; o M) = 1 and therefore dim(E; M) < 1 for all j.
Therefore M is dual thin.

Suppose & is cometric relative to E; and let s be the least integer such
that E¢M # 0. Then each column of a matrix in E; M lies in col(E;), and so
if C € M, then each column of Ej o (E; M) is the Schur product of a column
of E; with a vector in col(E;). Hence by ??2? we have

Eyo(E;M) < E;_M+E;M+ E; ;1 M.

Given this, it is easy to prove the second part of the theorem. O



24

Hamming Schemes

24.1 The Binary Hamming Scheme

The Hamming scheme H(d, 2) is a metric and cometric association scheme.
The matrix A = A; is the adjacency matrix of the d-cube, and its eigenval-
ues are the integers

d-2i, i=0,...,d

()

The automorphism group of the Hamming scheme is vertex-transitive, and

with respective multiplicities

so the Terwilliger algebra is the same for each vertex.
We can write
A=R+L

where L = RT and R is the natural raising operator on the lattice of subsets
of {1,...,d}. (So Lis the natural lowering operator.)

24.1.1 Theorem. The Terwilliger algebra of the binary Hamming scheme is
a quotient of the enveloping algebra U(sl(2,C)).

Proof. View the vertices of the Hamming scheme as subsets of {1,..., d}.
Define
H=RL-LR.

We note that
Ra,ﬁ =1

ifand onlyif @ < § and |§| = |a| + 1. Further Hy g = 0if |a| # 6| and, if
la| =1B| =i, then
Hyp=d-2i.

It follows that

H=) (d-2i)F;

0

da
i=
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and hence the the algebra of all polynomials in H is the equal to the alge-
bra generated by the diagonal matrices F;.
Since
[R,LI=H, [H,RI=2R, [H,L=-2L

the algebra generated by R, L and H is a homomorphic image of U(s/(2,C)).
To complete the proof we must show that R and L generate the Ter-

williger algebra of H(n, d). But since the scheme is metric, each element

of the Bose-Mesner algebra is a polynomial in A and since the algebra

generated by H contains each F;, we conclude that R and L generate the

Terwilliger algebra. O

24.2 Modules

With what we know about the representation theory of sl(2,C), it is easy
to determine the irreducible T-modules for the binary Hamming scheme
H(d,?2). If uis a vertex of H(d,2) with Hamming weight 7, then the vectors

v,Rv,...,Rd_Ziv

are a basis for an irreducible module of dimension d —2i + 1. If u and v are
binary vectors then the irreducible modules they generate are isomorphic
if and only if u and v have the same Hamming weight.

24.2.1 Lemma. We have
dim(T(H(d,2))) = é(d +1)(d+2)(d+3).

Proof. If 0 < 2i < d, then our Terwilliger algebra has one isomorphism class
of irreducible module with dimension d —2i + 1, whence

1
dim(T(H(d,2))) = Z (d-2i+1)?= E(d+ (d+2)d+3). O
i<d/2
24.2.2 Lemma. The Terwilliger algebra of the Hamming scheme is thin and
dual thin.

Proof. If v has Hamming weight i, then the Hamming weight of each vector
in supp(R/v) is i + j. Hence F;, ij v = R;v, and therefore the R-module
generated by v is thin. Since the Hamming schemes are metric, it follows
from 23.3.2 that this module is also dual thin. O
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25
Determinants

The determinant is a function on square matrices which plays many roles.
If Ais a square matrix over R, its determinant is a measure of ‘what A does
to volume’. More precisely, if S is a region in R" with unit volume, then the
volume of set of points

{Ax:x€ S}

is |det(A)|. Because of this, the determinant plays an important role in
integration of functions of several variables.

25.1 Permutations

Let Q be a set. A permutation of Q is a bijection from Q to itself. The set
of all permutations of 2 is called the symmetric group on Q. If |Q| = n,
then |Sym(Q2)| = n!. We use Sym(n) to denote the set of all permutations
on some set of size n, usually {1,...,n}. If i € 2 and o € Sym(Q2), then we
denote the image of i under o by i°.

Permutations of  are functions from Q to Q, so if p and ¢ are permuta-
tions, their product op is defined by

i7° = (i9)P.

This is again a permutation of Q. As we will see, the order matters: usually
op # po. Since a permutation is a bijection, it has an inverse. If o € Sym((2),
we denote the inverse of o by o~!. We have

The identity mapping on (2 is a bijection; we call it the identity permuta-
tion and denote it by 1. Finally, if p, o and 7 are permutations of 2, then

(po)t =p(0T).

In other words, multiplication of permutations is associative.
If2=1{1,...,n} and o € 2, we can specify o by writing down the se-
quence
10' 20' nU
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This is sometimes called the Cartesian form of the permutation. There
is a second useful way to present permutations, which we develop now.
Suppose i € 2 and consider the infinite sequence of elements

. . . 2
i,i%i% ...

by successively applying o. Since (2 is finite there are integers r and s such
that r < sand

Then

This shows that r = 0 and that s is the least integer such that i”" = i. Hence
the elements

are distinct. We call the cyclic sequence
-1
(0,i%...,i% )
the cycle of o that contains i. We can view o as rotating the elements of
this cycle.
We consider an example. Suppose n =7 and the Cartesian form of o is

2315674.
Then the cycle of o that contains 1 is
(123)
and the cycle of ¢ that contains 5 is
(5674).
We regard this as equal to each of the cycles
(4567), (6745), (7456).

The distinct cycles of 2 form a partition of (2. Together they determine
o—we can specify o by simply listing its cycles. In the example at hand we
may write

o = (123)(4567).

The order in which we list the cycles is irrelevant. This is the cyclic form of
0. A permutation may have cycles of length one; it is conventional to omit
this from the cyclic form if the underlying set is clear. (The cyclic form of
the identity permutation is often denoted by (1).) Note that i lies in a cycle
of length one if and only if it is fixed by o, that is, i? = i.

Each cycle of a permutation is a permutation in its own right, and a
permutation is the product of the permutations corresponding to its cycles.

A permutation is a transposition if it has one cycle of length two, and all
other cycles have length one.
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25.1.1 Theorem. If o € Sym(n) and o has exactly k cycles, then it is the
product of n — k transpositions. O

We leave the proof as an exercise. By way of a hint we note that
(1234) = (12)(13)(14),

from which we see that a cycle of length m is the product of m — 1 transpo-
sitions. We must count cycles of length one.

25.2 The Sign of a Permutation

A function of x1,..., x, is alternating if, when 7 is a transposition in Sym(n),

fr=-f.
Thus x; — x» is an alternating function of two variables. If f is symmetric
and g alternating in x1,..., x,, then fg is alternating. Define the function
V(x1,...,x,) by
V(xt,..., xn) = [ ] (i = xp).

i<j
Clearly V is alternating. Further, if o € Sym(n), then
V7 =sign(o)V,
where sign(o) = +1. The value of sign(0o) is called the sign of 0. If o is a
transposition, sign(o) = —1.
25.2.1 Theorem. If o, 7 € Sym(n), then sign(ot) = sign(o) sign(r).
Proof. We have
VOt = (sign(o) V)" = sign(o) sign(t)V
and therefore sign(o7) = sign(o) sign(t). O

By Theorem 25.1.1, each permutation is a product of transpositions, and
therefore we have the following:

25.2.2 Corollary. If f is an alternating function of n variables and o €
Sym(n), then f° =sign(o) f. O

The set of even permutations is known as the alternating group.

Since each permutation is a product of cycles, if we know the sign of
these cycles, we can use the previous lemma to get the sign of the permuta-
tion itself.

25.2.3 Lemma. The sign of a cycle is odd if and only if its length is even.

Proof. It follows from Theorem 25.1.1 that a cycle of length k can be written
as the product of k — 1 transpositions. Since the sign of a transposition is
odd, the sign of a cycle of length k is (—1)~1. O

25.2.4 Corollary. If a permutation has exactly e even cycles, its sign is
(-D°. |

253
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25.3 Permutation Matrices

Let [ be a field. If o € Sym(n), let P(0) be the linear transformation that

maps
X1 X10
X2 Xoo
g
Xn Xno

Thus if ey, ..., e, is the standard basis for F**!, then P (o) maps e; to ejg-l .
Hence the coordinate matrix for P(o) is

(610—1 620—1 ena—l).

The inverses are annoying, it may help to note that the i-th row of this
matrix is eiT,,. We call P (o) are permutation operator and the matrix which
represents it is a permutation matrix.

The product of two permutation operators is a permutation operator,
and consequently the product of two permutation matrices is a permuta-
tion matrix.

If P is a permutation matrix then PPT = [, and therefore P! = PT,

A matrix is a permutation matrix if it is a 01-matrix, and exactly one
entry in each row and column is equal to 1. We define a matrix to be a
monomial matrix there is at most one non-zero entry in each row and
each column. It is not hard to verify that a matrix M is monomial if M =
PD, where P is a permutation matrix and D is diagonal. Similarly DP is
monomial. If P is a permutation matrix and D is diagonal, then

P 'DP
is diagonal.

25.3.1 Lemma. The product of two monomial matrices of the same order is
a monomial matrix.

Proof. Suppose P; and P, are permutation matrices and D; and D, are
diagonal. Then P; D, and P, D, are monomial and

(P1D1)(P2D3) = Py P2(P; ' D1 P2) Dy.

Here P P, is a permutation matrix and (P, 1Dy P,) D, is a product of di-
agonal matrices, and so is diagonal. Hence (P D;) (P, D) is a monomial
matrix. O

25.4 Definition of the Determinant

In this section we define the determinant of a square matrix, and develop
some of its properties.
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For this we will use a somewhat unusual matrix product: it is commu-
tative and associative and distributes over addition. If A and B are m x n
matrices, we define their Schur product Ao B by

(AoB)jj = AjjBi.

There are no difficulties in working with this product. If Aand P are n x n

matrices and P is a permutation matrix, then Ao P is a monomial matrix.
The determinant is a function from the set of n x n matrices over a field

(e.g., R or C) to the field itself. We define it in stages. If D is diagonal, then

n
det(D) := [ [ D,;.
i=1
If M is monomial, then M = DP where D is diagonal and P is a permuta-
tion matrix. If P = P(0) for some permutation o, we define sign(P) to be

sign(o) and then
det(M) := det(D) sign(P).

Note that
PD=(PDPYH)P

where PDP~! is diagonal. Since PDP~! is diagonal and det(PDP~!) =
det(D),
det(PD) = det(PDP!)sign(P) = det(D) sign(P).

It is implicit in this that, if P is a permutation matrix, then det(P) = sign(P).
To complete the definition of the determinant, let Perm(7n) denote the
set of all n x n permutation matrices. If A € Mat,,«,(F), we define

det(A):= )  det(AoP(m)).

meSym(n)

By way of example, if n = 2 then Perm(2) consists of the two matrices

bt B
!

0 0 b
det(A) =det a +det =ad+ (-1)bc=ad- bc.
0 d c 0

and so if

A=

then

25.4.1 Lemma. Let A be an n x n matrix. If A is lower triangular, then
n
det(A) =[] Aii.
i=1

Proof. Suppose P € Perm(n). If det(Ao P) # 0, then P must be lower triangu-
lar, but the identity matrix is the only lower triangular permutation matrix.
Therefore det(A) = det(Ao I), and the lemma follows. O
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25.4.2 Lemma. If A is a square matrix, det(AT) = det(A).

Proof, We note first that if M is monomial, so is M'. Further, if M = DP
where D is diagonal and P is a permutation matrix, then

det(MT) = det(P” D) = det(PTDP)P™Y),
Since P~! = PT, we see that PT DP is diagonal, and therefore
det(MT) = det(PT DP)sign(P™!) = det(D) sign(P) = det(M).
Now

det(A")= Y det(AToP)

PePerm(n)

= ) det(aoPh)T

PePerm(n)

= Y det(AoPT)

PePerm(n)

= Y det(AoP)

PePerm(n)

=det(A).

25.5 The Determinant is Multiplicative

The determinant is useful in particular because, if A and B are square
matrices of the same order, then det(AB) = det(A) det(B). We work towards
a proof of this.

We work with functions on 7 x n matrices. We may think of such a func-
tion ¢ as a function of n variables, the columns of the matrix. To indicate
this, if Ais n x nand ey, ..., e, is the standard basis of F**!, we may use
6(Aey,..., Aey) in place of of §(A). A function 6 : Mat,«,(F) — F is multilin-
ear if § (A) is a linear function of each column of A. If § is multilinear and

Ae; =x+y, then
0(A)=06(Ae,...,Aey) =6(x, Aey, ..., Aey) +0(x, Aey, ..., Aey).

Note that trace, although it is a linear function of A, is not multilinear.
However, if P is a permutation matrix then the function d p given by

O0p(A) =det(AoP)

is multilinear. (Prove it.) If §; and §, are multilinear, then their sum, given
by
(01 +62)(A) =61(A) +62(A),

is multilinear.

A function 6 : Mat,,«,(F) to F is alternating if §(A) = 0 whenever two
columns of A are equal. This usage is different from the one used in Sec-
tion 25.2, but we will see that it is consistent with it.

We need two preliminary results.
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25.5.1 Lemma. If M7 and M, are nx n monomial matrices, then det(M; M,) =
det(M;) det(M5).

Proof. We may suppose that fori =1,2,
M;=D;P;
where D; is diagonal and P; is a permutation matrix. Then
MMy =D1P1DyPr = Dl(PlDPfl)PIPZ.

Here P DP] s diagonal, so Dy (P DP; Ly is diagonal and also P, P; is a
permutation matrix. Therefore M) M, is monomial and
det(M; M) = det(D; (PIDPI_I)) sign(P; P,)
= det(D;) det(D-) sign(P;) sign(P»)
=det(D; P1)det(D, P,)
=det(M;) det(My).

This completes the proof. O

25.5.2 Lemma. If A, B and P are n x n matrices and P is a permutation
matrix, then (Ao B)P = (AP) o (BP).

Proof. Suppose ey, ..., e, is the standard basis and Pe; = e;. Then

((AP)o(BP))e; = (AP)e;o (BP)e;
= AejoBe;
= (Ao B)e;j
= (Ao B)Pe;.

Since this works for all i, we have proved the lemma. O

25.5.3 Theorem. The determinant is an alternating multilinear function of
the columns of a matrix.

Proof. Since the functions é p are multilinear and since det is the sum of the
functions d p, it follows that det is multilinear.

To show that det is alternating, we first prove that if Q is a permutation
matrix, then det(AQ) = det(A) sign(Q). Using the previous two lemmas, we
have

det(AQ) = ) det((AQ)oP)

PePerm(n)

= Y det[(AoPQ™H)Q]

PePerm(n)

= Y det(Ao(PQ V) det(Q)

PePerm(n)

=det(Q) Y  det(Ao(PQ7)).

PePerm(n)

257
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Since
{P:PePerm(n)} = {PQf1 : P € Perm(n)},

the last sum above equals det(A), we have proved that det(AQ) = det(A) sign(Q),
as claimed.

Now suppose columns i and j of A are equal, let 7 be the transposition
(ij) andlet T = P(t). Then sign(T) = -1, T? = I and AT = A; hence

(AoP)T =(AT)oPT = AoPT
and consequently

det(Ao P)+det(Ac PT) =det(Ao P) +det((AoP)T)
=det(AoP) +det(Ao P)det(T)
=det(Ao P) —det(AoP)
=0.

The set {P, PT} is the left coset of the subgroup {I, T} of Perm(n). For fixed
T, the set Perm(n) can be partitioned into pairs of the form {P, PT} (prove
this), and therefore it follows that det(A) = 0. O

One corollary of this proofis that if P € Perm(n), then det(AP) =
det(A)sign(P). Hence the determinant is an alternating function in the
sense we used in Section 25.2. More generally, the same argument shows
that if § is an alternating function on n x n matrices and P is a permutation
matrix, then

0(AP) =6(A)sign(P).

Therefore a function that is alternating in the sense of this section is alter-
nating in the sense we used in Section 25.2, but the current definition is
more useful if we work over fields such as Z,.

Our next result is a converse to the previous theorem.

25.5.4 Theorem. If§ is an alternating multilinear function on n x n matri-
cesand &(I) =1, then 6 (A) = det(A) for all n x n matrices.
Proof. We have
n
Aej = Z A,-,jei.

i=1
Since ¢ is multilinear,
n
5(A)=6(Aey,..., Aen) = ) 6(Aine, Ae, ..., Aey)
i=1

and, using even more subscripts,

5(A= Y b(Aiei,..., Aiynei,). (25.5.1)

1<iy,...,in<n
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Since 6 is multilinear,
n
8(Ai 180, Ay nei,) =6(ei,....ei) [ | Aiis
k=1

and since 6 is alternating if r < s and i, = i, then
6(ei1,...,ein) =0

Hence in (25.5.1), the summands indexed by the sequences iy, ..., i, that
are not permutations are zero, and therefore

5(A)= ) b6(AoP).

PePerm(n)

This shows that § is determined by the values it takes on monomial matri-
ces.
If D is diagonal and P is a permutation matrix, then since § is alternat-
ing,
6(DP) =6(D)sign(P).

Further, since ¢ is multilinear,

n
8(D) =[] Dii6(1)

i=1

and therefore
6(DP) =det(DP)6(I).

This completes the argument. O
25.5.5 Corollary. If A and B are nxn matrices, then det(AB) = det(A) det(B).
Proof. Consider the function § from Mat, ., (F) to F, given by

O(B) :=det(AB).
It is easy to verify that this is alternating and multilinear, and therefore

6(B) = cadet(B)

for some scalar c4. Taking B = I in the definition of §, we see that c4 =
det(A) and therefore det(AB) = det(A) det(B). O

25.6 The Laplace Expansion

The determinant is remarkable for the number of different ways in which
we can compute it. Here we describe an approach due to Laplace. You
may be familiar with the case when k = 1, because this is the well-known
expansion by cofactors.
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If T ={t,..., t}, define || T|| by
k
IENUED)
i=1

Let As, 7 denote the submatrix of A with rows indexed by S and columns
by T.If |S| = |T| = 1, then Ag,r is just an entry of A. We use S to denote the
complement of Sin {1,..., n}. Now we can state and prove a result known
as Laplace’s expansion of the determinant.

25.6.1 Theorem. Let A be an n x n matrix and let S and S’ be two subsets of
{1,...,n}, with sizes k and n — k respectively. Then

Y. (-D'"Vdet(As ) det(Ag 1) =

(=Dl det(4), ifS' =S;
T:|T|=k

0, otherwise.

Proof. We first consider the case where S’ = S. Let S and T be subsets of
{1,...,n} with size k. Then

detA=) ) det(AoP(0)).
T 0:8°=T

Note that if o maps S to T then it must map S to T. Hence

Y. det(AoP)(0) = (- det(As 1) det(A5 7).
0:87=T

Now suppose that S’ # @. Let A’ be the matrix whose first k rows are
the rows of A indexed by S;, and whose last n — k rows are the rows of A
indexed by S,. Since we know that Laplace’s expansion holds when SN S’ =
@, we see that det(A’) is equal to the sum on the left on the statement of
the theorem. On the other hand, A’ has a repeated row, and therefore
det(A") = 0. O

Let A(i|j) denote the matrix we get from the square matrix A by deleting
row i and column j. Then (-1)itJ det(A(i|j) is called the i j-cofactor of A.
The following special case of the Laplace expansion is known the expan-
sion by cofactors of det(A). This is somtimes used as a definition of the
determinant.

25.6.2 Corollary. Let A be an n x n matrix. Then

det(A) = (-1 Y (-1 71 A; j det(Ail ). m
j=1
Let A be an n x n matrix. We define the adjugate adj(A) of A as follows:

adj(A);,j = (D" det A(il j).

a b
c df’

Thus if
A=




then
d -b
adj(A) = )
- a
If
1 1 1
J=1]1 1 1
1 1 1

then adj(J) = 0.
Applying the previous theorem with k = 1, we obtain:

25.6.3 Corollary. If A is a square matrix, then Aadj(A) = det(A)I. O

It is also true that adj(A) A = det(A); this can be proved using the trans-
pose. We leave the proof as an exercise.

25.6.4 Corollary. If A is a square matrix, then it is invertible if and only if
det(A) is.

Proof. If det(A) is invertible, the previous corollary implies that
A7l = det(A)adj(A).
If Aiainvertible then

1 =det(]) = det(AA™") = det(A) det(A™))

and therefore det(A) is invertible. O

The following identity is due to Jacobi.

25.6.5 Theorem. Let A be an n x n matrix and suppose S < {1,...,n}. If
s=1§|, then
det(adj(A)z3) = det(A)""17% det(As,s).

Proof. If M is n x n, we have adj(M)M = det(M)I and, taking determinants
of both sides yields

det(adj(M)) det(M) = det(M)".

Therefore det(adj(M)) = det(M )"~1 Assume S consists of the first s ele-
ments of {1,..., n}. We have adj(A) A = det(A)I whence adj(A) Ae; = det(A)e;
and

det(A) I ?

dj(A) | A ... A =
adj( )( €1 €s €541 en) 0 ad]'(A)g‘g

Taking the determinant of each side, we get

det(4)" det(As,s) = det(A)* det(adj(Aj g).

This yields the theorem. O
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25.7 The Characteristic Polynomial of a Matrix

If Ais a square matrix then det(¢I — A) is a polynomial in ¢. It is called the
characteristic polynomial of A. It is not too difficult to verify that if A is
n x n, then its characteristic polynomial is a monic polynomial of degree n.

If
(a b)
A=
c d

det(tI— A) = t? — (a+ )t + (ac — bd).

then

The constant term of the characteristic polynomial of A is
det(—A) = (—1)" det(A).
Suppose A= LBL™!. Then

det(tI1— A) =det(tI- LBL™Y) = det[L(t]- B)L™']
=det(B)det(¢I - B)det(L™ Y
=det(¢tI - B).

Thus we see that similar matrices have the same characteristic polynomial.
We leave the proof of the following as an exercise.

25.7.1 Lemma. If ¢ () is the characteristic polynomial of the square matrix
A, then the coefficient of t""! is —tr(A). O
Our next result is called the Cayley-Hamilton theorem. Cayley proved it

for 2 x 2 and 3 x 3 matrices.

25.7.2 Theorem. If ¢(t) is the characteristic polynomial of the square
matrix A, then ¢(A) =0.

Proof. Each entry of adj(¢I — A) is a polynomial in ¢ with degree at most
n— 1. Hence there are matrices By, ..., B, such that

adj(tI—A) =B, +tBy_1+---+ 1" 'B;

We want to show that each of the matrices By, ..., By, is a polynomial in A.
We have

(11— A)adj(tI - A)
=1"B;+ " \(By— ABy) + -+ {(By— ABp_1) + (~A)B,,. (25.7.1)

Assume that
PO =t"+a "+ +a,.

From Corollary 25.6.3 we have

(tI-A)adj(tI - A) ="+ a " lerayl. (25.7.2)



If we equate the coefficients of the powers of ¢, we obtain:
By=1I, Bjt1=ABj+a;I (i=1,...,n—-1)
whence
By =1

By=A+al
Bs=ABy+al=A’+a1 A+ apl
and, in general,
Bis1 = A+ @  AF V4t ap I

Thus By, is a polynomial of degree k — 1 in A.
From (25.7.1) and (25.7.2), we see that a, I = —AB,,. So

0=ABy+a,I= AA" '+ a1 A" 2+ +a,_1D+a,l

=¢(A).

This completes the proof. O

It is tempting to argue that if we substitute A for ¢ in the equation
(t1— A)adj(tI — A) = p(1)],

then I — A becomes zero, and therefore ¢(A) = 0. It is true that if f(#) is

a polynomial in ¢t with coefficients in a field and ¢ — a divides f(#), then
f(a) =0. It need not be true that if f(¢) and fj (¢) are polynomials in ¢ with
matrices as coefficients and

(tI-A)fi() = f(1)
then f(A) = 0. The basic problem is, for example, that if b is a scalar then
?b = tht = bt?,

but if A and B are square matrices, then the products A>B, ABA and BA?
can all be different.

25.8 An Algorithm

If we attempt to compute the determinant of a matrix in Mat,,x,(Z) using
our definition, we may be obliged to sum n! products. This is already
unpleasant when n = 4. There is a second algorithm using elementary row
operations; the only disadvantage of this is that its intermediate stages
often require the use of rational numbers, even though the final answer is
an integer. (This is the algorithm usually taught.) We are going to describe
a a third algorithm that does not suffer from this disadvantage, and still
runs in polynomial time.
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Let A be an m x n matrix and suppose k < m, n. We construct an (m+1—

k) x (n+ 1 - k) matrix Dy (A) from A as follows. f k< r<mand k<s<n,
there is a unique k x k submatrix of A that contains the rs-entry of A along
with all entries in the first k — 1 rows and columns. Define Dy (A),_k, s—k to
be the determinant of this submatrix. So D; (A) = A and if

a, a2 ayg

A=|a1 a2 a3,

asl  azp  asgs
then
Dy(A) = a1z —ajpaz1 41,1023 —adz141,3 _
ay1ds2 —dds1 41,1033 —d3141,3
If Ais n x n, then D, (A) = det(A). For any matrix A, let di(A) denote the
determinant of the submatrix formed by the first k rows and columns; we
assume dy(A) = 1.

25.8.1 Lemma. If A is an m x n matrix, then D2 (D (A)) = dj_1(A) D41 (A).

Proof. We prove the result by induction on the size of A. Since D;(A) = A,
the lemma holds when k =1 and we assume k = 2.

First we consider a special case. Suppose Ais (k + 1) x (k+ 1). Then
D41 (A) =det(A) and

D [AEUAG+ 1k + 1) det(Atk+11K)
YT det(Atklk + 1)) det(A(k|k))

Therefore
det(Dy(A)) = det(A(k|k)) det(A(k + 1|k + 1))
—det(A(k+1]|k)) det(A(klk+ 1))
andsoif S:=1,...,k—1, then
D> (D (A)) = det(adj(A)5 3)-
By Jacobi’s identity (Theorem 25.6.5),
det(adj(A)g 5 = det(A) det(As,s) = di—1 Dg+1(A).

Now we verify that the result follows from this special case. If i = k
we and B is the matrix we get by deleting the i-th row of A, then D (B) is
obtained from Dy (A) by deleting its (i + 1 — k)-th row. Since that Dy (AT) =
Dy.(A), a similar claim holds when we delete columns.

Ifi,j=k+1,then (Dg.1(M));—, j- is the determinant of the submatrix
M of A formed by the intersection of rows 1 through k and i with columns
1 through k and j. Since dy_,(A) = dr_, (M), we have

dg-1(A)Di41(A) j—,j-k = dg-1(M) Dg11 (M)
= D,(Dy(M))
=Dy (Di(A)i-k,j-k

and so the result follows. O



MORE LINEAR ALGEBRA

The algorithm to compute det(A) runs as follows. The inputisan n x n
matrix A. We also use a scalar §, which is initially set to 1.

1. If n=1, then det(A) = A; halt.
2. If the first row or column of A is zero, then det(A) = 0; halt.

3. If necessary, swap two columns of A so that A;; # 0 and replace 6 by
4.

4. Compute § “I1Dy(A) andlet§ = (A)1,1- Return to the first step with
671D, (A) in place of A.

After n — 1 steps of this kind, we obtain D, (A) = det(A).
We give one example. If

x -1 0
A=|-1 x -1
0o -1 x
then
2.1 —x
D, (A) = 2)
- X

Since dj (A) = x,
det(A) = D3(A) = x 1 (x* = 2x%) = x® — 2x.

This algorithm is sometimes attributed to C. Dodgson, better known as
Lewis Carroll.

25.9 Summary

The most useful facts are (c), (f) and (g). You are not required to know
anything about the proofs of (f), (g), (h), (i) and (j). You might need to use
them. Note that (d) and (e) together yield an algorithm for computing the
determinant, since we can bring a matrix to triangular form by elementary
row operations.

(a) Permutations, sign of a permutation, permutation and monomial
matrices.

(b) Definition of determinant.
(©) det(AT) = det(A)
(d) If Ais triangular, det(A) =T1; A; ;.

(e) Adding a scalar multiple of one row of A to another does not change
det(A). Swapping rows changes the sign. Ditto for columns. If we get B
from A by multiplying a column by c, then det(B) = cdet(A).
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®
(8
(h)
@
)
k)

)

(m)

Multilinear and alternating functions on matrices, det(AB) = det(A) det(B).
The adjugate of a matrix, Aadj(A) = det(A)I.

Cofactor expansion of det(A).

The Cayley-Hamilton theorem.

Bareiss algorithm.

When the products AB and BA are both defined, det( — AB) = det(I —
BA).

Binet-Cauchy.

det(exp(M)) = exp(tr(M)).

(We did not treat the last three items.)

25.10 Groups

In this chapter we met the ‘symmetric group’ and the ‘alternating group’.

As

we continue with the course, we will meet other ‘groups’. For the sake of

background information, we explain the terminology.

A group is a set G with a multiplication o defined on it. If @, b € G, then

ao b denotes the product of @ and b. (In many cases the elements of G

are operations on some structure, and a o b denotes “do a, then b”.) The

multiplication must satisfy the following axioms.

1.

2.

3.

4.

Ifa beG,thenaobeG.
Ifa,b,ce G, then (aocb)oc=ao(boc).
There is an element 0 in G such that @ o a = a for all a in G.

For each element a € G, there is an element a~! in G such that a 1o a =
0.

The first axiom states that G is closed under multiplication. The element

0 is the identity element of the group. The element a™! is the inverse of
a. We do not assume that ao b = bo a; if this does hold for all a and b the
group is commutative (or abelian).

One example of a group is the integers, with + as the ‘multiplication’. A

second example is the set of invertible n x n matrices over a field with the

usual matrix multiplication.

We usually write ab in place of a o b unless G is commutative, in which

case we write a + b. We usually use 1 to denote the identity unless G is

commutative, when we use 0.

Suppose a,x,y € G and ax = ay. Then

x=1lx=(@ 'a)x=a'(ax) = a_l(ay) = (a‘la)y =ly=y.
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Thus in a group we may ‘cancel on the left’ Since
alla)=(a'al1=17%=1=a'4q,
it follows (by left cancellation) that al = a for all a. Since
(aahYa=al@a'a)=al=a=1a
we also see that aa~! = 1 for any a. Now if xa = ya, then
x=x1= x(aa_l) = (xa)a_1 = (ya)a_1 = y(aa_l) =yl=y;

therefore we may also cancel on the right.

A subset of G is a subgroup if it contains the inverse of each of its el-
ements and is closed under multiplication. The alternating group is a
subgroup of the symmetric group.

Finally we point out that a group is a set with three operations. A binary
operation which, given (a, b) as input, returns a o b. A unary operation
which, given a as input, returns a~'. And a nullary operation which, given
no input, returns the identity . (It may help to understand the last state-
ment if you think of a button on a calculator labelled 7—this takes no input
and returns 7.)
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26
Rings, Fields, Algebras

Thus chapter is meant to to provide some background, to help you deal
with linear algebra over fields other than @, R and C.

26.1 Rings

Aring R consists of a set R on which an addition operation + is defined,
such that (R, +) is a commutative group; in addition there is an associative
multiplication in R that satisfies the usual distributive laws relative to
addition. The multiplication is usually denoted by juxtaposition, i.e., the
product of a and b is denoted ab (and ab need not equal ba.). We always
assume that there is multiplicative identity, denoted by 1 (so 1x = x1 = x for
all xin R).

The canonical examples are Z, @, R, C. Polynomials over Q, R or C form
aring, and so do power series. Further, matrices with entries from a ring R
form a ring which is not normally commutative. Continuous real functions
on R form a ring.

Rings were first introduced in number theory, but now it is somewhat
unusual for a mathematician not to be working in the context of some ring.

As a general principal, any operation we can carry out on abelian groups
can be carried out on rings. So we have subrings, products and homomor-
phisms/quotients. Somewhat surprisingly, subrings do not play a big role,
except for ideals (which you can look up). Also finite rings seem to be less
useful than finite groups.

26.2 Fields

A field is a ring in which every non-zero element has a multiplicative in-
verse. The canonical examples are Q, R, C. We see that Z is not a field, and
the rings of polynomials we referred to above are not fields (although they
can be used to construct fields). If F is a field then F(#), the ring of rational
functions with coefficients from F is a field.

As just defined, the multiplication in a field need not be commutative.
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However all fields we need are commutative and so henceforth field means
commutative field.

The integers modulo a prime p form a field Z,. We consider this in
some detail. Stricly speaking, the elements of Z,, are equivalence classes
of integers, where integers m and n are equivalent, i.e., m = n, if p divides
m — n. Each equivalence class contains exactly one element from the set of
integers

Ho,1,...,p—-1}

and so we can identify the equivalence classes with the members of this
set. It is not too difficult to show that the equivalence classes form a ring,
with addition mod p and multiplication mod p as its operations. In fact we
can show that, for any positive integer n, the set Z, forms a ring. Butif n

is not a prime we can write n = ab where a and b both greater than 1, and
therefore ab = 0 in Z,. It follows that the equivalence class of a does not
have a multiplicative inverse—if xa = 1 and ab = 0 then

0=x(ab)=(xa)b=1b=0b.

Therefore if 7 is not prime, then Z,, is not a field.

If p is a prime then each non-zero element of Z,, does have a multiplica-
tive inverse. Forif a € Z, and a # 0, then the gcd of @ and p is 1, and hence
there are integers x and y such that

xa+yp=1,

and therefore xa = 1. Thus we can find the multiplicative inverse of a
using the Euclidean algorithm. We have been a little sloppy here: when we
apply the Eulidean algorithm we are viewing a and p as integers, but we
originally chose a to be a non-zero element of the ring Z,,. To avoid this we
should use some notation like [a] to denote the equivalence class of a, but
the sloppiness is easier, and traditional.

We can also construct fields from rings of polynomials. Let F be a field
and let F[¢] denote the ring of polynomials with coefficients from F. If
p(?) is a monic polynomial in F[z], define a relation = on F[¢] by declaring
polynomials g and £ to be equivalent if their difference is divisible by p.
Then this is an equivalence relation and the equivalence classes form a
ring. You may show that this ring is a field if and only if p is irreducible over
[ (has no non-trivial factors).

If we take F = R and p(t) = t* + 1, this construction produces a field
isomorphic to the complex numbers. IfF = Z, and p(f) = t*> + t + 1, we
obtain a field with four elements.

Exercise: Let E be a field and let F be the subset of E consisting of all
the elements of E we can get by adding 1 to itself any number of times. (By
assumption, 0 € F; thus F is the additive subgroup of E generated by 1.)
Show that F is a ring. If |F| is finite, prove that it is a prime, and deduce that
itis a field.
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26.3 Algebras

Aring R is an algebra over a field [ if R is a vector space over F such that if
x,y€ Rand a€F, then

(ax)y = x(ay) = a(xy).

If 1 is the multiplicative identity in R, then the set {al : a € [} forms a sub-
ring of R that is isomorphic to F. Each element of this subring commutes
with each element of R (it lies in the center of R).

The term ‘algebra’ has changed its meaning over the years, and it still
has more than one interpretation. As we have just defined it, every algebra
contains a multiplicative unit, but, in analysis for example, this require-
ment can be dropped.

The set of d x d matrices over of field [F forms an algebra. More generally,
the set of linear mappings of a vector space to itself is an algebra. The
complex numbers are an algebra over the reals.

The dimension of an algebra is its dimension as a vector space over the
underlying field.

Let M denote the subset of the algebra of 2 x2 matrices over Q) consisting
of the matrices of the form

A

It is not hard to show that this set is a subspace of Maty.» (Q) and this it is
closed under multiplication. Hence it is a subalgebra of Mat,«» (Q), but you
can also show that it is commutative and that every non-zero element is
invertible. Therefore it is a field, isomorphic to the field usually denoted by
Q(W2).

If A is an algebra of dimension d over F and M € A, then the d +1 powers
I,M,...,M? are linearly dependent, whence there is a polynomial f such
that f(M) = 0. Consequently there is a monic polynomial ¥ of least degree
such that (M) = 0. It is called the minimal polynomial of M and degree at
most d.

Exercise: If A is a finite-dimensional algebra over F and x € A, show that
multiplication by x is a linear mapping (over F).

Exercise: If A is a finite-dimensional algebra over [, prove that A is
isomorphic to an algebra of matrices over [.

Exercise: Suppose K, L, M are fields with K < L < M. Then L and M are
algebras over K; let £ and m respectively denote the dimensions of L and
M over K. Prove that ¢ divides m.

Exercise: Let IF be a field. If S is a subspace of Mat 4 (F) such that each
non-zero element is invertible, prove that dim(S) < d.

Exercise: If A is a finite-dimensional algebra over a field F and each non-
zero element of A is invertible, prove that the minimal polynomial of each
non-zero element is irreducible over F.
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T-invariant, 23, 27

abelian, 229

ad-nilpotent, 233

adjoint, 6, 189

adjoint map, 233

algebra, 57

algebraic multiplicity, 33, 52
alternating, 7

antichain, 231
antisymmetric, 62

Banach space, 190

bilinear form, 6

bottom, 45

bounded, 190

bounded rational function, 89

Casimir element, 234
characteristic matrix, 72
Choi matrix, 195

circuit, 1

column reduced, 91
commutant, 50
commutator, 229
commutator subalgebra, 230
companion matrix, 39
complement, 3

completely positive, 194
complex Hadamard matrix, 70
compression, 71

conditional expectation, 198
contraction, 67, 193

control basis, 41

coordinate vector, 2

corank, 4

cyclic code, 47
cyclic subspace, 24

degree, 91

degree of a matrix polynomial, 89

degree of a vector, 91
derivation, 230
derived design, 19
diagonalizable, 38
direct sum, 3, 26, 27
dual, 14

dual space, 6

dual thin, 244, 246

edge reconstructible, 21
edge reconstruction, 21
eigenvalue, 24

eigenvalue support, 135, 139
eigenvector, 24

equitable, 14

external direct sum, 4

Fitting invariant, 84

fixes, 55

flag, 55

foundation, 18

Frobenius normal form, 48

Gaussian binomial coefficient, 8
generated, 24
geometric multiplicity, 33, 52

Hermitian pencils, 137
Hermitian preserving, 191
highest weight vector, 237
Hilbert-Schmidt norm, 191

homomorphism, 232

ideal, 230

idempotent, 26
incidence matrix, 133
index, 75

index of nilpotency, 52
induced partition, 16
invariant, 233
isomorphism, 4

Jacobi identity, 229

Killing form, 234
Kronecker product, 61

left companion matrix, 45
level number, 231

Lie algebra, 229

Lie bracket, 229

linear mapping, 4

local, 90

lowering operators, 232

matrix algebra, 57
maximal flag, 55

minimal polynomial, 29
module, 233

monomial matrix, 69
monomially equivalent, 69

nilpotent, 51
non-singular, 67

null design, 18

observable, 25
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operator algebra, 57
operator norm, 190
operator system, 193
orthogonal resolutions, 75

Peck poset, 231

Pliicker coordinates, 84
positive, 191

preimage, 23
projection, 26

quantum m-colouring, 75

raising operator, 232
rank, 4

rank symmetric, 231
ranked, 231

representation, 233
residual design, 19

resolution of the identity, 70, 244

restriction, 23

right, 39

root spaces, 32
root vector, 32

Schwarz’s inequality, 196
singular values, 191
Sperner, 231

standard module, 138, 243
state, 193

strongly Sperner, 231
sub-multiplicative, 190
subdivision graph, 133
submodule, 233

symmetric, 62

Terwilliger algebra, 243

thin, 244, 246

thin relative to the resolution, 244
top, 45

trace preserving, 190

unimodal, 231

unital, 190

unitary dilation, 193

universal enveloping algebra, 231
unsigned Laplacian, 133

walk module, 135
weight, 237
weight spaces, 237
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