


Unitary groups



Hermitian inner product on In

ex,y> = § ñiyi
its

Unitary group : matrices A such that

(Ax
, Ay> = ex, y > Any

Fsb preserve length ?

ex -15, >↳g)= (Aca +y), A Glty))

(x,n> +<y,y> 1-Guy>+type> = CAN . An> + (Ay,Ay>
1- CAN

,g) +(Ay, >c)



So (An,y>
+ <Aype > = ( n, y> + <y,n>

Use ix+y in place of say :

- ic Any > + i (Ayr) = - icky > + icy,x7 .

If U is unitary , U*h=I ⇒ ldetlh)1=1 .



Constructing unitary matrices

1) Use an orthonormal basis

2) If H*= -H Cskew Hermitian ) then expert]

is unitary

3) If It
#
= -H and H -11 is invertible

,
then

U - 11th) (I-HI
'

Cayley transform
( H = - II-a)(I-145 )

is unitary .

4) Diagonal , diagonal entries of norm 1 .



5) reflections

Tao G) = v - a -d) <%¥ a
So I tr)=v if Cair) = 0 and

T (a) = ✗ a
over R

.

Claim : Ea
,
,
is unitary if lot I take 0=-1

It's called a reflection Hd has finite order.



If it 1 and P is a projection

(G-⇒P-I)H -AP-I)

= a-E)Ci -AP - a -2)P - G -a)P +I

but d- 2) a-a) = 2- a-2 and therefore

4- XP -I is unitary .



Neighbourhood of identity in H1n1
.

If U = I -1A then

I - U*U=(ItH*) (ITH) = I + It -11¥-11T¥

Hence UxI then H+H* 10.

If It 1-H*=o
,
then exp (H ) is unitary .

If HE - It & K*= -K
,
then

(HK -KH)* = 1-KY.lt) - C-HIFK) = - IHK
-KH)

18 M & N are nxn matrices MN -NM is their

Lie bracket , denoted IM.NL



A Lie algebra is a vector space V with a

bilinear map VN → V, denoted 1mm
such that

(a) MM] = - (MN) Jacobi

(b) (L . /M.NDI-fM.IN,4) + IN, /1.myy , o
identity

e.g. square matrices with lmtv-LNM-MNL-NMLMNL-MLN-NTM.IN/M
(M
,
N] = (MN -NM) NXM -NHL - inn + MKN



A derivation on an algebra it is a
linear map 8 in End (A) such that

SCAB) = SIA)B + ASB)
Note that

8 II) = 8 (E) = SCI)I * IS (1) =28ft

⇒ 8117=0.

Claim The set. Dht ) of derivations ofA is

a Lie algebra .

in Matron (E)

Example : SA : M⇒ AM -MA is a derivation .



Claim If L is a Lie algebra , then

exp (L ) : = { exp 1M) :MEL }
is a group. 1 A Lie group .)

A better (not the official ) definition is that

a Lie group is a closed subgroup of
Matron (E) ,



Gates A set of gates 1for quantum
computing ) is set of unitary matrices

that generates a dense subgroup fef UH.

What do want from T ?

- given a unitary matrix U , a short expression for U

as a product of gates .
- an algorithm for finding the expression .



Gates from controllable graphs
Leb ✗ be a graph en n vertices.
If S c. V81 with characteristic vector z
then (X, S) is controllable if the walk matrix

Mglxtfz Agn - A"j ]

is invertible .

-



Theorem If IX. 5) is controllable and z is the

characteristic vector of 5, then the Lie

algebra generated A egg is Mabn×nCR7 .
The real Lie algebra generated by IA e izz

'

is the algebra of a skew-Hermitian matrices.

Remark : if IX. 5) is controllable, the matrices

Aizg'A" (of i.jsn-n are a basis for

Matron (R) .



I - R - 21

Proof (of theorem ) let 2- =zj

we prove by induction on k that, for each k
the Lie algebra L generated by ARZ contains

Ak -iz pi
,

li-o.n.ie)

There are integers Cr such that

2-ÑZ = GZ

We work through the cases k = 0,1
, 2,3



(Keo) Z z

Cha) If 2- EL
,
so is AZ-7A and

[2,112-1] = 2-112--2-8) - (AZ- 2-A) 2-

= 2-Az - RA -AE -ZAZ

Here 2-1,2 = c. 2- and 2-2--1517. So 2-At AZFL

Therefor AZ & ZA c- L. AZ 2-A

K.is We have

AZ-AZA
,
AZA -ZA

'

=p A1z - 2-Are L

Then IZ, A'E- ZAY szÑz - FA' - A' 2-
'

+ ZAZZ and

so A'2- +ZAHL . Consequently .int we have : A'7. AZA.tk



Choi A 't -AHA
,
AZA - AZA? AZN- ZA? oh → AH-7A

>eh
.

Hence we also have

[ 2-
.
A>2=2-131 = 2-A} - ÉA }-832-2+2-137 → A>2- +ZAHL

.

T fore A'2- e- I → A ?2, AZA, AZA
'

,
2-As



Lemma If IX.5) is controllable , the Lie algebra
generated by IA & it is the Lie algebra of
all skew- Hermitian matrices

Proof Define the degree of an element of L

inductively
degree 0 : A

,
Z

1 : (A
,
Z]

r-11 : [A.✗I
, 17.x] , desCher

commutators of even weight are symmetries
.

those of odd weight are skew - symmetric .



It follows that the even -weight subspace off
consists of the real symmetric matrices , the odd-

weights give the skew-symmetric matrices.

Consider the Lie algebra generated by IA Riz .
Even weights are skew- Hermitian , odd weights are
real and skew- symmetric. So its the lie algebra
of skew Hermitian matrices



Theorem 1 Godsil, Severini] If IX.5) is controllable,
and s.to are positive reals , the group G

generated by

exp ( isAl, exp lit 7)

is a dense subgroup of Ulm.

Proof The closure of G- is a Lie group and

iA & it generate its tangent space . . .



Remark If u e- V00
,
then IX. {v3) is controllable

if & only if ¢ IX. f) & ¢H-v.tl are coprime.
So the end-vertices of paths are controllable ,


