


Graph eigenvalues



An algebraic integer is totally real if all
roots of its minimal polynomial are real .

An algebraic integer is totally positive
if all conjugates are positive reals . The

square of a totally real algebraic integer
is totally positive land conversely). The
totally real algebraic integers form a ring.

adjacency
matrix ¥4 eigenvalues are totally real. Laplacian

eigenvalues are totally positive .



Question (Hoffman , 19737 Is every totally real

algebraic integer a graph eigenvalue ?

Answer I (Estes
,
1992 ) Yes

.

Answer 2 ( Saleg. 20151 Every totally real

algebraic integer is an eigenvalue of a tree.



Salez : totally real
⇒ tree eigenvalue
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The generating function. for closed walks at
the vertex a in ✗ is

"

Calx, f) =



We use Ca
"' IX. t) to denote the generating

function for closed walks that start at a
and return exactly once.

constant
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Ca (Kz,6) = ¥ = 1+1-2 + 1-4-1 . - . .

We rewrite the formula
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Lemma ca
" 't) = ? ,¥%¥

Lemma Ca
"
I -1,1-4--1 ⇐ 0/1-1.11--0

Let a be a totally real algebraic integer
and define the rational function.

✗ A) =ñ

Theorem Isated Let F be the smallest subset
of RI that contains 0 such that if on,odeFYB
then V1(a) + "1-✗(g) C- F- Then F- = ④ (F) .



https://arxiv.org/abs/1302.4423You're referred to Salez ( ) for

the proof.



Tridiagonal matrices



Lemma Assume the polynomials f- Ig are manic and

coprime and deg (g) = deg(f) -1 .

There there are

a.be R and a manic polynomial h such that

f- (t ) = (f- a)gct) -bhlt .

If g interlaces f- , then b > o and h interlaces g. ☐

Recursively, we get a sequence of pairs (ai, bit
Define

1- = Yi !:b:|0 . . . ☐ A
"

An



Then

detltIT) = ft - ao)got - bohA)

and
,
if g interlaces f , then bar . ,bn, > 0 .

If f is even
, ao = . - = In = 0

.

Conversely if T is triaiagonal , as given ,
then its eigenvalues are real & interlaced.

Theorem tf o is a totally real algebraic
integer, then some integer multiple if d is

an eigenvalue of a tree .



Proof let ✗CD be the minimal polynomial of it.
If yet> is even. set gal. Otherwise ✗ft ) & ✗A)

are coprime (Exercise) and ✗A)V1ft ) has only
simple zeros and we set gas-YANIC-b). The zeros
of g-It, interlace the zeros

ofg and we can

construct a tri .diagonal matrix T with

zero diagonal & with 0 as an eigenvalue .
The entries of T are rational, so there is an

integer m such that S=mT * an integer matrix.
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Then S is diagonally similar to an integer
tridiagonal matrix R with Ri.io, = 1 for all i.

a of
' "

bas boe.br,

R is a quotient of the adjacency matrix of

a
tree



Laplacian eigenvalues



The Laplacian D-A of ✗ is positive
semidefinite

,
so all its eienvalnes are

non -negative .

Lemma The eigenvalues of the Laplacian. of

✗ are totally positive algebraic integers.

Question Is the converse true?



We note some properties of Laplacian
eigenvalues

a) Ang Laplacian eigenvalue is a graph eigenvalue.
(2) We have

LCX) ☐ LCY) = LCXof)

and thus the sum of two Laplacian eigenvalues
is a Laplacian eigenvalue



(3) An eigenvalue of a graph with maximum valency
k is an eigenvalue of a h - regular graph . If ✗
is k - regular, KI- AH) = LH) and so if 0 is
an eigenvalue of a graph with maximum valency h,
then k-o is a Laplacian eigenvalue .

Since -0 it an eigenvalue of ✗✗ Kz ,

we deduce that k -10 is a Laplacian eigenvalue too.



An algebraic integer O
'

is a Perron value if
,

for each conjugate p of 0, we have telco.

Theorem (Lind) Every Perros number is the

spectral radius of a non-negative integer
matrix.

Hence each Perron number is the spectral
radius of a digraph .


