


Periodic quantum walks



The state of a quantum system is given

by a density matrix , a positive semidefinite

matrix with trace one . (for example,
if 11×11=1 , take xx*. )

The evolution of the continuous walk on

a graph ✗ is described by the unitary
matrix

UCD = exp ( itAHD , Ctc)

If the initial state of the walk is D. then

Dlt ) , the state at time K, is UCHOU
1-ti
.



If we have the spectral decomposition
A = for Er

then

Uco = §either Er
and

D. ( t ) = { either
- Od
f. D.E,

r
,
S

Note : D= ZEROES . The eigenvalue support
V, S

of D is the set

{ for, Os) : EOE, -1-0} .



If ErDfs -o , then -90€ =0. Also, if G.Of,$0

then €0KHE -1=0. So Ero Er ← ⇐ 0%0"Er -1-0.

The eigenvalue graph relative to 0 has the

eigenvalues or Shah that Erber# o as vertices.

Its edges are the pairs in the ergenvalue

support of 0 .

A density matrix is a pure state if its rank is one.

Lemma If D is a pure state . its eigenvalue
graph has just one connected component,
a clique .



Proof If D=zg* then frog = Erzlfsg)* and
so EOE

,
to if & only if both Erz egg are

notzero .

Lemma Let f be the Galois group of the spitting
field of 01kt) . If 0 is rational, f is

isomorphic to a subgroup of the automorphism
group of the eigenvalue graph of D .

D
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The ratio condition



A state D is periodic if for some 1--1-0
,

☐ (f) =D .

As Oct) = action ft ) we see that 0 is

periodic if 8 only of D and UIH commute.

Theorem suppose D is a periodic state for
the walk on X . If D is real and

(Or
,
Is 1 , Cdh , %)

lie in the eigenvalue support of 0 and h -11,

%÷e c- ④ Ratioconditions



Proof We have D= Dlt)= ⇐ either -0s> E. pfs
By hypothesis , 0 is a real matrix . Further,
the idempotent, Er are real . As

Ehofe =I eitltr-%1C-hq.DE, f,
V. s

Chile ) Genal
= eitldri -del Ehof, / support

and therefore either-0A is real
.

Hence eittha- de )=± ,
,

go, e2italk
- lol
=\ and tan - ie) = mise 'T .

The theorem follows
.



There is a second case where the ratio

condition holds.

Theorem 18 Do is algebraic and 0, = Do A) is

algebraic , the ratio condition holds.
Proof

D
,
= @ either -0s

'
ED E
,

r,s

since the eigenvalues of ✗ are algebraic, the spectral
idempotent are algebraic . Therefore either -0s) is

algebraic .



Hence

fit con - Oi)%n÷ = eibcor -on

and so ✗
B =-3 with a.pi algebraic

Gelfand. Schneider : If a -1-0,1 and p is algebraic
and d is algebraic, P is rational



Using the ratio condition



We have D
,
= § 0

""""
ErDfs . Here the

idempotent Er are algebraic . If Do is rational

and ref
,
then

(Er D. fÑ= ETDof?

and Er? EY are spectral idempotent of ✗.
Therefore the eigenvalue support of Da is invariant

under the Galois group of the splitting field
of ①Ht)



The eigenvalue support of the vertex a in

✗ is the set of poles of

¢#a .

dcx.tl
'

equivalently, it is the set ofzeroes of

QQ.tt/gcdC0lX,tI.CCX-a.t)



Theorem Suppose the continuous walk ant

with initial state P is periodic. If 0 is

rational, then all eigenvalues in the eigenvalue
support of 0 lie in a quadratic extension

of the rationals.

Proof Assume 10
, .de ) lies in the eigenvalue

supportsof D & On # de .

If lor
, ) c- S , then

%÷÷e ☒ *,

we prove that (on -0%-7 .



From (#) :

IT %j÷=oe
Corals)

The product IT her -0s ) is invariant under ?
Cor, Rs)

therefore it is an integer . Therefore

01%-411" ER and 10h -def" c- Q .



But coz -Oef
"
is an algebraic integer and

a rational number . Therefore it is an

integer.

YCD e- tdaa
,
1-
d-'
a.→ ad , 0--14 → pd + gla, pot! .-

*aagd")\ 'min poly of a
Set n --151 . Then on - re is an n - th root of an integer

since in -Oe ER , it can only be a square root . If

or - de = V5 ,
then Or -Use ④ 1€) ) .

So or - Do = mrÑ (r=1, -..) and since for C-7
it follows that oof ④(A) . ☐



Corollary If Or , as lie in the eigenvalue
support of D and or -1-0, , then her -0,171 .

lemma Assume D= eaei and let e be the covering
radius of a .

Then the size of the eigenvalue

support is at least e -11 .



Lemma The covering radius of the vertex a

is less than the size of the eigenvalue

support of q .

Proof as the eigenvalue support of a is the set

of non-zero vectors Enea
.

(a) The vectors Erea each lie in span { A "ea : too},
the form a basis for this subspace .



(3) If p is the covering radius of a , the vector

ea . Aea , . - , Alea are linearly independent .
vectors in span {Area ::kZo}.
(The sequence of sets (A+IYea Costs e) is

strictly increasing .) ☐



Theorem The number of connected graphs that

contain a periodic vertex & have maximum

valency at most k
'

.

Proof

Suppose k is the maximum valency of X. Then
all eigenvalues of ✗ lie in the interval thin] ,

ix.hence ISIS 2k -11 and therefore the covering
radius of a is at most 2k

.
Hence NAH is

bounded by a function of k.



Question Can we replace
"

maximum valency
at most h

"

by
"

average valency at most k
"

?


