


Commutative algebras



Theorem. Let it be a commutative algebra
over an algebraically closed" field

.
Assume

that if Ned and N2=D? then N=0.

Then it has a basis of pairwise orthogonal
idempotent.

a) We can make do with less - e.g. if the matrices

in Ct are symmetric , Ri willwork .
and symmetric

a) If N is realµ N'= 0 ,
then N - O

.

1 The jargon is

that it has no non-zero nilpotent elements. )



Proofof theorem (Basically an easy exercise
with primary decomposition )

en If Ae it then all eigenvalues ofA lie in f-

and so we have the spectral decomposition

A- § or Er

(2) If 8 c- it and D= ? -4 Fs , then the distinct
non-zero products E. F. are pairwise orthogonal
idempotent and their span contains A & B.

(3) Induct. . .



Example : strongly regular graphs



Some strongly regular graphs :

(a) mkn i m, n > 2

(b) Llkn )

(e) Latin square graphs



Algebras & automorphisms

let ✗ be a graph with diameter d. Hatred,
the r - th distance graph ✗r has vertex set VCXJ
and vertices v.v are adjacent in X, if

distxcum-r.se/-Ar--AHr7.fo.A,--AeAo=I.IfdiamCX)--z
,
then

Az = A (F) ,

The distance algebra D is (Aa , As , . . .,Ad >.



If the permutation matrix P represents an

automorphism of ✗ I i.e. , PA = AP) , then
Pe Ant (Xp ) and PA.rs ARP.

( automorphisms
preserve distance )Therefore P lies in the

commutant of @ .

So :

D big ⇒ AntA) small

Aub (X) large ⇒ D small



We choose to measure size of D by
dimension

.
We have

d-il s dim (D) e ni

(a) If dim (D) =ñ
,
then Ant (X) =D

(b) If dim (D) =D-11 ?



If dim (D) =D-11 , then

A; Aj e span {Aoi -mad }

and so AIA; is symmetric & A;Ai=AiAj .

As far =J we have JED and JAFFE

Therefore ✗i.→ XD are regular.

Formally , {✗, . . d) form a symmetric
association scheme with d classes

.

( and D is its Bose -Nesher algebra)



If d--1
,
we have ✗ ← kn

If D= 2
,
then ✗

, &Xz are strongly
regular graphs (✗2--8) .

(If d > 2 . . . . we don't care. )



Strongly regular graphs
A graph ✗ is strongly regular if there
are constants k, a. c such that:

A2 = KI-iaA-ielJ-I-AT.tt
So ✗ is k - regular &

|A-ca-dA-ck-c)I
-it

In ,k,a, c) are the parameters of ✗



Exercises

11 Compute the parameters for Llkn) and the

Latin square graphs .

2) Determine the eigenvalues & their multiplicities.



Eigen things

(a) I is an eigenvector with eigenvalue k .

(b) If Ezio and z is an eigenvector, evatt,
then Jz - 0 & so

0 = AJ - la -e) Ag - Ck - e)z
= (n - ca - c)A - (k-a)g

⇒ 2 is a zero of 1:'-(a-c) E- (k -c)

\
Ela - ct-Nla.ci#k-c) )



Denote the zeros
of B- (a.c) t - Ch-c) by

0 & T
,
Ms 0 [ = C -ks o , we assume 0 > o

and [ a- a.)

A strongly regular graph is primitive if✗
and I are connected .

If l : = n - l - k C valency of E) and✗ isprimitive,
O < k

,
- I- I <I ✗ k- regular, ✗ is

connected if he is

a simple eigenvalue .



Spectral idempotent of A- are polynomials
in A .

So

Eo = I -1pA -18A

Hence

(a) Mo = tr (Gg ) = no ⇒ ✗ = Mnd

(b) sum /EgoA) = nkp
sum (Catt) = % 1cgA) = trfofo ) = om, } D=

"

(c) Eo = (-0-1) Ep

nine -48 = sum /Ae Eo )=trlEoA ) = - cationg) 2=-2%9*1



I :=n - l-K

Eo=m£(I+%A - A)

Now Eh - n÷J=h-fItA+A ) and

Eh - Go -16, =I . So :

Eo En
,

= d- (I + A + E)

E± to = THI t -0nA, - A)

Ez E. = ? I ?A ? A)

i-mq-mq-njh-omoa-mq-dil-CO-Dmo-f-Dmrs.ae



Lemma
. Any two vertices in a strongly

regular graph are cospectral.



1/11/21
2×2 submatrices of idempotent

Eelam =

{Flo!
"

;) , u -u ;

msn.fi#-F/.uxv.u-i-v. { an invertibleMng /
' Elk

Eqluir) = { , ) , nav if✗ is

% primitive

e

⇐ f. %) u-iv.nu


