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1. * Introductics. For a fixed integer n > &, denole by V  elther the

st of oY oW n hormitcan patrlces g:zﬁ_;g.lta_!_::'paﬂﬂr,.md pore rcu!trictmlly

the get of 2ll u ¥ n- recl gy=metric ::rtriﬂ?s, In ei.:hf:-r caae. ":" 15 &
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Tinenr ppace ovel il rool mishars os 1:3.._::'5 u-:d it 1= musl iiﬁm 11‘ the
. _ hn- b
inner produch {1} 7V ef Swo elements _zj_-v._-;:-r_ ¥. is defined E;,"». the

frace of thedr product’ =y T ot wp L cas _
The therecieristic roote’ of ' metwix -x .V, ere resl, Tho zabwix
; o L £ . ﬂ.f! e ..
% 1s'positive definite if &) 1te charscteristic rogts axe posliive. It

FUTIRLI . .
ig - dafinite if oither = or =x 1s pasitive definite. Albtemmgtely, =

is defihite 4T {he lmrzifesn (o= q;.draﬁj:} form i: X § ppishes caly iF the

wes

vector EE s P R A Y N SRIRIAG ELITELOET L it

'""be posion af definitengas’ chn hEW,EItEﬂl:..Eﬂr to the leins ‘tazh_v"-::r of
i
tuwo or more EetTives: or wather to t.l-.ﬂ lipe=x Euy..,;ﬂce ol W E}s._w--i by the

patrices wder considemmtlon. Two atternotive chodces present the.a::s-vm
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. A ltdeer suibspoee L oocd Vool ocalle pc:s._t.iw m*’inite i contains

T mopesttive 2 erindbe dmArEros ool i

II. A& Xirezw sdbamce Lo oof -~ Vooie callsd ;aﬁ:.tl:,r_:-.’leﬂnitg..ﬁ the hermiiern
- £ ool g

CipusdTatic] Tonus 'f IE saaigh slmitpneoualy fa:n 1._'1 x= L poly
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for nw=2. In the case p w2, the problem of joint definitencss 1o
related to the similtaneous reduction of ths matrices in L to disgonal
Tom end hence to the commtativity of these matricea. This rela*fisn wvas
cbserved by O. Taussky Todd and motimmted the results wvhich ere te be
presented.

The relationship betwesn I and II is investisated for all values of
P both In the hemmitean and in the real eymmeiric case. To carry through
the discuapsion in these E_ﬂmi- sizultanecusly ﬁ;' fuacticn f 48 intro-
duced by ;

. ] - :ﬂm hermitean case; . L
(1.1) flon = kgl | :
' £{rf % ir{ri-’l} :Iﬂ the real symmetric caosa.

¥ ; dlm:nﬁmn
ﬂthtﬂumﬂdmwmwthntmﬂthrmathﬁm of the .{-«L@H

l4near space ¥V iz equal to fin).
A stronger eondition than that nrpmstd: by IT 1o needed:

Dofinition. A linear subspace L of ¥V 16 sald %o be Jolotly definite
of degree 1, L :_T!]r, if

T . . /ﬁ"
-.. B, :
|I:thrt1-1:r for each x @ I cimultanecusly, . p“;yj

izply that each vector !1 = 0
Tt 18 evifent from the definition that
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mpmd.ln.gmth::-ﬂimaaim p of L t&aqmnyheweena_'ﬂ

gl '_n.m'.l. T2 ocours for wiues of » ml.lurt-hnn Be

Defindtion. L-a]ﬂ () reap. R g g :T.l e8P ana a;r.nu.‘!- P-
E‘nrm::h Ir,i-r:p-::r{n] ve have i

(1) D 0P 2. 23D = BR aaa

Theorem TI. For 14-1:{11-1,!-:::9*-?1{:1] 1,.'
: m‘:l .
¢ ]Peammmimmn pff[rﬂ} :.n

fﬁen secticn l far the p.rm‘.!' )

'_ Thie theorem can be stated alternately in ﬂ'rui'ﬂfrlwing frichs
Cmerm I et 1srgad, paea) L)l 0
Given any matriczs Bys Oy seey a, ia V which are jolntly deficite of
degree x, then s lnear combination of thfsgmatrices 15 popdtive definito.
Thern exiots Bq, 8,5, «vay By © ¥ which are jolatly E.u:l‘initrn of degree
r and yet no Iinexr canbination of these matrices is p:ait:i.\ra definite.
{Except for the zero mirix, no linear ecmbina o 1o ever pooitive semi-
dofintte. ) ' _ N |
The following tebles exhibit this threshold value of p fr:n;' various

valies ¢f r ond n.
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there exists & real linenr combination of the _n’_'u_uhin_h' 1'-: positive
definite. . i SR |
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2. Pouivelent dstinttion of TH. znd TP. A mtrix. € 1o posttive seml-

 Qefinite of yamk £r Af and only if e g

aw :[.-l 1“'!*

wnditis:n Iii;::fi-u mcqulw_mhtn !r:l:a-ﬂ, i1.e. x and a

: gre per_ptm&ic:ﬂ-‘:.r tg each other in the sucifdean space V. Thus

{E.‘I} L t]’ﬁ if and nn.'l.r ﬂ ratt cuntniun no ;:::litiw pemi-definite

ml;ﬂ.:utra.u: -:r me,pf.thn urum-b.n‘.r
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(2.2) Le TF i1f and nnl;r' if K= I.'L ::mtnj.na no ;p-uuit;w a_mi-ﬁnfinitn :

ut.:r!.* f:::t:r:pt the zero matrix.

. ‘.l:i‘ L& f[P t.he_-l L :ﬁ} apd E mntma no Do Zero W-}i‘hiﬁ gomd -dafinite

matrix, t:ar.-rar:a.r, eiven aw:ha 'K, there-exists a E'- - of :!;!.m&n&!‘.an

i f{n)-1, K} 2 K, and such that “E" containa na noa Zero positive peal-definite

matfix. (T=e set of pnﬁiti'm gezi-definite matTices iﬂ- a closed convex cene

fa 7T4.) Iet 1 be the 1inear space perpendieuiar to K''» Them L' €L
.

. and 1' ic one-dimemsicoal. Ied &6 L', nto. If a ia not detinit

.ﬁ‘meﬁﬂﬂﬂm i Eul.‘:htilm“ Ej;{} and fl'g,'iuu_ Thl'.'m‘i:-'ﬂ.‘ﬁ'._
E‘_E‘ g%’ cod woniide 4 0 and pcuitivﬂ ﬂe:l_.-def" b,

" The :;;.-*m of Mipnwes T 4D B umgpatl,ﬁmn of {2. E] and (2.1} for the =se
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kg, "‘M et r be an integer, E"'E T <n-1.

3 LI'I:-: ::rmi' of The::r:m IT. .E;rmms of the a.l'l:-t::mtu definiticns glven

:I.n nncﬂm 2, m:d I'Eplu.cing ™l by T, m:nren'ﬂ'wﬂ_l.-be proved if we can
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- Iheorem IV, Given r, k such thnt B<r<a, f;ﬁ'ﬂn} - 1'{:.-]

~ there Eﬂﬂ‘tﬂ & Linear nul:a:pama uf v ar ﬂ.i.mnﬂun k L‘!ﬂich =unta2-_~. a
pns:l.tim semi-dcfinite matrix n.f mack oz, _'h-1..1.- nene of m=allex r:.nk ex:ept

ZET'0.

Theorem V. et K bea k-dizensional iinen_. subogece of ¥ wh;.:h contains

a positive sent ﬂefinite matriz £ Q. 1t X > f(n) - i)+ 5, o+, 1,
- 2<r<n, then I _tontains a.puﬂit:iva sexi definite mtr:l.x ;ﬂ 0 of raak-

I"‘-'I'*

If r = B, ‘hn'hh thﬁﬂ:‘:ﬁm a:;,t nhqi-::-us alad Izen.,a- we ..'h.u.J.:L ms.mutn.ﬂ- ;
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let K be the lineny
B

Epace of all oatrices x 1n K ui:liu:h ATS n:l'the form

’ 0 qi_’"_u}ifjj .
.I- & T & S ._._' .
x= | o i
v |a 8 R S
A AL e S
"..‘-I ] __..l""llr__,' ...-":_; A 2 i

1& -,hﬂ dleneite in the shadad sreas are m.Lt-nr';.*, ui.b.;uct. te the

r:u::.iita-.,n that x & ¥ ond to the :m,'.ti:tr t‘.:r. tho “rncn__.q,.;.ffn;-"if of x



<7

huaquu.ltn n:h The:!imﬂnamnﬂf E i qu.:l.ﬂ.l to - o) ~ ﬂ*‘] For any
: pnnit.h.rrz- semi-delinite matrix x € X, x £ 0, the trace of x 1s positive

FEGAH el e it Al 2k 04 oottt vie fodoatobe and nonce

A\ positive. This iuplles thet the ramk- p(x) 1a at least equal to 1.
; Semi=- i *
- Floelly, the lineor gpace K contelns theﬁdni_:nitn motrix.

o

'I-rhnrn ||.l|. = 1 -r « This utr.'l.-: in ::-.1.' :nr.k :,. exnd :r.u p:rniti-.re ae.-ltrd.e*‘in_ta.
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5. Tun lemmns.

Ieamn 1. 1ot 2 <r £ a1, k > £{n) ~*|:rJ+ L u.-u.n K ﬂiﬁ.'l.mmﬂnml Ltnear
oubspace of V, whkich r:mt.uinn & positive ueﬂ-dr,-rin.‘ltc metrix o of renk r.
Then E coatains elther i?
{1) an indefinite mntrix of renk <1, or

'{E] ﬁ positive nmud&mita matrix g 0, n-f. ;;m}; <P

Froof. We oay 23 well assume tha* the matrix & is the cabrix
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bas dimension f{r} + 1. (The pheded area. in n.:ﬁ:ltm.rr } E:I.nun

k2> f(a) - #(z) + 1 the intersection K A L 1s et .'r.nl-t two-dimensfonal.
Toare extsts thus o mtris b .'nn H n L uﬂch i.s 1L-.m:1;r indepandent
ﬂm the mtrix a. Let (L Bor «+¢ Pes ‘3 q..;,'ﬂ- .hﬁiu choTacteristic

values, vhcre the ﬁi'n ATe oo meluﬂ that p, > pE > us > F’r‘ F.::- 0.

The.-m‘r"' =b - e bas the r:hn:metnriﬂtic mt:n '
b"r‘E I,li-i ‘F 1.1-'.1-':‘1. ||-'ﬂ - -
Eitues g, o=

=0, satisfies thu r-nquirmmn of 11.13:.-1 :-
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Lenmy 2. Let tf:r-:n,kz-rl:n]-r{r}a-i and X nk-ﬂnm:lulml
.unmnuhmuac-r Y. Lot It be the nuhun nr I cnrultsting of all
x.e E, of norm = 1, and of rank <. Then X, :u.m:.mtimlr coanected,
$.00 if A= -.ﬁ.,n--nmummuuu Au 3= 1:1,:. HB ﬂ then

: _B.t‘-'.‘ha:' A or B iz m:l.d. !

Pmnr Iet A = <A be a cloced subget ufthaclmedmt E;+ Denote
'l.-ry E{.&} the set of ml} idermotent zztrices: e ‘in V of rank . (n-r) for
Vhieh there existe an & @ 4 auch that ae w Q. '.i‘ha set E(A) 1a evidently
dlosed. Vo, = |
- Binllarly, 3f Ba-B s & closed subset of X,, then E(B) is closed.
Frem the definition follows E(A) v E(3) = E[El:l
: - lek . e .‘bemaridenpotmt mtx...: in ;¥ n.f::-ank {n»r] o The lineas
EI. {xf-xl‘h* :e-ﬂ'}, h.a.hnr-?.flnﬂmiﬂn I{r} Einca t}:(n}-f{r}+1
the int&rsartinu of this Epace ;:" &t least me—dimmaimnl Fu.rthemm,.
the rank of x 15 <3 If xe w 0. This shovs that E(K,) 1s the set of
all idespotent mtrices in ¥V of rank (a-r). " This set 1a comnactea and
hence either E(4) 41a vold, or E(B) 41s "mid. or E(A)} A B(8) 418 non void,
If HA) 4& void, thes A is void slace to each x of rank <=,
there exictas an ldemprtent nrtiﬁcﬂrtﬁm xa = 0. If ‘E:[_H} iz volid, then
sindarly 3 must be void. AN
If paither A; nor- 3 are miu.then E{A} n E(B)} dis fen void. This
15 fzposeitle 12 AR = g . Indeed, let e ¢ E{A) N E(E), and let
t-EA,'biB be euch that ae nbe o 0. Since A = -ﬁ,,ﬁ.ﬂ Bep,

Hejl = Hb|] a i, ike mstrices =, b mugk he .'.I.:I.:.r_q:l:;u- *“"nyzn::“-rl..

Consider the eircle € of mdlus ooe which pm:an::. :hr:m.gh a end b. For
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any. ¢ C, e = O, heace pix) <z a.n.d.nhvimmlr' x € Ky, Thua

C{ AU E endthe iatersection A A B could not be woid.
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6. hwﬂf'mmrmv. It 10 & eimple mumunatﬁ’d'lm1aqd-ﬂ.

é Let E-f:r-:n-‘f_.n:dl-:t ¥ be & X-dimensional linear subspace of

v yhin'h-:nnt..!.mnmuitiw semd - d?in.u.e n:tr'._:___u. of renk :..M:n;nf,
Farthemmore, that k> f(n) - £{z) + 1, Apply leoma 2 to the set A of
:llllln:trlccﬂ:[n Hj-|:|r.|"::ul:t.*'m.'lj,I semi-definite of rank < roand B the

LNy -

closure of tha oet of all matrices in X, of norm 1, and tadefinite. By

essmpticn the pet A 4 nom votd.
ey unmwiﬂ,thuinterﬂmiﬂjuh AR B is non void. Any

T

:ugnn unmﬂ.-&:rmu,,l-u, mt{r-_.__ : :
Uz s voud, Tama 'y mmﬁ'mﬁ eciste in’ "-“"“"““ o

miﬁtmmtﬁx,gﬁu,nfmh-:r. cmpletmthnrmnfﬂrmrm?.
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