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Sandpile model
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Figure: (LEFT) Depiction of the initial supporting structure yi°!, the density rate
of poured material f and the location of the subdomain g, where the material
should not accumulate. (CENTER) Final resulting shape at time t = T for the
material with a very flat angle of repose. (RIGHT) Optimal supporting structure
¥4, which coincides with the final growth shape y* at time t = T given that no
material is accumulating anywhere.
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Optimal Control of a Quasi-Variational Sweeping Process

Let o > 0, f: (0, T) — RN non-negative and a,y{)‘af € RN be given.

T

o . . g re re
minimize J(y,y0) = [ a7 (y(e) - yo)dt + 5 (30 ~ ¥5)"(30 — ¥5)
0

@ y solves QVI(yo)

—y'(t) € F(y(t),y0) := Nicoty().9o) (¥(1)) — (). (QVI(yo))

eyeV:={vel?0,T;H}Q)):Vv € L?0, T; H1(Q))}
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N
Note

@ Convex set and nonconvex
set.

@ Normals to convex set.

N(X; C) =

{veR" (v,;y—x)<0, yeC}
if x € C,

N(x; C) ‘= () otherwise.

N(Z; epi f)
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Optimal Control of a Quasi-Variational Sweeping Process

Let o >0, f: (0, T) — RN non-negative and a, y;*f € RN be given.

T

L o . .
minimize J(y,yo) := / aT(y(t) —yo)dt + E(yo — yoer)T(yo - yoer),
Jo

o y € KP(y,y):={z € H}Q): Vz|p < Mp(y,y)}, ae. in (0, T)
@ The operator M,(w, yp) : 2 — R is given by

a, if w> yo;

Mp(w, yo) := {

max(a, ‘v)/O’p)a if w= Yo,

where oo = tan(6).
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Existence of optimal solutions

Theorem

The optimal control problem (Py) admits an optimal solution.

(Mosco convergence). Let K and K, as n € N be nonempty, closed, and
convex subsets of a reflexive Banach space V. Then the sequence {K,} is

said to converge to K in the sense of Mosco as n — oo, which is signified
by

M
K, — K,
if the following two conditions are satisfied:

@ For each w € K, there exists {w,y} such that w, € I,y for
n"eN cNand wy = win V.

@ Ifw, €K, and w, — w in V along a subsequence, then w € K.
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Discrete approximations of feasible solutions

Given any m € N:= {1,2,...}, consider the discrete mesh

-
T/\/l—{O,TM“..,T*TM T} TM_M,
on [0, T] and
YM*yMl
vy}’ € KP(yo.y}") ‘ (J TMF ij»Vij> >0 (QVIY(yo))
RN

for all v e ICp(yo,yJM) with the discrete time j = 1,..., M and the rate
discretization

f/ :/ f(tydt j=1,...,M. (1)
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Discrete approximations of optimal solutions

The discretized quasi-variational sweeping process
M e yM M M )
yj' €yil1+TmF(yi"y0), J=1,..., M,

where the feasible discrete velocity mappings FjM are defined by

F_[M(Y7y0) = _NICP(y7yO)(y)+fJM, J: ].,7,\47
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The discrete version of the optimal control problem (Py)

Problem (P}). Given o > 0, a nonnegative mapping f : (0, T) — RV,
and vectors a, ygef € RN, consider the discrete-time optimal control
problem:

minimize y Yo) ZTM a yJ >+ Z<YO - )/Er)ef Yo — y]ej>
N.
over yo,yl,...,yMeR ;
subject to y = {yJM}J’\il solves QVIN (yo),
yo € A.
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The discrete version of the optimal control problem (Py)

The dynamics constraints can be written in the quasi-variational sweeping

form
y(tM) € FM(y(tM),yo) forall tM € (0, T),

the control constraint yg € A is expressed in terms of the set
A= {Z S RN } yBef + X <z< yBef + )\1},

where Ao, A1 € RN with 0 < \g < A1, and the hidden state constraints are
given by

— (Mss(y(£),¥0)); < (Dey(t1)); < (Mo (y(£'). ¥0)),

withi=1,...,N, k=1,2,and j =1,..., M, where the mapping M, is
defined above.
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Tools of Variational Analysis and Generalized
Differentiation

@ The (Painlevé-Kuratowski) outer limit of F: R" = R™ at X

Lim sup F(x) = {y e R" [ Ixc = X, yk =y : yx € F(x)}

X—X

e The (Mordukhovich) basic/limiting normal cone

Ng(x) := Limsup [cone(x - I_IQ(X))}

X—X

o The coderivative of F at (X,y)

D*F(x,y)(u) :=={veR" | (v,—u) € N((X,7);gph F)}, wueR™
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Tools of Variational Analysis and Generalized
Differentiation

o Let ¢p: R" - R := (—00,x]
dom¢ := {x e R" ‘ o(x) < oo}, epid = {(x,a) € R+ ’ o> p(x)}
o The (first-order) subdifferential
Op(x) :== {v e R™ | (v,—1) € N((x, ¢(X)); epi ¢) }
@ The second-order subdifferential

P*P(%,7)(u) == (D*0p) (X, V)(u), ucR"
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Second-order computation for the discretized QVI
sweeping process

D*F(y,yo,w)(y) =

J {< p 1;A V38k(y: o). >—Vyg(y,yo)*7,0>}

A>0,—Vg(y,yo) \=w+f

dom D*N,Eoc(%yo)(y, w+f)={y|3IA>0 such that
—Vg(y,yo)\ = W—i—f,/\f((Vg,’((y,yo),ﬂ =0 for I=1,....2N, k= 1,2}
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Explicit necessary conditions for discretized QVI sweeping
control problems

Theorem

Let zM = (yM ¥o) be an optimal control to the smoothed problem (PN).
Then there exist dual elements (AM, o M pM) and ¢ € N4 (yo) together
with vectors 77]’-"‘/’ = (nij, . ,775,"65-) eRNasj=1,...,M, k=1,2 and
M = <fnyM,...,*y§,"\Z-) €RN asj=1,...,M—1and k = 1,2 such that
the following relationships hold:

e NONTRIVIALITY CONDITION

M

M kM M

AM i+ lle I # 0.
j=1
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e DYNAMIC RELATIONSHIPS forall j=1,... . M —1
v/ -9
Jr
e ZZnMVMgkijyo)
M k=11eI(zM)

M 2
Pty —p} )\ TaT
— - (Va0

™ k=1 I=1
kM (<M =
—ZZVU Vyj’.\/’gk(yj' :¥0):
k=1 I=1
2 1
—fW Tal - Jo) — —1 =
(TaT +0¥o) + - ;IZ;U/ \ENACHETY Y
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Explicit necessary conditions for discretized QVI sweeping
control problems

® TRANSVERSALITY CONDITION

2 2N

k=1 /=1

o COMPLEMENTARITY SLACKNESS CONDITIONS
M kM
8i(¥;",¥0) > 0= ;" =0,
[gli(ij’yO) >0 or 77//;/\// = 07 <Vgl£(y_/M’yO)v *pj\j-l> > O] = V/le = Oa

[81(7)".90) = 0. 7" = 0. and (Vel(§".50), —p}1) < 0] = 7§ >0
forj=1,...,M—1,1=1,...,2N, and k =1,2.
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The necessary optimality conditions for the nonsmooth
perturbed sweeping process

Furthermore, we have the implications
(¥} ¥0) > 0= M =0for j=1,....M—1,

gl (YM.50) >0 =nf =0 for I=1,...,2N and k=1,2,

M > 0= (Vg, (¥}, %), —p}{1) = 0.
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Mobile robot model

@ This model was introduced by Ramdane
Hedjar and Messaoud Bounkhel.
@ Purpose and model:

o The configuration vector

X = (Xl,X2,...,Xn) €R2n. §wm
° )?i(t') = ' Q
(I%/(£)]| cos 6:(2), %7 (£) | sin i (1)). N
o The admissible configuration set @S

Qo = {X: <X17..../Xn) €
R?", Dj(x) >0, Vi,j € {1,...,n}},

' Figure: Mobile robot model.
where
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Mobile robot model

@ This model was introduced by Ramdane
Hedjar and Messaoud Bounkhel.

o We define next:

e The set of admissible velocities
Vi(x) = {v e R?":

DU(X)+thU(X)VZO*VI< (§m(11
J, i,je{l,....,n}}. O
S(x) be th bile robot’s desired

° (x) e the mobile robot’s desire (?*\W
velocity, with s

Figure: Mobile robot model.
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Mobile robot model

@ This model was introduced by Ramdane
Hedjar and Messaoud Bounkhel.

o Define: @’“0
o We will involve the control function 4

u(t) = (ui(t), ..., ud(t)) € @

U, ae. tel0,T].

Figure: Mobile robot model.
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Mobile robot model

@ The controlled motion dynamics is presented as follows:

—x(t) € N(x(t); C) — g(x(t), u(t)) fora.e. tel0,T],
{ x(0)=x0€ C, u(t)e U ae. on |0, T]

@ The state constraints form
x(t) e C for all t € [0, T],

where C := {xeRzn\ (xl,x) < cj, i:1,...,s:n—1},with
, i=1...,s,

@ The cost functional
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Solving the mobile robot problem with two robots!

o x% = (-30,-30), x92 = (-20, —20).
e T=6,R=6,s51=3, =1, g(x,u) =|ul.
o U:={u=(uv',v?) e R?|ut =212, -3< 00
. { ( ) ‘ = C\
ur < 3} A

!Giovanni Colombo, B. S. Mordukhovich and Dao Nguyen, Optimal Control of
Sweeping Processes in Robotics and Traffic Flow Models, J. Optim. Theory Appl.; DOI:
10.1007/s10957-019-01521-y.

DAO NGUYEN (UM) Optimal Control October 29, 2022 21/29




Solving the mobile robot problem with two robots

o (i, 7%) = (3,1.5)

o x%(t) ~ (—30 — 6.36t, —30 — 6.361),
t €[0,0.38)

o x!(t) ~ (—31.01 —3.71t, —31.01 — 3.71¢t),
t € [0.38, 6]

o x2(t) ~ (—20 — 1.06t, —20 — 1.06t),
t €10,0.38)

o x2(t) ~ (—18.99 — 3.71t, —18.99 — 3.71¢t),
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Solving the mobile robot problem with two robots

8 -10
B!

-20

— (x11,x12)

730 -25 720 -15

x1

V

-15

200 -175 -150 -125 -100 00
1
— ul
1 2 3 4 5 6
4 5 6

Optimal Control

The final value of the objective function is

Solver IROPT (v3.12)
Solution time 11.7053000000014 sec
Objective 552394.546801417

Successful solution

Value of function eta(t)

552394.481987064
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Solving the mobile robot problem with three robots

Value of function eta(0)
20
0
15
-1 10
=
=
05
-2
00
-3
-05
0 1 2 3 4 5 3 0 1 2 3 4 5 3
Time Time
0 — woy0) Value of function eta(1)
20
-5
10 15 .
i B
£ :
B :
§ < 10
)
05
-25 i
-30 0] e
S0 s -m s -0 s 0 0 1 3 3 2 5 8
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Solving the mobile robot problem with five robots

y-coardinate

Value of function eta(0)

3
3

2
2

1
1

0
= 0
-1 B
2 2
3 -3
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Time
— x0.y0)

0 35
-5 30
25

-10
20

-15
S o1s
-20 10
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00

=30
05
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1 2 3 4 5 3
Time

Value of function eta(1)

0 1 2 3 4 5 3
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FUTURE RESEARCH INTERESTS

Current projects

@ Consider the general set C and second order necessary optimality
conditions.

Numerical method for random control sweeping processes.

Stochastic sweeping processes.

Optimal control for PDEs.

Lie algebra and Lie brackets.
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FUTURE RESEARCH INTERESTS

THANK YOU FOR YOUR KIND ATTENTION!
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