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Consider the optimization problem

min h(p, x) + ¢(x) (1)
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where
* h:RP x R" — R (locally) smooth and convex in x;

* ¢ :R" — RU{+o0} closed, proper, convex.
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xER™
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References: Bonnans/Shapiro (general NLP), Bolte et al. (monotone operators),
Vaiter et al. (regularized LLS).
Examples

* (prox operator) p := (X, \), h(p,x) := % llx — X||>: S(X, \) = Pxrp(X).

* (unconstrained LASSO) p := (A,b,\), h(p,x) = %HAx =0 o=|"lh-
By convexity
S(p) ={x e R" | 0 € Vih(x,p) + 0p(x) }.

Tailor-made for the implicit function theorems of variational analysis based on graphical
differentiation.



Variational analysis: normal cones and graphical differentiation

Name

Definition

Properties

Example

tangent cone

regular normal cone

limiting normal cone

T4(x) := Limsup, , #

Ny (%) := Ta(%)°

Na(X) := Limsup,_,; Ny (x)

closed

closed, convex

closed

=l



Variational analysis: normal cones and graphical differentiation

Name Definition Properties Example
tangent cone Ta(x) := Limsup, |, A closed

ﬁ
regular normal cone Ny (%) := T4 (%)° closed, convex L

limiting normal cone N (X) := Limsup,_,; Na(x) closed

=l

S:R" = R™, (%,7) € gph S == {(x,y) |y € S(x) }.
+ Graphical derivative (Aubin '81, Benko '21): DS(¥|y) : R"

v € DS(x[y) (1) <= (u,0) € Tgpns(X,)-

» Coderivative (Mordukhovich 80, loffe '84): D*S(x|y) : R™ =

v € D*S(x|y)(u) <= (v, —u) € Ngpns(¥, ).

= R™ via

R" via




Variational analysis: proto-differentiability

Observe that graphical derivative of S : R" = R™ at (x,) € gph S is (by definition)
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Observe that graphical derivative of S : R" = R™ at (x,) € gph S is (by definition)
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Definition (Proto-differentiability (Rockafellar ’89))

We call S is proto-differentiable at (%, 1) € gph S if the following hold:

VE € DS | 0)(@), {t} L0 Huw} — @, {2} = 7: 7 € SOFTHW) Z8 o oy

t




Variational analysis: proto-differentiability

Observe that graphical derivative of S : R”

= R™ at (¥, i) € gph S is (by definition)

DS(x | #t)(w) = Lim sup

t10, w—w

SGE + tw) — @

. V@€ R @)

vz € DS(% | 1)(®@), {t} 4 03w} > @, {z} > 2: z €

Definition (Proto-differentiability (Rockafellar ’89))
We call S is proto-differentiable at (x, ) € gph S if the following hold:

S(x+t — 1
WWCEN'
k

» Relates to semidifferentiability (Penot) which will yield directional differentiability

for our purposes.

» Graphical regularity implies proto-differentiability.

 Of is proto-differentiable at (¥, i), e.g.
and F € C? such that

,if f = g o Fis fully amenable, i.e., g PLQ

ker F'(¥)* M Ngomg(F(X)) = {0} (basic constraint qualification)

» For more (subtle) conditions implying
Sarabi (SIOPT 2024).

proto-differentiability, see, e.g., Hang and
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* N(x;11) C Ny(x) forall u € R".

Directional normal cone of A at x
in direction #:

Na(%; it) := Lim sup Na (% 4 tu).
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Semismoothness* (Gfrerer et al.):
i) ACR"semismooth*atx € A <= (x*,u) =0 Vu € R", x* € Na(x;u).

i) S:R" = R"™ semismooth*at (X,y) € gphS <= gphS semismooth* at
*y).

(Gfrerer and QOutrata '19): For F : D C R" — R™ locally Lipschitz at ¥ € intD, the
following are equivalent:

» F semismooth (in the sense of Qi and Sun) at x.

» F semismooth* and directionally differentiable at x.
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Letf : R x R" — R" be continuously differentiable at (7, X) such that f(p, -) is
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S'(p;q) = {w € R" | 0 € DG(p,*|0)(q,w) } Vg€ R

(c) If Fis semismooth* and the following implication is satisfied:
—(v,w) € Ngpnr(x, —f(p, %)),
0 = DPf(Pv ) ’ = ('U,ZU):(0,0),
v = Dy(p,x)*w
then S is semismooth at p.
(d) If S’(p;-) is linear, then S is differentiable at p.



The Mordukhovich criterion for regularized linear least-squares

Consider the regularized least-squares problem
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The Mordukhovich criterion for regularized linear least-squares

Consider the regularized least-squares problem
1
min A — bl|* + Ag(x) ®)

for A > 0 and g closed, proper, convex.

Let ¥ solve (3), i.e. i := +AT(b — AX) € 9g(), i.e.

1
0€ —A"(Ax —b) + 0g (%).
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Let0 € Dyf (A, b, A\, X)*w + D*F(x|it)(w) = +A*Aw + D* (9g) (%|i) (w), i.e.
1
- XA*AW € D™ (9g)(x|u)(w). (4)
By ‘positive semidefiniteness’ of D* (9g) (x|i) we have
0 < (w, —A"Aw) = —|lAw|* <= w€kerA
Inserting into (4) yields

0D (OEN @) PeS® _we D" (0g")@F)(0).

Hence
ker A ﬂ D" (0¢™)(u|x)(0) = {0} <= Mordukhovich criterion holds (5)
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ie.,ii = LA*(b— A%X) € 9g(%).

"See Goebel and Rockafellar (Journal of Convex Analysis, 2008) for a primal characterization.
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Tangible conditions for the Mordukhovich criterion

Example Let X be a solution of the regularized linear least-squares problem

1 2
min o [|Ax — b|[° + Ag(x),
ie.,ii = LA*(b— A%X) € 9g(%).

.+ (g* € CYY) Ifg* has locally Lipschitz gradient' at i, then

D* (9g™)(i1]%)(0) C 0(Vg™)(@)*0 = {0}.
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Tangible conditions for the Mordukhovich criterion

Example Let X be a solution of the regularized linear least-squares problem

1 2
min EHAX —blI” + Ag(x),
ie.,ii = LA*(b— A%X) € 9g(%).

.+ (g* € CYY) Ifg* has locally Lipschitz gradient' at i, then
D*(9g")(@[x)(0) C 8°(Vg™)(@)"0 = {0}.
« (Polyhedral support) Let P = {x | (pi,x) < B Vi=1,...,1}, and letg = op be its
support function. Then

D" (9g")(ulx)(0) = D"Np (|x)(0) = span {p; | i : (pi, 1) = f; } = par 98" (#).

We define the qualification condition

par8g” (1) Nker A = {0} (R).

Note: The condition (R) is (equivalent to) generalized LICG? for the dual problem of (6)

min Zyll* = (b,y) +1 st (A7y,1) € epig”.

See Goebel and Rockafellar (Journal of Convex Analysis, 2008) for a primal characterization.
20r partial constraint nondegeneracy



Towards more general results

Proposition (Tran, H./Sarabi, H. "24) Let x be a solution of the regularized linear
least-squares problem

1
innEHAxfbHZJr)\g(x), A>0 @)

with 1 = %A*(b — AX). Assume that g is in either of the following classes:

3See Bonnans/Shapiro (2000)
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Towards more general results

Proposition (Tran, H./Sarabi, H. "24) Let x be a solution of the regularized linear
least-squares problem

1
innEHAxfbHZJr)\g(x), A>0 @)

with 1 = %A*(b — AX). Assume that g is in either of the following classes:

(i) (C2-cone reducible conjugate) epig* is C2-cone reducible®
(i) (PLQ penalty) g = 0p g with

0p p(y) = sup {(y,z} 1 (Bz,z)} , B >0, P polyhedron.
' z2eP 2
Let x be a solution of (7) such that (R) holds. Then the solution map
FA 1 . . R
(4,5, 3) > argmin ~||Ax — bl + Ag(x)
X

is locally Lipschitz around (A, b, \).

3See Bonnans/Shapiro (2000)



Application: unconstrained LASSO (constraint qualifications)

The unconstrained LASSO? for A € R"™*" b € R™ X > 0 reads

1
min 2 [ Ax — bl + Al (8)

For a solution x of (8) define:

e I:={ie{l,...,n} |X; #0} (support);
s J:={ie{1,....,n} | |AT(b— Ax)| = A} (equicorrelation set).

Note:

Qualification conditions

* (Intermediate) ker A} = {0} (< (R)) ;
* (Strong) I = J and ker A; = {0}.

(Strong) — (Intermediate) — X is unique solution of (8)

4Santosa and Symes (1986), Tibshirani (1996)



Application: unconstrained LASSO (stability)

Apply the main theorem with f (b, A, x) := +AT(Ax —b), F:=9||-||; such that

S(b,A) ={x |0 € f(b,\,x) + F(x) } = argmin {lHAx —b|® + Allel} (A>0).
xerr |2



Application: unconstrained LASSO (stability)

Apply the main theorem with f (b, A, x) := +AT(Ax —b), F:=9||-||; such that

S(b,\) = {x | 0 € f(b, \,x) + F(x) } = argmin {1\\Ax —b* + )\||xH1} (A>0).
xerr 2

For (b, \) € R" x Ry letx € S(b, \). Then:
(a) If the intermediate condition holds, S is semismooth at (b, A) with Lipschitz

modulus a
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For (b, \) € R" x Ry letx € S(b, \). Then:
(a) If the intermediate condition holds, S is semismooth at (b, A) with Lipschitz

modulus a
1 Af (Ax - b)
—— )

S 7[4])2 <Umax (A]) +

Umin(

Moreover, the directional derivative S’((b, \); (-, -)) : R™ x R — R is locally
Lipschitz and given as follows: for (g, @) € R™ x R there exists an index set
K = K(q,«) with I C K C J such that

§'((5,%); (9,0)) = L ((AkA AL (9 + (42 = D) ,0).



Application: unconstrained LASSO (stability)

Apply the main theorem with f (b, A, x) := +AT(Ax —b), F:=9||-||; such that

S(b,A) ={x |0 € f(b,\,x) + F(x) } = argmin {lHAx —b|® + Allel} (A>0).
xern (2

For (b, \) € R" x Ry letx € S(b, \). Then:
(a) If the intermediate condition holds, S is semismooth at (b, A) with Lipschitz

modulus a
1 Af (Ax - b)
—— )

S 7[4])2 <Umax (A]) +

Umin(

Moreover, the directional derivative S’((b, \); (-, -)) : R™ x R — R is locally
Lipschitz and given as follows: for (g, @) € R™ x R there exists an index set
K = K(q,«) with I C K C J such that

1 XY _ T —1AT Y
§'((5,%); (9,0)) = L ((AkA AL (9 + (42 = D) ,0).
(b) If the strong assumptions holds, S is continuously differentiable at (b, X) with

DS(b, %)(9, @) = Lt (AT A 14T (9.+ %(Ax ~b)),0), V(3,0) €R"xR.

In particular, S is locally Lipschitz with modulus given above with I = J.




Application: unconstrained LASSO (tuning parameter sensitivity)

Ax —b))?
Suppose * x(X) := argmin {u + /\Hx\h},
b=Axy +e: x 2
-~ ¢ ¥ = g ) ol
iid
.« A~ N(0,1/m), > Zes )
iid
* ¢ ~ N(0,0.01) and Under the strong assumption at %, x(-) is locally
B o proas
* xg s-sparse: (xp); d N(m,m) (j €1I). Lipschitz with L := ﬁ‘(lﬁ)z'
s=3
s=7
s=15
\ | v |
f Vv \ v
m = 50 m = 100 m = 150 m = 200
A = * LIA=X2*
Figure 1: [|lx(A\) — [I, LIA—X\"|, g2+t
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