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GENERAL PROBLEM

minixmize f(z) + h(z)

f:R" > Ris Cl;
h:R"™ - R u {+o} is proper Isc;

both may be nonconvex;

there could be bound constraints and/or h could model hidden constraints.



PREVIOUS WORK
Aravkin, Baraldi, and Orban (2022) and Aravkin, Baraldi, and Orban (2024):

1. R2 (quadratic regularization): similar to proximal gradient in flavor but does
not require knowledge of any Lipschitz constant

minismize fxp) + V(xp) s+ %U}C“SH2 + h(zk + )

2. TR (trust region): exact or inexact Hessian quadratic model; step computed
with R2

minimize f(zy) + Vf(z)"s+ 55" Brs + h(zy, +5)  subject to s € AyB
S
3. LM and LMTR: variants for nonlinear least squares.

All have worst-case evaluation complexity O(e~2) to bring a stationarity measure
below € > 0 if {By} is bounded.



OVERVIEW OF LITERATURE

Existing literature makes restrictive assumptions, e.g.,
e Cartis, Gould, and Toint (2011): f € C?, h globally Lipschitz and convex;
¢ Kanzow and Lechner (2021): h convex, {Bj} bounded;
¢ Li and Lin (2015): f + h coercive.

Research on nonconvex regularized problems includes
® Bolte, Sabach, and Teboulle (2014): alternating minimization;
® Bo, Csetnek, and Laszlé (2016): linesearch with inertia;
e Stella et al. (2017): PANOC; LBFGS with linesearch;
® Themelis, Stella, and Patrinos (2018): ZeroFPR; nonmonotone LBFGS.



COMPLEXITY

AFAIK, all complexity analyses require { B} bounded, e.g., Cartis, Gould and
Toint’s book.

Except:

1. Leconte and Orban (2023b), who assume |By| = O(|Sk|?), 0 < p < 1, where S,
is the set of successful iterations of a trust-region method up to iteration k;

2. Diouane, Habiboullah, and Orban (2024), who generalize their result to p =1
for smooth optimization.



OBJECTIVES

Ut

Devise an efficient proximal-type method to drive a stationarity measure — 0 ;

. compute steps via a quadratic model of f + a model of h;

both models may be nonconvex;
allow unbounded model Hessians;
determine worst-case complexity in the presence of unbounded model Hessians;

provide an alternative to the trust-region method of Aravkin, Baraldi, and
Orban (2022) where proximal operators must take the trust-region constraint
into account.



BAsics

First-order optimality conditions: 0 € V f(z) + dh(z).
Proximal operator: prox,,(q) := argmin, v~ 1|z — ¢|3 + h(z)
Proximal gradient iteration: w11 € prox,, ; (v — vV f(7k))
More instructively: zp+1 = z + si with

sp € argmin f(x) + Vf(2r)" s +5v5  s]3 + h(zk + s)
s .

~f (2 ts)

If Vf is L-Lipschitz and v < 1/L, we obtain decrease in f.



MODELS

For v> 0,0 >0, z € R”, and B(z) = B(z)" € R™*",

pep(s; @) i= f(2) + Vf(2)'s
U(s;x) ~ h(z+s)
Mep(8;2, 07 1) 7= pep(s; ) + 307 s]” + ¢(s;.2)
and
p(s;x) == f(x) + Vf(2)"s + 35" B(a)s
m(s;z,0) = p(s;2) + 20| s|> + ¥(s; z).
Assume:

1. ¥(+;x) proper, lsc, ¥(0;x) = h(x), and 0¢(0;x) = Oh(x);

2. ¢(-;z) uniformly prox-bounded over all x.



STATIONARITY MEASURE

Let Sep := Sep(z, 1) € argming mep(s; 2, v71h).

Definition: Cauchy Decrease.

Eep(z, V_l) = f(z) + h(x) — (Pep(Scp; T) + Y (Scp; )

h=0 = &plo,v™h)=v|VI(@)*

Definition: Stationarity Measure.

V—1/2€Cp($’ V_1)1/2.

Lemma 1
Ep(z,v ™) =0 = 0€e Vf(z)+ dh(z).




ALGORITHM: MAIN IDEAS

1. sx ~ argming m(s; g, o%);

2. s, must satisfy sufficient decrease:
0(0; 1) + (05 21) — (0(sk; mk) + Y(sks ar)) = (1= 601) Eep(m, v 1)

for fixed 0 < #; < 1 and well-chosen vy;
3. accept/reject si by assessing decrease in f + h;

4. update o accordingly.

Lemma 2
Let s¢p, be computed with v := 61 /(|B(z)| + o).
If m(s;x,0) < m(sep; x,0), s satisfies sufficient decrease.




ALGORITHM R2N

1: Choose zg, 00 > 0,0<0; <1 <0, 0<m<mp<land )<y <1<y <.
2: for k=0,1,...

3: Choose By, = BI' and set vy := 01 /(| Bg| + o).

Compute sy, ¢, and Ecp(xy, Vk_l). // one prox
Compute s, such that m(sg; g, o) < M(Skcp; Ty Ok)-

If ||sgl| > 62 || Sk cpl, reset sk = sk.cp-

Compute

P f(ar) + hzg) = (f (xp + sx) + h(2r + sp))

(05 2g) + (05 k) — (@(sk; k) + U8k T8))

8: If pr. = m, set xj41 = xp + si. Otherwise, set z,11 = xy.
Update the regularization parameter according to

[v30k, O] if pr. = 02, very successful iteration
Ok+1 € 1 [0k, M0k if m < pr <o, successful iteration

[0k, Y20k if pp < m. unsuccessful iteration



CONVERGENCE: ASSUMPTIONS

|h(@k + sk) — Y (sk; k)| = o(|sk]) as s —0.

Satisfied if
* Y(s; x) h(xz + s);
* h(z) = g(c(x)), Yv(s;ak) = g(c(zk) + Ve(xg)s) with g Lipschitz, Ve Holder.

1
= +o0.
,CGZ]N maxo<j<k | Bj 41

Conn, Gould, and Toint (2000): BFGS and SR1 approximations are By, = O(k).
Powell (2010): same for PSB.



CONVERGENCE

Let S be the set of successful iterations.

Theorem 3 .
If|S| < 0, x = &* for all sufficiently large k, liminfv, 2&e,(xy, Vk_l) =0.

N|=

Theorem 4
If |S| =00 and (f + h)(xk) = (f + h),, for all k € N. Then,
=0

lim infyk_lﬂﬁcp(l‘ka Vk_l)l/Q 0




COMPLEXITY: ASSUMPTIONS

|(f + h)(@k + s) — (@ + V) (k5 25)| < Bm(1 + | Bil))|sil.

Satisfied if V f Lipschitz.

There are p > 0 and 0 < p < 1 such that

IB|l < (1 + |SkfP) for all k.

Results are similar if |Bg| < p(1 + kP).



COMPLEXITY: RESULTS

Theorem 5
If |S| < o0, xp = x* for all sufficiently large k where x* is stationary.




COMPLEXITY: RESULTS
1/2
<

Let € > 0 and k. the first iteration such that Vgl/chp(mk, 1/];1) <e.
Let S(e) ={ke S|k <k}

Theorem 6
If |S| = o,
1. If0<p<1,
S(E)] < (1 — p)rre2 + D)V 1 = o(e2/(-P),
where
o = ((f + h) (o) — (f + A)iow) (bmax + 286(1 + bmax)) o
77161(1 _ 01) s max m
2. Ifp=1,

[S(e)] < exp(rie?) — 1.




ToTAL NUMBER OF ITERATIONS

Because

log(bmax/UO )

(9] < 108, (18)1S(€)] +log,, (L + (1 + IS(OF)) + =5

the total number of iterations satisfies a bound similar to that on |S(e)|.

The above improves the constant in the bound of Leconte and Orban (2023b) for
0<p<l.



BOUNDS ARE SHARP
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ALGORITHMIC VARIANTS

¢ Non-monotone variant;

¢ diagonal Hessian variant R2DH: with Bj, diagonal and h separable, the
subproblem can sometimes be solved analytically (e.g., || - [o, || - |1, etc.)
(Leconte and Orban, 2023a). This variant can be used as standalone solver or
subproblem solver in place of R2;

¢ the non-monotone spectral-gradient approximation By = (S;‘gyk / s;‘gsk)f tends to
perform best.



IMPLEMENTATION

R2N, R2, TR, LM and LMTR are all part of the RegularizedOptimization.jl Julia
module (Baraldi, Leconte, and Orban, 2024):

https://github.com/JuliaSmoothOptimizers/RegularizedOptimization.jl.
Parameters: 6; ~ 0.999, 05 ~ 1015, n; ~ 1074, 9 = 0.9, and 09 ~ 1076

Stopping condition:
—-1/2 —-1/2 _
Vi / ’Scp(xk:,l/k:)l/z < €q F &1 / fcp($07y0)1/27 (Ea =€ ~ 10 5)'

Subsolver stopping condition decreases progressively.


https://github.com/JuliaSmoothOptimizers/RegularizedOptimization.jl

BAsis PURSUIT DENOISE

A'is 2000 x5120, AAT =1, b= Azyye + ¢, € ~ N(0,1072), |2truefo = 100.

minimize 3||Az — b3+ Nz, A= 0.1]ATD],
x

Solver f h/X A(f+h) VE/v #f #Vf F#prox t(s)

R2  9.22e—02 100 8.74e—07 8.0e—04 366 362 366 7.37
R2DH-Spec-NM  9.22e—02 100 5.05e—07 5.9e—04 57 56 56 0.89
R2DH-Spec  9.22e—02 100  0.00e+00 3.6e—04 86 57 85 0.97
R2DH-Andrei 3.42e4+00 2926 1.58e+02 8.6e—01 1001 988 1991  20.61
R2DH-PSB  3.69e—06 3400 1.81e+02 6.7e—04 592 591 1194 11.85
R2DH-DBFGS  9.22e—02 100 7.26e—07 6.4e—04 300 153 299 5.53




MATRIX COMPLETION: RANK

minimize $[Po(X — M)|% + A(X), A =0.1, h(X) = rank(X) or |X|.,

M = (1—¢)(X, + N(0,0%)) + c(X, + N(0,0%)),
with X, of size 120 and rank 40.

Solver f h/XN A(f+h) VE/v  #f #J  #Hprox  t(s)
R2 2.78—07 111 1.60e4+00 2.3e—04 37 31 37 0.20

R2DH  1.34e—-11 95 0.00e+00 3.7e—06 28 15 27 0.17
LM-R2DH 2.16e—08 111 1.60e+00 1.7e—04 2 115 48  0.29

LM-R2 1.67e—12 111 1.60e+00 6.4e—07 3 183 61 0.33




MATRIX COMPLETION: NUCLEAR NORM

Solver f h/Xx  A(f+h) eIV #f #J  #prox  t(s)
R2 1.00e—02 7.5e+00 1.30e—05 3.6e—04 82 52 82 043

R2DH 1.00e—02 7.5e+00 7.28¢—07 2.3e—04 43 19 42 0.21
LM-R2DH  1.00e—02 7.5e+00 1.98e—10 3.1e—06 3 246 108  0.63
LM-R2 1.00e—02 7.5e+00 0.00e4-00 2.0e—06 3 340 144  0.86




BINARY CLASSIFIER

¢ Distinguish between “1” and “7” in m MNIST images;

e A=0.1;

miniglize 1 — tanh(b ® (A, z)) 12+ =0,
zeR™

e Aism x n with m = 13,007 and n = 784 = 282.

Solver f h/Xx A(f+h) V& v #f  #Vf F##prox t(s)

R2  1.94e4+01 175 5.33e+00 1.6e—02 1002 775 1002 9.47

R2DH  1.59e+01 157 0.00e+00 1.8e—03 781 441 780 4.97
R2N-R2 1.85e4+01 233 1.02e+01 2.3e—03 59 59 10404 1.21
R2N-R2DH  1.67e+01 237 8.84e4+00 2.5e—03 71 71 11284 1.29




TAKEAWAY POINTS

1. Weak assumptions for convergence: f € C', h proper lsc prox-bounded:;
2. Vf Lipschitz for complexity;

3. € 2/(=P) sharp complexity if | By| ~ |Sp with 0 < p < 1;

4. exp(e~2) sharp complexity if | Bl ~ |Sk;

worse sharp complexity if By grows faster;

Ut

6. efficient Julia implementations of R2, R2N, TR, LM, LMTR.



WisH LisT

Inexact prox evaluations (ongoing work);
o an efficient solver to minimize 3|Az — b[? + h(z);

® weaker assumptions on models of h;

better characterization of limit points.



THANK YoU!

dominique.orban@gerad.ca
dpo.github.io

jso.dev


dominique.orban@gerad.ca
dpo.github.io
jso.dev
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