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The generalized maximum-entropy sampling problem

From [Williams, 1998; Lee and Lind, 2020], we consider

ACost)i= max Y log (A (CIS(), S()D)
= (GMESP)
s.t. e'x =s,

x € {0,1}",
and .
z(C,s,t, A b) ;== max Z|Og()\e(C[S(X):5(X)]))
ot elx=s, (CGMESP)

Ax < b,
x € {0,1}",

where C € S7, with rank(C) =:r, 0 <t <r,and t <s < n.

o GMESP is motivated by a selection problem in the context of PCA (principal component
analysis): maximize the geometric mean of the t greatest principal components from a
selection of size s.

o GMESP is a generalization of the NP-hard MESP (“maximum-entropy sampling problem)”,
with application to environmental monitoring, for example. [t := s]

o GMESP is a generalization of the NP-hard binary D-Opt (“D-Optimality”’) problem, with very
broad application to experimental design. [A,xm, C := AAT, t := m = r(A)]

@ constrained version is useful in the applications (e.g., budget constraints).
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The generalized factorization problem

Let C = FFT, with F € R"¥k, r < k < n. This could be:

o a Cholesky-type factorization (see [Nikolov, 2015; Li and Xie, 2023]), where F is lower
triangular and k :=r,

o derived from a spectral decomposition C = 3°7_; Ajv;v/, by selecting \/Ajv; as the column i
of F,i=1,...,k:=r,

o derived from the matrix square root of C, where F := C1/2, and k := n.

For x € [0,1]", we define

n

F(x):=>_ FlF. xi = F" Diag(x)F,

i=1

and
t
Zeract(C, 5,6, A, b F) i= max Y log (A¢(F(x)))
=1

st. e'x=s, (GFact)
Ax < b,
0<x<e
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A relaxation for CGMESP

2(C,s,t,A, b) :=max {3)_; log (A (C[S(x), S(x)])) : €"x = 5,Ax < b,x € {0,1}"} (camesp)

Zera(C, 5,1, A, by F) := max {3°}_; log (Ae(F(x))) : e'x=s, Ax<bh, 0<x<e} (cFa)

GFact gives an upper bound for CGMESP:  z(C,s,t, A, b) < zgract(C, s, t, A, b; F).

It suffices to show that for any feasible solution x of CGMESP with finite objective value, we have
>ot-1log (Ae(C[S(x), S(x)])) = i log (Ae(F(x))) -
Let S := S(x). Then, for S C {1, ..., n} with |S|=s and rank(C[S, S]) > t, we have
F(x)=311 FTF. xi =Y ;e FTFi. = F[S,|"F[S,] € Sk, and
C[S,S] = F[S,]F[S,-]" € S5..

The nonzero eigenvalues of F[S,-]TF[S, ] and F[S,-]F[S, ]" are identical, and their rank is at

least t. So, the t largest eigenvalues of these matrices are positive and identical. D)

GFact is not generally a convex program, so we cannot make direct use of the Theorem above.
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Dealing with the nonconvexity of our relaxation

Zerae(C, 5, t, A, b; F) := max {3°}_; log (A\¢(F(x))) : e€"™x =35, Ax<b, 0<x<e} (GFact)
Using Lagrangian duality, we will obtain an upper bound for zgr.: . We first re-cast GFact as
max {3 ) _jlog(Ae (W)) : F(x)=W, e'x=s; Ax<b; 0<x<e},
and consider the Lagrangian function
LW, x,0,v,v,m,7) =3, log (\e (W)) + © e (F(x) — W)
+u'x+vT(e—x)+7(b— Ax) + 7(s — e"x),

with dom L = Si’t x R" x Sk x R” x R" x R™ x R, where Si’t denotes the convex set of k X k
positive semidefinite matrices with rank at least t.

The corresponding dual function is

L*(O,v,v,m,7):= sup L(W,x,0,v,v,m,T1),
Wwe Si’t, X

and the corresponding Lagrangian dual problem is
zperact(C, 5, t, A, b; F) := inf{L*(©,v,v,m,7) : v>0, v >0, >0}
We call zpgract := Zpcract(C, S, t, A, b; F) the generalized factorization bound.
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The generalized factorization bound

We note that
sukpt{zzzl log (Mg (W)) +© e (F(x) = W)+ v x+vT(e—x)+ 7" (b— Ax) + 7(s — e"x)}

W€S+‘ , X

= sup {3t ilog (A (W)) —©eW}
wesh*
T4 sup{@eF(x) +v'x —v'x -7 Ax —te'x+v'e+ 7' b+ 7s}.
X

1)
2

Next, we analytically characterize the suprema in (1) and (2) (see [Li and Xie, 2023, Lemma 1]).

Theorem (proof in [Ponte, Fampa, and Lee, 2024])

For © € Sk, we have
¢ - _ —t = i log (M (©), ifO=0;
WS:S%J (Eemtlog (e (W) - W e O) = { 400, otherwise.
y

For (©,v,v,7,7) € Sk x R” x R” x R™ x R, we have

sup (O e F(x)+v'x —v'x —nm'Ax —Te'x+ v e+ n'b+Ts)
X

_ [ vie+n"b+ s, if diag(FOF")+v—v—A"r —7e = 0;
| oo, otherwise.
)
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The Lagrangian dual of GFact

Zeract(C, s, 1, A, b; F) := max {3°;_; log (A\¢(F(x))) : e"™x=s, Ax<b, 0<x<e} (GFact)

Zoeract(C, 5, £, A, b; F) := min — Zlgzk—wl log(M\¢ (®))+vTe+n"b+71s—t
subject to:  diag(FOF")+v—v—ATr —1e =0, (DGFact)
©%0,v>0,v>0 7m>0.

From Lagrangian duality, we have that DGFact is a convex program. However, GFact is not
generally a convex program, so strong duality between GFact and DGFact does not hold in

general.

We establish properties for the generalized factorization bound (see [Chen, Fampa, and Lee,
2023] for similar results for MESP).

For all v > 0 and factorizations C = FFT, we have

ZDGFact(C7 S, t7A7 b; F) = ZDGFact(’YC7S7 t7 A7 b; \/’VF) - tIOg’Y

Zpcract(C, s, t, A, b; F) does not depend on the chosen F.
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Comparing the factorization bound to the spectral bound for GMESP

2pGFact(C, s, t, A, b ; F) := min {— Z;:k7t+1 log (A\¢ (©)) + vVie+n bt+71s—t:
diag(FOF ) +v —v —ATr — 7€ = 0,0 = 0,v ZO,I/ZO,TFZO}

The spectral bound for GMESP is given by zs(C,t) := 3°5_; log A¢(C) ([Lee and Lind, 2020]).
Let Ce ST, r:=rank(C),0< t<r, t <s < n. Then, for all factorizations C = FF", we have
ZDGFaCt(C7 S, b, F) - ZS(C7 t) S tIOg (%) .

4
C=Y Ag(C)ueuz (spectral decomposition of C). It suffices to take F:=)}_; \/A¢(C)uguy.
Let: © := (C + /\ (I CT)), p:=0,7:=0,7:= ﬁ The equality constraint of DGFact

is satisfied at this solutlon. The eigenvalues of & are ﬁ (ﬁ, )‘2%0, e ﬁ, (e )> > 0.

So, ® = 0. We have FOFT = ﬁzg;l upuy, >y uguy = 1. So, diag(FOFT) < ge, and © > 0.
Then, (8,0, 7, #,) is feasible to DGFact with objective value tlog () + 325_; log A¢(C). O
b

Considering the Theorem above for t = s — Kk, with constant integer k > 0,
lims— oo tlog(s/t) = k. Therefore, in this limiting regime, the generalized factorization bound is
no more than an additive constant worse than the spectral bound.

.
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Concavity related to the bounds

2pGFact(C, s, t, A, b ; F) := min {— E;Zk*tﬂ log (A (©)) + viet+n b+7s—t:
diag(F@FT)+v—V—AT‘n'—Te:O,e>0,v20,u20,7r20}A

Zs((:7 t) = 22:1 Iog /\g(C).

zpGFact(C, s, t, -, i F) — zs(C,t) < tlog (%) .

(a) tlog (2) is (strictly) concave in t on Ry ;
(b) 3°5_;log X\o(C) is discrete concave int on {1,2,...,r};

(¢) zparact(C,s,t, A, b ; F) is discrete concave in t on {1,2,...,k}.

(a) we see that the second derivative of the function is —1/t, which is negative on R, .

(b) we verify that discrete concavity is equivalent to A¢(C) > Ae+1(C), for all integers t satisfying
1 <t < r, which we have.

(c) we view zpgract(C, s, t, A, b ; F) as the point-wise minimum of

- Z;:kftJrl log (A¢ (©)) +v"e+ m"b + Ts — t over the points in the convex feasible region of
DGFact. So it suffices to show that this function is discrete concave in t. We verify that this is
equivalent to Ak_¢1+1(C) > Ak—r12(C), for all integers t satisfying 1 < t < k, which we have. D)
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The Lagrangian spectral bound for CGMESP ([Lee and Lind, 2020])

t
v = wme]iRn"' v(m) = Z log A\¢ (D CDx) +7'b — KcNTlLTf —tZ Z miajj,
+ =1 ARI=ST ek iem

where D € S7 | is the diagonal matrix defined by

1 m o o
D[t j] ::{ exp{ =3 Xy miail, Z:ﬁ;f

Theorem (see [Ponte, Fampa, and Lee, 2024])

v* is discrete concave in t on Z .

Because v* is a point-wise minimum, we need only demonstrate that v(w) is discrete concave in
t, for each fixed 7 € R . It is possible to verify that ZE:I log A¢ (D= CDx) is discrete concave in
t. So, it is enough to demonstrate that

min {ZjeKZieMﬂ'fafj : KCN,|K|:s—t}
= min {ZjeN (Z,—E,\,,m-a,'j) xj i elx=s5—10<x<e x¢€ Zn}
is discrete convex in t. Because of total unimodularity, we can drop the integrality requirement,

and we see that the last expression is equivalently a minimization linear program, which is
well-known to be convex in the right-hand side, which is affine in t. O
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Variable fixing

Theorem (see [Anstreicher, Fampa, Lee, and Williams, 1996, 1999; Fampa and Lee, 2022])

Let
o LB be the objective-function value of a feasible solution for CGMESP,
o (6,0,0,#,%) be a feasible solution for DGFact with objective-function value (.

Then, for every optimal solution x* for CGMESP, we have:

X =0, VjeNsuchthatf—LB<®j,
X =1,V j€ N such that { — LB < 7.
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Duality for DGFact

zpcract(C, s, t, A, b ; F) := min {7 ZZ:k—wl log (M (©))+vTe+m b+7s—t:
diag(FOFT)+v—u—ATTr—Te:0,9>—O,v 20,1/20,#20}

Consider the Lagrangian function corresponding to DGFact,
L(O,v, 7, T, x,y, W) = — Zé:k_zﬂ log (M (©))+ve+n"b+71s—t
+ x" (diag(FOFT) —v — ATr —7e) —yTv — w'T,
with domE:Sf‘H X R?"x R™ xR x R" x R" x R™.
The corresponding dual function is

E*(X7y7 W) = inf L(e7 V77r7T7X7.y7 W)7

Qc S’err,qu,T
and the Lagrangian dual problem of DGFact is
zpperact(C, s, t, A, by F) := max{L*(x,y,z) : x>0, y >0, w > 0}.

We note that inf L(O,v,m,T,x,y,w) =

oc Sf‘H_,u,w,T

; _ Nk T di TY _
eEmsfh{ D t—k—tr1log (Ae (©)) + xT diag(FOFT) t}

+ inf {T(e—x—y)+7(b—Ax—w)+7(s—e'x)}.
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The I function

Lemma (see [Nikolov, 2015])

Let A € Rf_ with A1 > Ao > --- > A\ and let 0 < t < k. There exists a unique integer v, with
0 <. < t, such that
k
A > i Dy SR VP W 8

with the convention \g = +oo0.

With the hypothesis of the lemma, let ¢ be the unique integer above. We define
Be(N) 1= iy log (Ae) + (£ — 1) log (2 S 1 \e) -
Next, for X € Sk, [Nikolov, 2015] defines I'+(X) := ¢¢(A(X)).

Theorem (see [Nikolov, 2015])
n d _ Nk T J; Ty _
For x € R", we have infg_ sk D t—k—tr1log (M (©)) + x" diag(FOFT) — t

_ [ Te(F(x), if F(x) > 0 and rank(F(x)) > t;
| oo, otherwise.

v

For (x,y,w) € R" X R" Xx R™, we have infy, - v'(e—x—y)+ 7' (b—Ax —w)+ 7(s —e'x)

. 0, if e—x—y=0, b—Ax—w=0, s—e'x=0;
Tl —oo, otherwise.

.
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Lagrangian dual of DGFact

The Lagrangian dual of DGFact is equivalent to

Zpperact(C,y s, t, A, by F) = max{l+(F(x)) : e’x=s, Ax<b, 0<x<e}. (DDGFact)
y

Let \€ R} with A1 > X2 > --- > A\ > Arp1 = --- = X\p = 0. Then,
(@)  de(N) >>j_qlog(Ne), for0O<t<r,
(b)  ¢e(N)=>5_qlog(Ne), fort=r,
()  ¢t(A) = —o0, forr <t<n.

where we use log(0) = —oco.

We have z(C,s, t, A, b) < zpperact(C, s, t, A, b; F) from Lagrangian duality. The theorem above
gives an alternative direct proof for this result, besides showing in part (a), that the inequality is
strict whenever the rank of any optimal submatrix C[S, S| for CGMESP is greater than t.

Zorace(C, 5, 1, A, b; F) := max {3°}_; log (Ae(F(x))) : e'x=s, Ax<bh, 0<x<e} (cFa)

is an exact but non-convex relaxation for CGMESP. On the other hand, DDGFact is a convex
relaxation for CGMESP, which is non-exact generally, except for the case of t = s.

.

MOM26 M. Fampa GMESP 13:20



Constructing a dual feasible solution

Let F(X) = 25:1 S\Zﬁgﬁz, with Af > X > > X >Xpy1=---=A=0and 7 > t. Following
[Nikolov, 2015], let & := >"§_; Bededi] , where
1/3¢, 1<e<7t;
Be:=1{ 1/6, P< <P
(14+¢)/d, P<t<Kk,

for any € > 0, where £ < t and § := tii 25:24-1 X¢. Then, the minimum duality gap between %
in DDGFact and feasible solutions of DGFact of the form (©,v, v, 7, T) is the optimal value of

min {uTe +7Tb+71s—t : v+ A'w+1e > diag(FOFT), v > 0,7 > O} (G(©))

Let o be the permutation of indices in N, such that diag(FéFT)U(l) > > diag(FéFT)a(n).
The following closed-form solution is optimal for G(©), when there are no Ax < b constraints
(see [Ponte, Fampa, and Lee, 2024]; also [Fampa and Lee, 2022; Li and Xie, 2023] for similar
analysis for MESP).
T = diag(FéFT)a(s) ,
« . Jdiag(FOFT) (g — 1%, for1<(<s;
o) " Yo, fors <€ < n.

Theorem (new, even for MESP and binary D-Opt)

Let X be an optimal solution of DDGFact, with no side constraints Ax < b. Then, (C:), v* T*) is
an optimal solution to DGFact.
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Numerical experiments

Gaps for GMESP, varying t = s — k (n = 63)
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ults for B&B with variable fixing: GMESP/MESP

GMESP (t:=s—1) MESP

s | root  nodes tot int tot rel rel var var B&B root nodes  tot var var B&B
gap prun prun int avg std fix 0 fix 1 time gap prun  fix0 fix1 time

2| 0.36 186 1 1 179 0.44 0.08 75 6 1.44 | 0.02 3 2 0 0 0.04

3| 048 557 14 9 501 0.55 0.07 269 24 4.22 | 0.06 10 5 52 0 0.08

4 | 0.59 2037 89 42 1554 0.61 0.07 1022 109 15.45 | 0.12 20 8 55 0 0.19

5 | 0.70 7404 579 187 5070 0.64 0.07 2724 483 4228 | 0.13 33 13 58 0 0.29

6 | 0.73 20804 2190 569 13251 0.65 0.07 6668 1657 129.11 | 0.14 43 16 60 0 0.38

7 | 0.76 44592 5500 1194 26958 0.66 0.08 12582 4141 278.79 | 0.14 35 13 53 0 0.32

8 | 0.77 68682 9697 2056 40021 0.68 0.08 19272 8011 431.56 | 0.13 41 16 55 0 0.35

9 | 0.82 119525 20711 3648 67307 0.68 0.08 32902 17728 976.92 | 0.12 38 15 45 0 0.32

10 | 0.82 158998 34012 5048 84404 0.69 0.08 47229 32943 1112.10 | 0.11 37 17 49 0 0.29
11 | 0.77 147411 35635 4574 72563 0.69 0.08 50893 46972 1160.19 | 0.06 16 8 33 0 0.14
12 | 0.72 158170 40735 4522 69865 0.69 0.08 63096 77637 1491.04 | 0.09 46 21 42 0 0.41
13 | 0.64 142970 36444 3338 53587 0.70 0.08 67264 100845 1210.29 | 0.17 111 49 80 0 0.93
14 | 0.68 279210 66511 5059 88512 0.69 0.08 132296 237550 2821.80 | 0.13 196 83 131 0 1.72
15 | 0.69 386507 87553 5638 106718 0.68 0.07 176598 358770 5535.94 | 0.13 185 81 95 0 1.67
16 | 0.69 421261 92967 5301 99083 0.69 0.07 181361 430153 5178.73 | 0.16 323 149 136 0 2.83
17 | 0.73 519556 109265 5012 103521 0.69 0.06 202088 572510 6399.18 | 0.18 305 140 107 0 2,77
18 | 0.76 544073 110176 4483 98168 0.70 0.05 190782 625212 6958.49 | 0.25 878 391 302 0 7.64
19 | 0.83 713393 135220 5655 122085 0.72 0.04 212475 787816 10159.16 | 0.28 1105 489 381 0 9.20
20 | 0.86 695101 124354 5504 115999 0.75 0.03 174689 757696 9751.58 | 0.32 1357 586 425 0 1131
21 | 0.90 637108 107189 4280 102540 0.76 0.03 132122 682763 8584.51 | 0.37 2135 850 784 0 17.85
22 | 0.95 586069 91694 4994 92685 0.78 0.03 97344 615472 7617.47 | 0.39 2342 855 807 0 20.81
23 | 0.99 510390 74438 7159 79882 0.79 0.03 64390 528729 6330.14 | 0.39 1811 660 572 0 15.24
24 | 1.01 368953 51277 7806 56157 0.80 0.03 35163 389241 4149.70 | 0.36 1244 463 340 0 10.42
25 | 1.01 214937 28168 5440 30889 0.81 0.02 15377 240272 2149.56 | 0.31 632 230 130 0 5.12
26 | 0.97 98751 12009 2756 13318 0.81 0.02 5084 121572 921.15 | 0.27 463 160 65 0 3.74
27 | 0.95 43037 4793 1475 5593 0.82 0.02 1410 58962 389.61 | 0.22 241 74 30 0 1.99
28 | 091 13854 1367 511 1667 0.82 0.02 234 22501 128.65 | 0.17 130 38 10 0 1.15
29 | 0.90 3403 281 134 347 0.82 0.03 20 6547 31.89 | 0.13 70 16 4 0 0.62
30 | 0.87 464 27 16 35 0.81 0.05 1 949 4.51 | 0.08 19 4 1 0 0.17
31 | 0.83 32 1 1 1 074 - 0 30 0.32 | 0.02 2 1 0 0 0.02
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Numerical experiments

6 6
4 4
2 2
o o
o 10 20 30 a0 50 60 10 20 30 ) 50 50
(a) k = (b) k=

(k=2 (d) k=3

Gaps for CGMESP, varying t = s — k (n = 63, m = 10)
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sults for B&B with variable fixing: CGMESP/CMESP

CGMESP (t:=s—1) CMESP

s root heur imp nodes tot int tot rel rel var var B&B root  nodes tot var var B&B

gap  gap  inc prun_ prun int avg  std fix 0 fix 1 time gap prun fix0 fix1  time
2093 037 1 121 2 1 8 043 0.06 149 0 6.80 | 0.85 23 3 63 0 5.63
3| 118 - 27 0 0 3 060 0.01 51 0 0.49 | 0.88 19 2 36 0 0.34
4 | 0.99 - 35 0 0 2 060 0.00 93 2 0.59 | 0.63 17 4 63 2 0.25
5| 1.08 - 741 76 18 43 0.60 0.08 1213 26 10.85 | 0.72 144 36 246 3 2.25
6 | 1.24 0.18 419 42 21 0.62 0.07 790 32 6.49 | 0.76 97 24 169 2 1.45
71169 0.03 107 1 8 0.67 0.04 121 10 198 | 1.36 57 4 92 5 1.04
8 | 212 - 122 0 1 058 74 5 226 | 2.02 105 0 108 8 1.86

70 0.65 0.09 825 160 9.27 | 0.69 165 41 276 66 2.59

5

1

0

9| 115 - 0
325 11 0 44 069 0.03 372 96 3.59 | 0.64 84 13 85 15 1.43

6

0

2

10 | 1.21 -
11 | 1.65 -
12 | 275 0.22
13 | 1.77  0.05
14 | 171 -

0

0

0

1

1

0

0

0

0 34 0.68 0.03 1163 452 11.85 | 1.53 527 127 638 262 8.30

2 6 074 0.02 142 38 2.49 | 2.56 191 2 153 83 3.20

1 106 0.67 0.05 2733 1227 43.59 | 1.60 1061 319 1432 635  17.42

0 0 3 067 0.00 41 23 0.77 | 1.45 39 0 40 33 0.72
15 | 1.14 - 0 1653 392 13 58 0.68 0.03 1266 1022 20.46 | 0.75 343 117 310 225 5.56
16 | 1.36 0.18 1 11198 2592 208 907 0.70 0.04 7157 6339 13242 | 1.04 1898 747 2019 1416 32.60
17 | 1.97 - 0 876 75 2 9 078 0.03 552 668 11.24 | 1.53 415 79 343 366 7.23
18 | 1.68 0.31 1 29149 7943 448 1175 0.74 0.04 13686 18518 353.74 | 1.29 3383 1548 3046 3524 59.50
19 | 1.64 032 2 3664 557 72 252 0.73 0.04 2035 2806 4831 | 1.16 1030 353 938 1175 16.49
20 | 2.55 - 0 209 1 0 4 076 0.00 75 215 299 | 221 213 3 75 195 3.77

1

1

0

0

0

0

3

0

0

0

0

30 | 1.23 -
31 | 0.74 -

22 0.16
0 0.02

21 | 1.47  0.04 47344 10268 820 2043 079 0.03 10281 36017 561.97 | 0.96 4812 1846 1197 4043 61.19
22 | 291 0.08 660 1 0 4 079 0.05 100 360 8.70 | 2.45 526 8 122 473 7.75
23 | 1.45 - 135 8 0 6 067 0.01 22 143 1.64 | 1.03 69 10 21 110 1.18
24 | 1.38 - 1677 163 14 27 075 0.06 223 1959 22.66 | 0.79 434 114 84 572 7.54
25 | 1.68 - 199 1 0 1 072 - 24 201 3.04 | 1.23 158 8 17 193 3.32
26 | 3.62 - 55 0 0 4 072 0.00 1 35 0.79 | 3.18 31 0 1 30 0.53
27 | 3.47 097 164 4 1 4 073 0.01 5 205 2.23 | 2.87 131 213 2.50
28 | 2.66 - 34 0 0 1 075 - 54 0.55 | 2.16 32 49 0.79
29 | 1.09 - 78 5 0 1 073 - 192 1.17 | 0.40 39 1 0.83

0 0 0

0 0 0

corow
-
]
N

1 1
1 3
- - 0 10 0.07 | 0.66 4 0
0 0 0.03 | 0.00 1 0
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Numerical results

B 10 15 20 s 10 15 20

(a) GMESP, s = 20 (b) CGMESP, m = 10, s = 20

0 10 20 30 ) 0 10 20 30 a0

(c) GMESP, s = 40 (d) CGMESP, m = 10, s — 40

Gaps for GMESP and CGMESP, varying t, with s fixed (n = 63)
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