Weakly
differentiable
mappings

and their
compactness
properties

Weakly differentiable mappings and
their compactness properties

Bingwu Wang

Department of Mathematics & Statistics
Eastern Michigan University
Ypsilanti, MI, USA



Weakly
differentiable
mappings
and their
compactness
properties

In this talk we explore the generalized sequential normal
compactness of weakly differentiable mappings in variational
analysis. We present complete characterizations of these
compactness properties of such mappings between general
Banach spaces, as well as calculus rules of sequential normal
compactness involving this kind of mappings.

The talk is based on the joint work of B. Wang, X. Yang, and
P. Long.
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Let X, Y be Banach spaces. A function f: X — Y is said

strictly Fréchet differentiable at X with derivative
Vf(x) e Z(X,Y) if

im f(u) — f(x) — VF(x)(u— x)

X,U—X, XFU ||u — XH

=0.

When x is fixed as X, we say that f is Fréchet differentiable at X.
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g thele Fréchet differentiable at x if (y*, f) is Fréchet (resp.

properties strictly Fréchet) differentiable at x for all y* € Y*, where
(y*, F)(x) :== (y*, f(x)) for all x € X.
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s Fréchet differentiable at x if (y*,f) is Fréchet (resp.

properties strictly Fréchet) differentiable at x for all y* € Y*, where
(y*, F)(x) :== (y*, f(x)) for all x € X.

m We use V*f(X): Y* — X* to denote the operator with
V*f(x)(y*) = V(y*, f)(X), and call it the linear
coderivative of f at X.



Weakly

b dafif: m We say that f: X — Y is weakly (resp. weakly strictly)

c:ﬂfi’;f]g‘efss Fréchet differentiable at x if (y*, f) is Fréchet (resp.
DICpEEES strictly Fréchet) differentiable at x for all y* € Y*, where
kI (y*, F)(x) :== (y*, f(x)) for all x € X.

m We use V*f(X): Y* — X* to denote the operator with
V*f(x)(y*) = V(y*, f)(X), and call it the linear
coderivative of f at X.

m If there is a linear operator A: X — Y (not necessarily
continuous) with A* = V*f(X), then A is unique, and
A€ (X,Y) when V*f(X) € Z(Y*, X*); in this case we
say that f admits a weak derivative A. This weak derivative
coincides with the derivative V(X) if f is Fréchet or
strictly Fréchet differentiable at X; so we use the same
notation V£(X) to denote the weak derivative if it exists.
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properties Let f: X — Y be weakly Fréchet differentiable at x € X. We
j say that f is w*-uniformly weakly strictly Fréchet differentiable
at x if for any w*-convergent sequence {y;} C Y*, any € >0,
there is § > 0 such that

[(yie: F(x) = F(u)) = (VF(R) (i), x — u)| < ellx — u
Vx,u € B(x;9), keN

When u is fixed as X, we say that f is w*-uniformly weakly
Fréchet differentiable at x.
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m The pre-normal cone:

For a fixed € > 0, the set of e-normals to Q at x € Q is
given by

o<
(x*, x x)<€

— )

N.(%: Q) == { x* € X* | limsup —
"o =]

where x E) X denotes x — )‘(Awith x € Q, and when X is an
isolated point o/f Q, we set N.(x;Q) := X*, and when
x ¢ Q, we set N.(x;Q) =0 for all € > 0.
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m The pre-normal cone:

For a fixed € > 0, the set of e-normals to Q at x € Q is
given by

o =
N.(x; Q) := < x* € X* | lim supM
"o =]

<e

— )

where x E) X denotes x — )‘(Awith x € Q, and when X is an
isolated point o/f Q, we set N.(x;Q) := X*, and when
x ¢ Q, we set N.(x;Q) =0 for all € > 0.

m The Mordukhovich normal cone:

N()_(; Q) — {X* c X* ‘ Jek 40, X E} )—<,Xl>(k E; *

with x; € Ngk(xk; Q)}
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D*F(%,7)(y") == {x" € X" | (", ~y") € No(%;gph F)}
m The Mordukhovich normal coderivative:
D*Fn(x,7)(y") = {x" € X* [ (x*, —y") € N(x;gph F)}
m The Mordukhovich mixed coderivative:
D*Fm(x,7)(y*) :={x" € X* | e, | O,

hF _ v w1
(Xk’yk)gp_> (va)7xkﬂ>x 7yk*&y
with (x, —yi) € Ne, ((xk, y«); gph F)}
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Singus D*(F + f)(%,7)(y*) = V*f(R)y* + D*F(%,7 — f(2))(y").

m If f is weakly strictly Fréchet differentiable at X, then for
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Du(F+ )%, 9)(y*) = VI (X)y"+ Dy F(x, 7 — £(x))(v")-
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D*(F+ )%, 7)(y*) = VF(R)y" + D*F(%,7 — F(%))(y")-

m If f is weakly strictly Fréchet differentiable at X, then for
all y* € Y*,

Du(F+ )%, 9)(y*) = VI (X)y"+ Dy F(x, 7 — £(x))(v")-

m If f is w*-uniformly weakly strictly Fréchet differentiable at
X, then for all y* € Y*,

Dy(F+1)(%,7)(y") = VI F(X)y" + DyF(x, 7 = F(X)(y")-
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mlet X = HJ-mZIXj, N, CUx = {1,2,...,m},
Q C X be a nonempty set with X € Q. Then we say that
Q is generalized sequentially normally compact (GSNC) at
X € Q with respect to {X; | j € J1} through {X; | j € h}
if for all x; = (X{4,-- -, Xhi) € Ngk(xk, Q) with xi 2%,
gk 1 0, the following holds:

[ AR ] il =0 G < A0
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mlet X = HJ-mZIXj, N, CUx = {1,2,...,m},
Q C X be a nonempty set with X € Q. Then we say that
Q is generalized sequentially normally compact (GSNC) at
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if for all x; = (X{4,-- -, Xhi) € Ngk(xk, Q) with xi 2%,
gk 1 0, the following holds:

[ ﬁkji(é 5 éz)J ) ] (I3l =0 G € A)];

m J; = Jx, J» = 0: the sequential normal compactness;
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Veakly mlet X = HJm:1 Xj, N, CUx = {1,2, RN m},

differentiable

mappings Q C X be a nonempty set with X € Q. Then we say that
et s Q is generalized sequentially normally compact (GSNC) at
. X € Q with respect to {X; | j € J1} through {X; | j € h}
' if for all x; = (X{4,-- -, Xhi) € Ngk(xk, Q) with ngn_(,

ek 4 0, the following holds:

[ ﬁkji(é 5 ?)J ) ] (I3l =0 G € A)];

m J; = Jx, J» = 0: the sequential normal compactness;

m J, = Jx\J1i: the partial sequential normal compactness
(PSNC) of Q at x with respect to Ji;

m J, = (): the strong partial sequential normal compactness
(strong PSNC, or SPSNC) of Q at X with respect to J;.
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If f: X — Y is weakly strictly Fréchet differentiable at x € X,
then gph f is PSNC with respect to X.

PSNC and w-diff
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Let f: X — Y with X € X. Then the following assertions hold:

(i) Suppose that f is weakly Fréchet differentiable at x that
admits a weak derivative Vf(x). Then

codim V£ (x)(X) < o

if gph f is PSNC at (X, f(X)) with respect to Y.

PSNC and w-diff
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(i) Suppose that f is w*-uniformly weakly Fréchet
differentiable at X that admits a weak derivative Vf(X%),
and V£ (x)*(X) is of finite codimension in Y. Then gph f
is PSNC at (x, f(x)) with respect to Y.

PSNC and w-diff
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(iii) Suppose that f is W*—uniformly weakly strictly Fréchet
differentiable at X, [V*f(%)]"(¢x(X)) is closed in Y**,
and [V*f(%)]"(#x(X)) N ¢y (Y) is of finite codimension
in ¢y(Y). Then gphf is PSNC at (X, f(X)) with respect
to Y.

PSNC and w-diff
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The canonical embedding ¢x: X — X**:

(dx(x),x*) = (x*,x) Vx & X,x* € X*.

PSNC and w-diff
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Let f: X — Y with X € X. Then the following assertions hold:

(i) Suppose that f is weakly Fréchet differentiable at X that
admits a weak derivative V£ (x) at x, VF(x)(X) is closed
and w*-extensible in Y. Then

dim V£ (x)(X) < oo

if gph f is strongly PSNC at (X, f(x)) with respect to X.

Strong PSNC and
w-diff
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(i) Suppose that f is w*-uniformly weakly strictly Fréchet
differentiable at X with a weak derivative Vf(x), and

dim VF(%)(X) < oc.

Then gph f is strongly PSNC at (X, f(Xx)) with respect to
X.

Strong PSNC and
w-diff
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Propertics V*f(X) satisfying

Bir u
W >

[uf % 0] = [V*F(R)(u) % 0]

for all sequence {uk} c Y, [V*f()?)]*((bX(X)) is closed
in Y**, and [V*f(X )] (¢x(X)) NPy (Y) is w*-extensible
in ¢y(Y). Then

dim [V*£(2)]"(¢x(X)) N ¢y (Y) < o0

if gph f is strongly PSNC at (X, f(X)) with respect to X.

Strong PSNC and
w-diff



Weakly
differentiable
mappings
and their
compactness
properties

Let L be a closed linear subspace of a Banach space X. We say
that L is w*-extensible in X if every sequence {v;} C L* with

.
v;i 5 0 as k — oo contains a subsequence {v; } such that each
J

v,fj can be extended to Xk e X* with X Y 0asj — 0.

Strong PSNC and
w-diff
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differentiable

mappings Let X =Xy xXo x X3, Y =Yy XY, Z =2y xZ be products
compactness of Banach spaces, and F: X = Y x Z be a multifunction with
W (k. 7.Z)egphF gt X =Y, h: X =21, ho: X — 2,
& = h X hy, g = g1 X g such that g1, hy are w*-uniformly
weakly strictly Fréchet differentiable at X, hy is weakly strictly
Fréchet differentiable at X, and gph gi is strong PSNC with
respect to X at (X, g1(X)). Then the following two statements

are equivalent:

(a) gph F is GSNC with respect to Z; through Z», and GSNC
with respect to {X1, Y1, Z1} through {Xz, 25} at (X, ¥, 2);

(b) gph(F + g) is GSNC with respect to Z; through Z>, and
GSNC with respect to {X1, Y1, Z1} through {X3, Z»} at
(%,7 + 81(%), 2 + £2(%)).
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compactness Let X = X1 X X2 X X3, Y = Y1 X Y2 X Y3, = Zl X 22 X Z3,
PIOPETEES F-X=Y,g:Yi—Z (i=1,2,3), g =g ® g ® g3, and

vy = (7.52,73) € F(x), Z=g(y). Assume that g; is
w*-uniformly weakly strictly Fréchet differentiable at y;

(i =1,3), g is weakly strictly Fréchet differentiable at y,, and
gph g1 is PSNC with respect to in Z, gph F is GSNC at (X, y)
with respect to {Xi, Y1} through {X;, Y2}, and

FNng': X xZ =Y (defined by

(FNgYH(x,z) = F(x)Ng~(z) for all x € X, z € Z) is inner
semicontinuous at (X, Z, y). Then gph(g o F) is GSNC at (X, 2)
with respect to {X1, Z;} through {Xz, 25 }.
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The talk is based on the following paper:
B. Wang, X. Yang, P. Long, Generalized sequential normal
compactness and weak differentiabilities, Journal of

Optimization Theory and Applications (to appear).

Further references can be found in the paper.
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