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Conic linear program

minimize c¢!x

subjectto Ax—-b € L
xeK

e K, L are closed convex cones
e widely used for convex optimization modeling since 1990s

e often solved via IPMs for second order cone and semidefinite optimization

Primal-dual proximal methods
e avoid cost of assembling and solving “Schur complement” system in IPMs
e per-iteration complexity dominated by application of A, A’, projections on K, L*

e use of non-Euclidean (Bregman) projections can further reduce complexity



Bregman distance

d(x,y) = ¢(x) — ¢(y) = Vo) (x — y)

e ¢ is the kernel function, convex and continuously differentiable on int (dom ¢)

e squared Euclidean distance
d(x,y) =zl =yl3 o) = 3lxII3

e relative entropy

n n
d(x,y) = D (xilog(xi/y)) —xi+yi),  ¢(x) =D xilogx;,  dom¢ =R}
i—1 i—1



Generalized (Bregman) proximal mapping

o ford(x,y) = %Hx — yllg, the proximal mapping is defined as

prox;(y — a) = argmin (f (x) + Hx -y +all)

e the proximal mapping for a generalized distance maps a and y € int(dom ¢) to

argmin ( f(x) + alx + d(x,y)) = argmin (f(x) + (a — V¢(y))Tx + ¢(x))

Requirements
e for all y € int(dom ¢) and all a, unique minimizer exists in int(dom ¢)
e minimizer is inexpensive to compute

e convergence results often assume ¢ is strongly convex on dom f:

d(x,y) > %llx — y||2 for all x, y € dom f



Generalized projection on cone

suppose K is a proper (regular) cone and S is the “simplex”
S={xeK|§x<1)}

where § € int(K™)

e generalized projection on S maps y € int(dom ¢) and a to

argmin (alx +d(x,y))
bAShY

this is the generalized proximal mapping of indicator function 6
e conjugate of indicator function ¢ is Minkowski gauge for K*:

sup{h'x | §'x <1, x e K}

= inf{8>0]|B5—heK

55(h)

e non-Euclidean kernel may be strongly convex on §, not necessarily on K
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Nonnegative trigonometric polynomials

n . .
Fy(w) = xg + Z(xke‘ﬂ“" + 5% >0 forallw G=V-1)
k=1

e coefficients x = (xp, ..., x,) form a semidefinite-representable convex cone K

e for simplicity, we’'ll assume x is real (Fy is a cosine polynomial)

Applications

e source of many SDP applications in signal processing since 1990s
e 2010s: applications to grid-free compressed sensing
e via transformation r = cos w, a nonnegative polynomial in Chebyshev basis

e SDP formulations extend to matrix polynomials, rational (Popov) functions, ...



Semidefinite representation of K and dual cone K*

K={DX)|XeS™ x>0}, K'={yeR™|T() =0}

e we use the inner product (x, y) = xgyo + 2x1y1 + - - + 2X,Vn

e D : 8™ — R™! maps symmetric matrix X to vector of diagonal sums

Xoo+ X1+ -+ X

+ -+ X
D(X) = Xo1 + X12 | n—1,n
Xon
o T :R"! — 8" maps vector (yo,...,y,) to the symmetric Toeplitz matrix
Yo Y1t Y
{ 0 - _1
rm=15

 Yn Yue1 YO




Complexity of common algorithms

Interior-point algorithms

e conic inequality contributes dense term to Schur complement system
e general-purpose interior-point SDP solvers: O (n*) per iteration

e customized interior-point solvers: O (n>) per iteration

Proximal algorithms

e for Euclidean norm: O(n>) per iteration (for projection on p.s.d. cone)

e reduction below O(r>) requires non-Euclidean distance



Generalized distances

kernels for ltakura—Saito distance and Kullback—Leibler distance
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e plots show contour lines of ¢ and ¢y on section {x € K | xo = 1}

e ¢ is essentially smooth; ¢y is not



Semidefinite representation of entropy kernel ¢

minimize (over X) —log Xoo
subject to D(X)=x
X>0

e forx € K\ {0}, optimal value is

2m
d(x) = —LJ log Fy(w)dw
27 0

e optimal X has rank one:
X =bb',  ¢(x)=-2loghg
e b is minimum-phase spectral factor (bg + b1z ™' +-- -+ byz7" # 0 for |z| > 1)
e b is efficiently computed by spectral factorization of x: solve quadratic equation

D(bb") = x



Dual of semidefinite representation of ¢

maximize (over y) —y(y) — (x,y) +1

e convex function y is defined as
v (y) =log(e'T(y)™'e),  domy ={y|T(y) > 0} =int(K*)
where e = (1,0, ...,0)
e by duality, optimal value is ¢(x)
e optimal y is y = —V¢(x), and related to primal solution X = bb! as
T(y)b=e

y can be computed from specitral factor b by reverse Levinson algorithm
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Iltakura—Saito distance and projection

1 (2" Fy(w) Fi(w)

d(x,y) = 5~ ; (Fy(w) — log Fy (@)

— 1Ddw

where Fy(w) = xo+ 2x1 cosw + - - - + 2X;, COS nw

e proposed in 1970s as spectral distance measure in speech processing
e generalized projectionon H = {x € K | {e,x) = 1} (where (e, x) = x):
argmin ({a, x) + d(x, y)) = argmin ({a — V@(y), x) + ¢(x))
X()Zl X()Zl
e dual problem (scalar variable A is multiplier for constraint xg = 1)

maximize —log (el (T(c)+Al)7le) -2 (where c =a — V¢(y))

el (T(¢) + AI)~le is leading element of inverse Toeplitz matrix 7'(c + le)~!
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Computing Itakura—Saito projection

solve dual problem with scalar variable A, for example, by Newton's method
maximize () = —log(e! (T(c) + AI)~le) — 2

h'(2)

—Amin(T' (¢))

e at each Newton step, factorize positive definite Toeplitz matrix 7'(c + Ae)
e complexity: O(n?) with Levinson algorithm, O (n(log n)?) with superfast solvers
e from optimal A, compute solution x = (1/bo)D(bbT) where b = T(c + le) e
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Euclidean projection

n
minimize 3 (xx — ag)?
k=0

subjectto xe€ K, xp=1
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e |PMis SDPT3/SeDuMi via CVX
e |GA is Auslender—Teboulle proximal gradient algorithm [2006]
e number of IGA iterations is 100—-200 to reach relative accuracy 10™%

e about 10 Newton steps per projection; Toeplitz solver is Levinson algorithm
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Extensions

e projectionon{x e K | (§,x) =1} or{x € K| (§,x) < 1} where § € K*

e nonnegative trigonometric matrix polynomials [Cederberg 2023]
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Sparse semidefinite program

minimize tr(CX)
subjectto tr(A;X)=b;, i=1,...,m
X>0

e C,Ayq,..., A, are sparse with common sparsity pattern E
e without loss of generality, we assume E is chordal (a filled Cholesky pattern)

e optimal X is typically dense, even for sparse coefficients C, Ay, ..., A,

Equivalent conic linear program

minimize tr(CX)
subjectto tr(A;X)=b;, i=1,...,m
X eK

e variable X is a sparse matrix with sparsity pattern £ (notation: S7)

e K is cone of matrices in S that have a positive semidefinite completion
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Bregman distance generated by logarithmic barrier

Logarithmic barrier (for cone K of p.s.d. completable matrices)

#(X)= sup (logdetS —tr(XS))
Seint K*

e dual cone K™ is cone of positive semidefinite matrices in S7,

e optimal Sy is inverse of maximum determinant pos. definite completion of X
o(X) =logdetSy —n,  V¢(X)=-Sy

e for chordal E: efficient algorithms for computing Sx given X

e complexity is comparable with sparse Cholesky factorization with pattern E
Bregman distance
d(X,Y)=—log det(ﬁyﬁ)}l) + tr(S’yS’;(l) +n

the relative entropy (Kullback—Leibler divergence) between completions Sy and Sy
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Bregman projection

Bregman projectionon H = {X | tr X = 1}

argmin (tr(AX) + d(X,Y)) = argmin (tr(BX) + ¢(X))
tr X=1 tr X=1

where B=A - V¢(Y)
e solution is projection I ((B + AI)~1) on S”, where A satisfies

w(B+A)™H =1, B+ >0

e casily extended to projectionon {X | tr(NX) < 1} with N € K*

e similar problem for Bregman proximal operator of centering objective

f(X) =tr(CX) + pp(X) + 61 (X)
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Evaluating the Bregman projection

minimize tr(BX) + ¢(X)
subjectto trX =1

e use Newton’s method to find unique solution A of the nonlinear equation
tr(B+A)™H =1 (with B+l > 0)

e from A, compute solution X =g ((B +AI)~") on S

e for chordal sparsity patterns E, efficient algorithms exist for computing
gV =u(B+aN7), FW=-u(B+a)?), X=Tg(B+a)™)
from sparse Cholesky factorization of B + A/

complexity ~ # Newton iterations x cost of sparse Cholesky factorization
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Maximum-cut problem

maximize tr(LX)
subjectto diag(X)=1, X >0

e compute approximate solution on central path (parameter u = 0.001/n)
e Bregman variant of PDHG

e four problems from SDPLIB, four graphs from SuiteSparse matrix collection

time per Cholesky  Newton steps  time per PDHG PDHG

factorization per iteration iteration iterations
maxG51 1000 0.05 2.45 0.12 267
maxG32 2000 0.12 1.56 0.18 240
maxG55 5000 0.29 210 0.58 249
maxG60 7000 0.60 2.55 1.22 279
barth4 6019 0.42 3.57 1.55 346
tuma?2 12992 0.48 4.36 1.89 375
biplane-9 21701 0.95 2.58 2.12 287

c-67 57975 0.76 3.58 3.56 378
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Primal-dual proximal methods

primal: minimize ¢/ x+ f(x) + g(b — Ax)

dual: maximize b’z —g*(z) - f*(Alz-¢)

e f,g are closed convex functions

e conic LP is special case with f = 6k, g = 06—, (indicators of cones K, —L)

minimize c¢!lx

subjectto Ax—-b €L
xeK

we discuss methods that evaluate prox-operators of f, ¢* and products with A, AT
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PDHG and extragradient method

Primal-dual hybrid gradient (PDHG) method

Xes1 = proxg (g +T(ATz - 0))

Zk+1 — PrOXa-g*(Zk + O-(b - A(2Xk+1 - Xk))
[Esser, Zhang, Chan 2010, Pock, Cremers, Bischof, Chambolle 2009, Chambolle & Pock 2011, ...]

e dual variant applies this iteration to the dual problem

e recently used for large-scale linear programming [Applegate et al. 2021, 2023]

Proximal generalization of extragradient method

Xp = proxX,e(xg + (Al'z; - ¢))
Zk = ProxXge-(zr + o (b — Axy))
X+l = Proxep(xg + (A7 - ¢))

Zk+l = ProXge(zr + 0 (b — AXy))
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Extensions with generalized distances

use primal and dual distances d,, dq generated by kernels ¢, ¢4

PDHG [Chambolle and Pock 2016]

1
Xks+l = argmin (cTx+ f(x) - zkAx + d p(X,xk))
X

. . 1
Zke1 = argmin (b’ z+ g"(2) + 20 A(2xp41 — xp) + ;dd(z, Zk))
<

Extragradient method [Nemirovski 2004, Auslender & Teboulle 2005, Tseng 2008]

X,y = argmin (Tx+ f(x) - zkAx +dp(x,x5)/7)
X
Zx = argmin(=b'z+g*(2) + 2’ Axy +da(z, 2¢) /o)
Z
Xksel = argmin (c'x+ f(x) - zkAx +dp(x,x5)/7)

X

Zk+] = argmin (—sz +g%(2) + L Ax + dq(z,zr)/0)
Z
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Condat-Vi algorithm

minimize h(x) + f(x) + g(b — Ax)

additional term £ is differentiable convex function

Algorithm
. T T 1
Xke1 = argmin (Vha(xg) x + f(x) — 2, Ax + =dp(x, X))
N T
. . 1
Zk+1 = argmin (=b 72+ ¢"(2) + L A(Qxpyy — x1) + ;dd(z, 2k))

<

e Bregman generalization of Condat—V{ algorithm [Condat 2013, Vi 2013]

e three-term extension of PDHG (the special case with 4 (x) = ¢! x)

[Xin Jiang, LV 2022]
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Derivation of Bregman Condat-Vi from proximal point method

apply Bregman proximal point method to optimality conditions
0e-Alz+0f(x)+Vh(x), 0€Ax—-b+0dg"(2)

with distance generated by

1 1
Bpa(,2) = ~9p(x) + —a(2) + 2 Ax = h(x)

Stepsize conditions: ¢, is convex if the following assumptions hold

* ¢p, ¢q are 1-strongly convex with respect to norms || - ||, || - [la
e the function L¢, — h is convex

° O'T||A||2 +7L < 1 where ||A]| is the matrix norm induced by || - ||, || - |4

this extends the PPA interpretation of PDHG [He & Yuan 2012]
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Application to conic LP

minimize  ¢’x maximize bz
subjectto Ax—-b e L subjectto —Alz+c e K*
xekK z€eL”

e minimize c!x + f(x) + g(b — Ax) with f =6k, g =o_.
e primal-dual methods require (generalized) projections on K, L*

e iterates satisfy x; € K, zx € L*, not Axy —b € Land —Alz; + c € K*

use of Bregman distances requires additional bounds on x, z

e often needed for well-defined generalized projections
e convergence results assume strong convexity of Bregman kernels

e stopping conditions, convergence results simplify if iterates are feasible
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Self-dual problem
primal: minimize ¢/x+ f(x) + g(b — Ax)
dual: maximize bz - g*(z) - f*(ATz -¢)
o ifb=—c,g=f* A=—-Al problem is self-dual and can be written as

minimize —b'x + f(x) + f*(b — Ax)

e special case with f = 0k is self-dual conic LP
minimize —bx

subjectto Ax—-b € K*
xeK

[Duffin 1956]

e if strictly consistent, optimal value is zero, optimal set is nonempty and bounded

[Rockafellar 1970, Rockafellar and Wets 1998]
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Exact penalty formulation of self-dual LP

minimize —bx
subjectto Ax —b e K*  (with A = —-AT)
x €K
e we assume (for simplicity) that K is a proper cone

e assume that a point X € int(K) is known that satisfies § = AX — b € int(K™)

e for example, constructed via Ye—Todd—Mizuno embedding of general LP

Self-dual exact penalty formulation
minimize —b'x + f(x) + f*(b — Ax)

e fis indicator function of {x € K | §'x < u} where u > §'%
e f*(y)=inf {8 > 0| B5— uy € K*} is Minkowski gauge for K*

e f*(b— Ax) is an exact penalty for constraint Ax — b € K*
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Primal-dual methods for self-dual problem

minimize —b'x + f(x) + (b — Ax)  (with A = —AT)

o if xo = 20, dp = dg, o = 71 the four steps in extragradient algorithm reduce to

1
% = argmin (f(x)+ (Axg — b) x + —d(x, xp))
x Tk
1
Xre1 = argmin (f(x)+ (Axy — b)Yl x + —d(x,x;))
X Tk

e for the exact penalty formulation of the self-dual LP

|

i = argmin ((Axg —b) x + —d(x,x1))
xeK, §Tx<u Tk
1

Xpe1 = argmin ((A%; — b)Y x + —d(x,xz))
xeK, §Tx<u Tk

e PDHG iterations are similar
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Convergence result

e assume kernel is 1-strongly convex on dom f with respect to norm || - ||

e 75, = 1/||A|| where A is matrix norm induced by || - ||, or determined adaptively

o define L(y,x) =bl (x —y) + f(y) = f(x) — yl Ax

e define averaged iterate

e adapting results for extragradient method to self-dual problem [Tseng 2008]:

d(x,
L(yp,x) < ()]: *0) for all x € dom f

i=0 i

e maximizing over x € dom f gives

sup d(x,xq)

~b 'y + fi) + (b - Ayy) <
Zz o (i x€dom f
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Summary

Bregman projections for two classes of SDP-representable cones

e |takura—Saito distance for nonnegative trigonometric polynomials

cost of generalized projection is roughly O (n?)

e distance generated by logarithmic barrier of p.s.d. completable sparse matrices

cost roughly on the same order as sparse Cholesky factorization

Primal-dual proximal methods for conic LP
e adding bounds to conic constraints is important for several reasons
e self-dual embedding provides useful bounding inequality constraint

e can be interpreted as solving self-dual exact penalty reformulation
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