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The idea
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@ Convex sets contain the line segment between any two points in them
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@ Replace oo with a finite point u
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Replace oo with a finite point u

o Consider the circle passing through u, z;, 2,

Let arcy[z1,z2] be the arc on that circle between z; and z, which does not contain u

Define a u-convex set to contain arcy[z1, z2] for any two points z1,2; in it
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Polar Convexity in R”

Polar convexity in R"
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Polar Convexity in R”

o Let R” be the one point compactification R” U {0}
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Polar Convexity in R"

o Let R” be the one point compactification R” U {0}
@ How to parametrize a circular arc in R"?
o Let z* := Fd (0* = o0 and oo™ = 0) and for ue R”

u+(z—u)* ifz#u
Tu(z) := ( )

0 ifz=u
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Polar Convexity in R"
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Polar Convexity in R"

o Let R” be the one point compactification R” U {0}

o How to parametrize a circular arc in R"?

o Let z* :=ﬁ(0*=ooand o0* = 0) and for ue R”
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Polar Convexity in R"

o Let R” be the one point compactification R” U {0}
@ How to parametrize a circular arc in R"?
o Let z* := Fd (0* = o0 and oo™ = 0) and for ue R”

u+(z—u)* ifz#u
Tu(z) := ( )

0 ifz=u

o Define Ty 1= Idg,

@ T, is a Mobius transformation and an involution

e T, sends a sphere (or hyperplane) to a sphere (or hyperplane)
@ T, sends circles (or lines) to circles (or lines)

@ Any sphere passing through u is sent to a hyperplane

Shubhankar Bhatt (UWO) Polar Convexity MOM26 7/47



Definition
For z1,2>,u € R” distinct, define

arcy [z1,22] := {u +(t@m—uw*+ (1-t)(z—u)*)*telo, 1]} (1)

= {Tu(tTu(zl) +(1=DTu(z)) : telo, 1]}

If z1 = u or zo = u, define arcy[z1,22] := {z1, 22}
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Definition
For z1,2>,u € R” distinct, define

arcy [z1,22] := {u +(t@m—uw*+ (1-t)(z—u)*)*telo, 1]} (1)

- {Tu(tTu(zl) +(1=DTu(z)) : telo, 1]}

If z1 = u or zo = u, define arcy[z1,22] := {z1, 22}

If z1, 2z, u € C (identified with R?), then (1) simplifies to

arcu[zl,22]={u+ a——

z1—u zZo—Uu
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Polar Convexity in R”

Varying the parameter t through R u {0}
ut (t(ze —w)* + (1 —t)(z2 —u)*)*

spans the following:

L 2@
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Polar Convexity in R”

When u is between z; and z,

When z, = @
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Polar Convexity in R”

Let AcR" andueRR”

Definition

A is said to be u-convex if for any z1,2z; € A, arcu[z1,22] € A
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Polar Convexity in R"

Let AcR" andueRR”

Definition

A is said to be u-convex if for any z1,2z; € A, arcu[z1,22] € A
Define convy(A) to be the smallest with respect to inclusion u-convex set containing A

Define the pole set, P(A), as the set of all points u € R” such that A is u-convex

Definition

Given points z;,...,24 € R" and a u e R” distinct from them, define

convy{zy,...,zx} = {u + (i ti(zi — u)*)* s ti = 0 with i t = 1}
-1 '

i=1

If ue{zi,...,zc} define convy{zy,...,zx} ;= convy{zi : zi #u,i =1,..., k} U {u}
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Polar Convexity in R”

Lemma

Given u,z1,z2 € R" and t € [0, 1]

ut (tzi—w)* + (1 —t)(z2 —w)*)* — tzs + (1 - t)zo

as |u|| -
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Polar Convexity in R"

Lemma

Given u,z1,z2 € R" and t € [0, 1]
ut (tzi—w)* + (1 —t)(z2 —w)*)* — tzs + (1 - t)zo

as |u|| -

The transformation T, maps u-convex sets to convex sets
All of the classical results can be translated

Let's see some examples
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Polar Convexity in R”

Half planes are convex with respect to any point not in their interior

21
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Polar Convexity in R”

Circular domains are convex w.r.t. any point not in their interior
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Polar Convexity in R”

A cone is convex w.r.t. any point in its negative cone
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Polar Convexity in R"

The intersection of three circular domains and its pole set

P(4)
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Polar Convexity in R”

The intersection of three circular domains and its pole set
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Polar Convexity in R”

The intersection of three circular domains and its pole set
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Polar Convexity in R”

The inside of an ellipse is convex w.r.t. any point outside the two osculating circles
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Polar Convexity in R”

As one may notice, spherical domains are central to the theory
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As one may notice, spherical domains are central to the theory

Let A< R" be a set not containing u
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Polar Convexity in R"

As one may notice, spherical domains are central to the theory
Let A< R" be a set not containing u

Proposition

Then convy(A) is the intersection of all spherical domains that contain A and have u on

their boundary, with u omitted
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Motivation
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Take a polynomial p(z) = (z—z2)" -+ (z — z)™, where Z};l rj=n

with distinct zeros z1,. ..,z having respective multiplicities r1, ..., r«
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Take a polynomial p(z) = (z—z2)" -+ (z — z)™, where Z};l rj=n
with distinct zeros z1,. ..,z having respective multiplicities r1, ..., r«
For all i,j € {1,..., k}, define the points

(rizi+ (n—r)z)/n ifis#j

gij =
© ifi=j
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Take a polynomial p(z) = (z—z2)" -+ (z — z)™, where Z};l rj=n
with distinct zeros z1,. ..,z having respective multiplicities r1, ..., r«
For all i,j € {1,..., k}, define the points

(rizi+ (n—r)z)/n ifis#j

gij =
© ifi=j

Lemma (Specht [1959])

Every non-trivial critical points of p(z) lies in

conv{gi;:1<i,j<k,i#j}
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Theorem (Sendov [2021])
Every non-trivial critical points of p(z) lies in

k

conv{z,...,z} N ﬂ convz {gi1,.--,8&ik}
i=1

Shubhankar Bhatt (UWO) Polar Convexity MOM26 23 /47



Theorem (Sendov [2021])
Every non-trivial critical points of p(z) lies in

k

conv{zi,...,zk} N ﬂ convz {gi1,.--,8&ik}
i=1

Define the polar derivative of p(z) w.r.t. a pole u as

np(z) — (z—u)p'(z ifueC
Py | PR e
p'(2) if u=o0
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Theorem (Sendov [2021])
Every non-trivial critical points of p(z) lies in

k

conv{zi,...,zk} N ﬂ convz {gi1,.--,8&ik}
i=1

Define the polar derivative of p(z) w.r.t. a pole u as

np(z) — (z—u)p'(z ifueC
Py | PR e
p'(2) if u=o0

Theorem (Sendov, Sendov, Wang [2018])

Let p(z) be a polynomial of degree n with zeroes z1,...,z, € C

For any ue C if Dy(p; z) # 0, then all its zeros are in conv,{z1,...,z,}
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For example, take the polynomial

(z—)(z=1)(z+1)

Shubhankar Bhatt (UWO) Polar Convexity MOM26 24 /47



For example, take the polynomial
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Duality theorem and its consequences
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Duality theorem and its consequences

Theorem

Let u,v,z1,...,2zx be distinct points in R" then

v € convy{zi,...,z«} ifand only if ue€ convy{zy,...,z}
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Duality theorem and its consequences

Theorem

Let u,v,z1,...,2zx be distinct points in R" then

v € convy{zi,...,z«} ifand only if ue€ convy{zy,...,z}
In fact, if
K " K
v=u+( t,-(z,-—u)*) forsome t; >0, 1<i<kand ) ti=1
i=1 i=1
then
k 2 -2
* til|zi —v||“||zi —u
U=v+(ZMi(z,——V)*) for pi = k'” i~ Hz' H -
Pt Y- tillzi = vl?z; —u]
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Duality theorem and its consequences
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Duality theorem and its consequences

Let u,zy,...,2z, € R" be distinct points

Definition
A point v € convy{zi, ..., 2z} is u-extreme point if it cannot be written as a non-trivial

u-convex combination of any two distinct points in convy{zi, ..., 2z}
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Duality theorem and its consequences

Let u,z1,...,24 € R" be distinct points

Definition

A point v € convy{zi, ..., 2z} is u-extreme point if it cannot be written as a non-trivial

u-convex combination of any two distinct points in convy{zi, ..., 2z}

The duality theorem gives a nice criteria to decide whether a point is u-extreme or not

Corollary
z; € convy{zi, ..., zx} is u-extreme <= u ¢ convy{zi,...,2zi—1,Zj41,...,2k} J

Corollary

Foru¢ A R, v e convy(A) is u-extreme < u ¢ convy(A)
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Theorems of the alternative

Theorems of the alternative
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Theorems of the alternative

Definition

A spherical domain § = R" is said to separate two sets A, B < R" if
Ac S and B < cl(S) or vice-versa

Such a spherical domain (or boundary of the spherical domain) is called a separating

spherical domain (or separating sphere) for the pair A, B
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Theorems of the alternative

Definition

A spherical domain § = R" is said to separate two sets A, B < R" if
Ac S and B < cl(S) or vice-versa

Such a spherical domain (or boundary of the spherical domain) is called a separating
spherical domain (or separating sphere) for the pair A, B

We say that S strongly separates A and B, if in addition

AndS=g =Bnas
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Theorems of the alternative

Lemma (Spherical Separation)

Let ue R" and A, B be non-intersecting u-convex sets in R"
Then there exists a spherical domain S, with u on its boundary, separating A and B

Moreover, ifu¢ A u B and one of the following holds
Q A is closed in R" and B is closed in R" ~. {u}

@ A and B are both open

then S can be chosen to strongly separate A and B
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Theorems of the alternative

Lemma (Gordan’s Lemma)
Let u,z;,

.,zx € R" be distinct, such that u # 0, 0
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Theorems of the alternative

Lemma (Gordan’s Lemma)
Letu,zi,...,zx € R" be distinct, such that u # 0, 0

Either there are numbers ti, ..., tx € [0,1] with 3* | t; = 1, such that

0—w*=> ti(z—w*

i=1
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Theorems of the alternative

Lemma (Gordan’s Lemma)
Letu,zy,...,zx € R" be distinct, such that u # 0, 0

Either there are numbers ti, ..., tx € [0,1] with 3* | t; = 1, such that
k
0—w*=> ti(z—w*
i=1
or there exist some a€ R", o, B € R, with 8 < 0, such that

olzj,zjy +{zj,ay+ B3>0, foralli=1,... k

alu,uy +{u,ay+ =0
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Theorems of the alternative

Lemma

Let zi,...,zx € R" be distinct and let u := — Zik:1 tiz; for some ty,. .., tx € [0,00)

For any v e R" \ {u}
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Theorems of the alternative
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VvV = Z QZj
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Theorems of the alternative

Lemma

Let zi,...,zx € R" be distinct and let u := — Zik:1 tizj for some ti, ..., tx € [0, )
For any v e R" \ {u}

Either there are numbers aa, . .., ax € [0,0), such that

K
VvV = Z QZj
i=1
or there exist a € R" and o, 8 € R, with a > 0, such that

alzi,ziy +{(zi,ay+ >0, foralli=1,... k
alv,vy+{v,ay+ 5 <0

alu,uy +<{u,ay+ =0
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Theorems of the alternative

Definition

Let z1,...,2x,u € R" be distinct, u # o0 and define

coneutzs, ..., 2} = {u+ (N ti(u+ (2 — w)*) - u)* e [0,00)} o fu)

i=1
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Theorems of the alternative

Definition

Let z1,...,2x,u € R" be distinct, u # o0 and define

conea{z1,. .., 2k} i= {u + (Zj] ti(u+ (2 — u)*) — u)* St e [0, oo)} U {u)

This is the image under T, of cone{Tu(z1),..., Tu(zk)} U {00}

Shubhankar Bhatt (UWO) Polar Convexity MOM26 34 /47



Theorems of the alternative

Definition

Let z1,...,2k,u € R" be distinct, u # o0 and define

coneu{zi, ..., zx} = {u + (Zf] tiu+ (zi — u)*) — u)* ‘e o, oo)} U {u}

This is the image under T, of cone{Tu(z1),..., Tu(zk)} U {00}

It is the union of all circular arcs through u — u*, u, and some z € convy{z, ..., 2z}
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Theorems of the alternative
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Theorems of the alternative

Lemma (Farkas' Lemma)

Let u,z1,...,2zx € R" be distinct, u # o0 and let v e R" < {u}
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Theorems of the alternative

Lemma (Farkas' Lemma)

Let u,z1,...,2zx € R" be distinct, u # o0 and let v e R" < {u}

Either there are t1,. .., tx € [0,00) such that

ut (v—u)* = Zt,-(u—i— (zi —u)™®)

i=1
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Theorems of the alternative

Lemma (Farkas' Lemma)

Let u,z1,...,2zx € R" be distinct, u # o0 and let v e R" < {u}

Either there are t1,. .., tx € [0,00) such that

K
ut (v—u)* = Z ti(u+ (zi —u)™)
i=1
or there exist a € R" and o, 8 € R such that

ozj,zjy +{zj,ay+ B <0, foralli=1,... k
alv,v) +{v;ay+ (>0
alu,uy +{u,ay+ B =0

auyuy —a— =0
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Polar convexity with multiple poles
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Polar convexity with multiple poles

Problems with a single pole can often be reduced to classical convexity
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Polar convexity with multiple poles

Problems with a single pole can often be reduced to classical convexity
However a set can be convex with respect to multiple poles

Definition

Given U, Z < R” define the convex hull of Z with respect to U, denoted by convy(Z), to

be the smallest set in R” containing Z and convex with respect to each ue U
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Polar convexity with multiple poles

Problems with a single pole can often be reduced to classical convexity
However a set can be convex with respect to multiple poles

Definition

Given U, Z < R” define the convex hull of Z with respect to U, denoted by convy(Z), to

be the smallest set in R” containing Z and convex with respect to each ue U

If U= ¢ then convy(Z) =2
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Polar convexity with multiple poles

Problems with a single pole can often be reduced to classical convexity
However a set can be convex with respect to multiple poles

Definition
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be the smallest set in R” containing Z and convex with respect to each ue U

If U= ¢ then convy(Z) =2
If Z = & then convy(Z) = &

It is hard to determine convy(Z) in general

Shubhankar Bhatt (UWO) Polar Convexity MOM26 38 /47



Polar convexity with multiple poles

Problems with a single pole can often be reduced to classical convexity
However a set can be convex with respect to multiple poles

Definition

Given U, Z < R” define the convex hull of Z with respect to U, denoted by convy(Z), to

be the smallest set in R” containing Z and convex with respect to each ue U

If U= ¢ then convy(Z) =2
If Z = & then convy(Z) = &
It is hard to determine convy(Z) in general

However, things are easier when U and Z are finite
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Polar convexity with multiple poles

For any Z R"

Lemma

Given distinct points ui,uz € R", we have

CONV u; up} (Z) = convy, (convy, (Z)) = convy, (convy, (Z))
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Polar convexity with multiple poles

For any Z R"

Lemma

Given distinct points ui,uz € R", we have

CONV u; up} (Z) = convy, (convy, (Z)) = convy, (convy, (Z))

Lemma

Given distinct points uy, ... ,um € R”, we have

convyy,,....un} (Z) = convy,, (convyy, ... 13(Z))
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Polar convexity with multiple poles

Let n > 2 and take distinct points z1,...,2zx € R"
Let the points ui,...,un € R” m > 2, be distinct
(But not necessarily distinct from zi, ..., z)

Let
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Polar convexity with multiple poles

Let n > 2 and take distinct points z1,...,2zx € R”
Let the points ui,...,un € R” m > 2, be distinct
(But not necessarily distinct from zi, ..., z)

Let

Z:={z1,...,2z4}

U:={u,...,un}
Consider the following family for i € {1,..., m}

Li:= {S c R": S closed spherical domain, Z < S, u; € S and

U c cl(S°) and S is determined by Z U U}
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Polar convexity with multiple poles

Let n > 2 and take distinct points z1,...,2zx € R”
Let the points ui,...,un € R” m > 2, be distinct
(But not necessarily distinct from zi, ..., z)

Let

Z:={z1,...,2z4}

U:={u,...,un}
Consider the following family for i € {1,..., m}

Li:= {S c R": S closed spherical domain, Z < S, u; € S and

U c cl(S°) and S is determined by Z U U}

If convy(Z) has non-empty interior, these are finite
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Polar convexity with multiple poles

Theorem

If convy(Z) has non-empty interior then the boundary of convy(Z) is made up of pieces

of the boundaries of closed spherical domains S with the following properties:
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@ Each S liesin L;, forsomei=1,...,m
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Polar convexity with multiple poles

Theorem

If convy(Z) has non-empty interior then the boundary of convy(Z) is made up of pieces

of the boundaries of closed spherical domains S with the following properties:
@ Each S liesin L;, forsomei=1,...,m

o Each piece of the boundary is of the form convys~uy(0S N Z)
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Polar convexity with multiple poles

Theorem

If convy(Z) has non-empty interior then the boundary of convy(Z) is made up of pieces

of the boundaries of closed spherical domains S with the following properties:
@ Each S liesin L;, forsomei=1,...,m

o Each piece of the boundary is of the form convys~uy(0S N Z)

m

econvy(Z) =N S

i=1SeL;
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Polar convexity with multiple poles

Theorem

If convy(Z) has non-empty interior then the boundary of convy(Z) is made up of pieces

of the boundaries of closed spherical domains S with the following properties:
@ Each S liesin L;, forsomei=1,...,m

o Each piece of the boundary is of the form convas~y(0S N Z)

m

econvy(Z) =N S

i=1SeL;

In other words, given a point z ¢ convy(Z), there exists a spherical domain S € L;

such thatz ¢ S, forsomei=1,..., m
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Polar convexity with multiple poles
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Polar convexity with multiple poles

Recall

convy(conve (Z)) = conve (convy(Z))
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Polar convexity with multiple poles

Recall

convy(conve (Z)) = conve (convy(Z))

Given distinct points u,z1,...,z¢ € R", and t,«;j, 5 € [0,1], for 1 < j < k, such that

there exist i, 0;j € [0,1], for 1 < i< n+1and 1</ <k, such that

n+1 k
DMyi=>Ydj=1forall1<i<n+1
i=1 j=1
and satisfying
k k n+1 k
(t(Beat-w) +a-o(Xo@-w)) =3 %X ouE-w*)
i i=1 i=1 j=1

i=1

MOM26 43/47
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Polar convexity with multiple poles

Restricting it to C, we get
Proposition

Given distinct points u,z1,...,zx € C, and t, o, Bj € [0,1], for 1 < j < k, such that
K

1

k
aj=)B=1
j=1

[

there exist i, 0;j € [0,1], for 1 < i <3 and 1 < j < k, such that
3 k
27,:25,’J:1f0ra”1<I<3
i=1 j=1

and satisfying

1 . m 72 V3

= + +

t 1—t k 61 k 6o k 63

—+ § 1, ) .J K 2J

Yk ai(zi—u) T XK Bi(zi—u) ZJ=1 zj—u ZJ=1 zj—u Z:J=1 zj—u
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Polar convexity with multiple poles

Proposition

For A< R" we have A = P(P(A))
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For A< R" we have A = P(P(A))

As a consequence, we get two increasing chains
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Polar convexity with multiple poles

Proposition

For A< R" we have A = P(P(A))

As a consequence, we get two increasing chains

AcC P(P(A)) < P(P(P(P(A))) < ---

P(A) = P(P(P(A) < P(P(P(P(P(A)))) < -+
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Proposition

For A< R" we have A = P(P(A))

As a consequence, we get two increasing chains

AcC P(P(A)) < P(P(P(P(A))) < ---

P(A) = P(P(P(A) < P(P(P(P(P(A)))) < -+

What are the sets A, B such that P(A) 2 B and P(B) 2 A?
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Polar convexity with multiple poles

Proposition

For A< R" we have A = P(P(A))

As a consequence, we get two increasing chains

AcC P(P(A)) < P(P(P(P(A))) < ---

P(A) = P(P(P(A) < P(P(P(P(P(A)))) < -+

What are the sets A, B such that P(A) 2 B and P(B) 2 A?

Moreover, what are the pairs of sets A, B such that P(A) = B and P(B) = A?
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Polar convexity with multiple poles

Thank Youl!
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